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PREFACE. 



Although it is intended that these Illustrations^ 
if they be found useful to the British student^ should 
be extended not only to the whole of the Celestial 
Mechanics of Laplace, but possibly to some other 
works relating to astronomy and the higher mathe- 
matics ; yet they may be considered as forming, even 
in their present state, a work completely independent 
of all others : and the separate publication of each 
part has been considered as possessing the advantage 
of dividing a long journey, into stages of a less for- 
midable appearance, for the convenience both of the 
traveller and of his conductor, so that if either party 
should discontinue the undertaking, before the whole 
tour is completed, the part actually travelled over 
may be coD3idered as making a whole within itself, 
and affording sufficient information and improvement 
to repay the labour of the journey, even without any 
ulterior view to the completion of the remaining part 
The translator having been accustomed to consider 
the elementary doctrines of oiotion, and some other 
parts of the subjects discussed, in a point of view, 
which has from habit become more familiar to 
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him, and which he is, perhaps on that account, invor 
luntarily disposed to think more natural and satisfacr 
tory, he has extracted, from his own former publica- 
tions, such parts as he has felt himself compelled to 
substitute for Mr. Laplace's introductory investiga- 
tions, but without omitting, as collateral illustrations, 
such of Mr. Laplace's demonstrations as appear to be 
the most ingenious and satisfactory. In these earlier 
parts, he has found it most convenient to adopt the 
order and arrangement of his own elementary works, 
inserting any of Mr. Laplace's remarks in the form 
of Scholia or otherwise : but in the principal part of 
the book he has followed the order of the original 
sections, introducing any additions of his own in the 
form of Lemmas or Scholia, besides the explanatory 
remarks, and details of demonstration, which are dis- 
tinguished by being included in crotchets. The text 
is, however, throughout the whole, divided into dis- 
trict propositions, enunciated at the beginning of each 
investigation, which is perhaps a departure from a 
strict analytical order, but which affords the memory, 
as well as the apprehension of the student, a very 
material advantage The steps required for each 
demonstration are filled up by a recurrence to the 
fundamental principles of mathematics and mecha- 
nics, without reference to any other introductory work, 
which indeed would have been insufficient for the 
information of the mere English reader : but these 
summary demonstrations must not be understood as 
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intended to be fully comprehended by a mere begin- 
ner, or as calculated to supersede the necessity of the 
study of many other works, on the different branches 
of mathematical science. . The translator flatters 
himself, however, that he has not expressed the 
author^s meaning in English words alone, but that he 
has rendered it perfectly intelligible to any person, who 
is conversant with the English mathematicians of the 
old school only^ and that his book will serve as a con- 
necting link between the geometrical and algebraical 
modes of representation. A Mosaic work of this 
kind may perhaps possess less of perfect harmony, 
than if it had been more regularly modelled into a 
continuous system : but the want of strict method is 
in part compensated, by the greater interest, which 
naturally arises from a mixture of the direct applica- 
tion to the phenomena of nature, with the abstract in- 
vestigation of purely mathematical truths. To the 
illustrious author of the work, however, some apology 
is certainly due, for having ventured to depart from 
the original symmetry of his design; and the best 
excuse, that can be assigned, will perhaps be the 
universal acquaintance of all judges of the higher 
mathematics, with the M6canique C61este in its 
original form, which will enable them at once to attri- 
bute to the translator any want of analytical refine- 
ment, that may have been admitted by the alterations. 
To those who are desirous of confining their atten- 
tion to whatever is absolutely new and original, or 
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placed in a decidedly new light, it may be proper to 
point out the extreme simplicity which is given, at 
the end of the book, to the theory of waves and of 
sounds, and the still greater novelty of that of the 
cohesion of fluids, which, it is presumed, will be 
allowed to be deduced in a most unexceptionable 
manner from the general principle of virtual veloci- 
ties. There are, also, some remarks on the applica- 
tion of Taylor's theorem, which may be found of 
considerable utility in computing the forms of the 
surfaces of fluids, and which are still more im- 
portant on account of the great assistance^ which 
may be derived from them, in calculations respecting 
the figure of the earth, as connected with its 
* compressibility* 

It is almost superfluous to add, that any correc- 
tions, which may occur to the mathematical reader, 
whether of errors of the press, or of more serious 
mistakes, will be gratefully received, and candidly 
acknowledged, by the author of these illustrations. 

London, 28 Feb. 1821. 
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INTRODUCTION. 



RUDIMENTS OF THE MATHEMATICS, 



SECTION I. OF QUANTITY AND NUMBER. 

1. Definition. The letters of the alphabet are em- 
ployed at pleasure for denoting any quantities, as algebrai- 
cal symbols or abbreviations. But, in general, the first 
letters in order are used to denote known quantities, an4 
the last to denote unknown quantities ; and constant quan- 
tities are often distinguished from variable quantities in 
the same manner* 

2. Definition. Quantities are equal when they are 

of the same magnitude. 

Scholium. The abbreviatioii azzb implies that a is equal to b; 
a>b that a is greater than b ; and a<b that a is less than b» 

3. Definition. Addition is the joining of magnitudes 
into one sum. 

Scholium. The symbol of addition is an erect cross: a -f & im- 
plies the sum of a and b, and is called a more b, 

4. Definition. Subtraction is the taking as much 
from one quantity as is equal to another. 

Scholium. Subtraction is denoted by a single line, as a-^b, or 
a less by which is the part of a remaining, when apart equal to b has 
been taken from it. 

B 
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Scholium. Articles 16, 17, IB/ might haye been deduced from 
art 15, but they are all easily admitted as axioms. We must how- 
ever observe that this proposition does not extend to the case of 
for a divisor. 

19. Theorem. A multiple fraction is equal to the 
quotient of the numerator divided by the denominator. 

Or, 4-=«:^ f«r 4-=4-« (9); and ft.-i=ft.4-« (^7); but 
b 

&.---=l (8); and 6.-~.a=l.ai=a, therefore 6.— zia (14), and a \ bzz 
o b b 

-2.(12). 

Scholium. Hence --- is a common lymbol for a : 5. 
■* b 

20. Theorem. A quantity, multiplied by a simple frac- 
tion, is equal to the same quantity divided by its denomi- 
nator. 

Or a,^^-=La : 6ffora.---=:-i-(9), and '^zza : 6(19), therefore a 

6 b b b b 

=a : b (14). 

21. Theorem. A quantity, divided by a simple frac- 
tion, is equal to the same quantity multiplied by its deno- 
minator. 

Or a : --= aby for if a : ---=:c,tfz:c.— (12)=4-=^ '> ^ (20), and 
b bob 

multiplying by b, abzzeiza : -— -. 

b 

22. Theorem. A quantity multiplied by a multiple 
fraction is equal to the same quantity multiplied by the 
numerator, and then divided by the denominator. 

Or a,^^^ab I c ; for a.— =<k.&.— 'Zra^.— -zza^ : c (20). 
c c c c 

23. Theorem. A quantity divided by a multiple frac- 
tion is equal to the same quantity multiplied by the de- 
nominator, and divided by the numerator. 
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Oral JLzzac : ft;'fora : —zia : (b.—)=z(a lb): — =(a : h).€ 

{2l\-ac:b. 

Scholium. A begiuner may perhaps render these demonstrations 
more intelligible, by substituting any numbers at pleasure for the cha- 
racters. For example, the demonstration of the first theorem may 
be written thus. Twelve fourths, *,*» are equal to 12 divided by 4 ; 
for, by the definition of a multiple fraction, V=12.J, and multiplying 
these equals by 4, 4.*|=:4.12.J ; but by the definition of a simple frac- 
tion 4.Jz=l, therefore 4.12.|z=12, whence 4.^=12, and by the defini- 
tion of division, 12 : 4zz^f. But, in fact, the proposition is too evi- 
dent to admit much demonstrative confirmation. 

24. Theorem. A positive number or quantity being 
multiplied by a positive one, the product is positive. 

For the repeated addition of a positive quantity must make the 
result actually greater. What is true of numbers may practically 
be a&med of quantities in general (10). 

25. Theorem. A negative number or quantity being 
mnltipliec( by a positive one, the product is negative. 

For since adding a "negative quantity is equivalent to subtracting 
a positive one, the more of such quantities that are added, the 
greater will the whole diminution be, and the, sum of the whole, or 
the product, must be negative. 

26. Theorem. A negative number or quantity being 
multiplied by a negative .one, the product is positive. 

Or — a. — bzzab. For «.— te— ai(26): that is, when the positive 
quantity a is multiplied by the negative b, the product indicates that 
a must be subtracted as often as there are units in b: but when a is 
negative, its subtraction is equivalent to the addition of an equal 
positive number ; therefore in this case an equal positive number 
must be added as often as there are units in b, 

27. Definition. If the quotients of two pairs of 
numbers are equal, the numbers are proportional, and the 
first is to the second, as the third to the fourth ; and ^ny 
qaantities, expressed by such numbers, are also proper- 

I 

tional. 
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If a : bzzc I df a i& to bsLse to df ova l b', ',c I d. 

28. Theorem. Of four proportionals, the product of 
the extremes is equal to that of the means. 

Since a \ hzz.c i d, a lb, bdzzc : d. bd, (17), or ad:^cb, 

29. Theorem. If the product of the extremes of 
four numbers is equal to that of the means, the numbers 
are proportional. 

fir adizeb, ad i bdncb : bd (IS), and a I 5=:c : d; also ad I cd:z:cb : 
cdf and a : c^:b I d. 

30. Theorem. Four proportionals are proportional 

alternately. 
U a:b::e : rf, ad::rbe (28), therefore a : c'.lb l d (20> 

31. Theorem. Four proportionals are proportional 
by inversion. 

If a:b::e :d, adzzbc, ad I aczzbe I ae, and d I ezzb I a. 

32. Theorem. Four proportionals are proportional 
by composition. 

If a : 5: Ic : d^ a-^b : b: ic-^d : cf ; for since adzzbe, ad-^bdnbe+bd 
(15), or (a+5> dzzic-^-d). by therefore a-f & : b: '.c+cT : d{29). 

33. Theorem. Four proportionals are proportional 

by division. 

If a : 6: :c : rf, a — b : 5: :c — d id; for since adzzbcy adr-Mzibe-^ 
bd (16), (a— 5). cfc=(c— ii). 5, and a—b I bl :<>-rf : d (29> 

34. Theorem. If any number of quantities are pro- 

portional, the sum of the antecedents is in the same ratio 

to the sum of the consequents. 

li albWddy albl \a'\-c I 6+rf; for since ad=:be, ab+adzzab-^ 
be, a. (b+d) zzb. (a+c), and a : &: la-\-c I *+rf (29> 

35. Theorem. If any number of antecedents and any 
number of consequents he added together, the ratio of the 
sums will be less than the greatest of the single ratios, 
when those ratios are unequal. 
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Let-->--, then--f-<---; forif_= . , c > c, and— - >--— 
A d b-i-d b b d b-^d o-f-d 

(34) ; consequently^ >--^.. The same demonstration may be ex- 

b b-\-d 

tended to any number of ratios. 

36. Definition. A series of numbers, formed by the 
continual addition of the same number to any given num- 
ber, is called an arithmetical progression. 

3, 5, 8, 11, 14, 17, 20, by adding 3. 
20, 17, 14, 11, 8, 5, 2, by adding— 3. 

a, a+&, a+^> ^+36, a+(fi — V).b, in general. 

Scholium. It may be observed that the sum of each pair of the 
numbers of these equal progressions is 22z;2H-20=:a4"fl+ (w — 1).^= 
2a+(n — \).b; the whole sum 22x7=:(2a+ (n — 1). b), n, and the sum 

of each, na + ■ b, a being the first term, b the difference, and n 

tiie number of terms. 

37. Definition. A series of numbers, formed by oon- 
tinaal multiplication by a given number, is called a geome- 
trical progression. 

As 2, 6, 18, 54 ; multiplying 2 continually by 3. 
a, nby ahb, Mb ; multiplying ahyb. 

38. Definition. If one of the terms of a geometri- 
cal progression is unity, the other terms are called powers 
of the common multiplier. 

As ^ .^, i» i 1, 1> 2, 4, 8, 16, 32. Each term is denoted by placing 
obliquely over the common multiplier a number expressive of its dis 
tance from unity, as 8=2^ : negative numbers, implying a contrary 
situation to positive ones, denote that the term precedes instead of fol- 
lowing the unit, as \ziT^* 
By reversing the series it is obvious that ^^(iy, and 8=:(j)"^ 
It appears that the addition of the indices denoting the places of 
any terms will point out a term which is their product, as 2^ x 2^2*, 
or 8 X 4=32 ; and that the subtraction of the index is equivalent to 
divistonby the term. Hence if a!^bzdi^^a> roust be equal to h^ in 
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order timt bt x l" may make t*=a*. So that simple fractional nam- 
ben servo as indices of the number of times that the quantity mnst 
b* miilti[ilied together, in order that the product may he the com- 
mon multiplier of the series, or the simple number b. 

Scholium. Fractional powers are sometimes denoted by the 
mark Vimeaning root: thus t/ a-=ifi, t/ a—ai. The second power 
of a number a being called its square, and the third its cube, the 
fractional powers are called square and cube roots. 

The sums of geometrical progressions may be thus computed, if 
K+ai+oft' . . . +oi"— i^:*, ot+oft'+aj' , . . +(ii":=6», aud sub- 
tracting the former equation from the latter ni" — a=:£x — x, therefore 



" i— 1 



, when b^\ and n^oa 



The binomial theorem, for involution, b(<i-)-i)"=a"+n.an— i b+n. 
*^ZL. a«-i6> +n.2:zi . ^ . a»-36>+ . . In simple cases, its truth 
may be shown by iaduotion. , See 244. 
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39. Dbfinition. In decimal arithmetic, each figure 
is supposed to be multiplied by that power of JO, positive 
or negative, which is expressed by its distance from the 
figure before the point. 

Thus 672.53 means 6x 10^+7 x W+2x 10«, or 2x 1, +6x lO'*', 
or ^ or ^4-3 x 10"S or ^, togetlier 672^. 

Scholium. On some occasions other numbers are substituted for 
10 in calculations : particularly 12, which has many advantages, and 
is used in operations respecting carpenter's work ; and sometimes 
the number 2 facilitates computations; and it may be employed 
where it is inconvenient to multiply characters ; since two different 
marks, or a mark and a vacant place, are sufficient, when continu- 
ally repeated, to express all numbers. The powers of 60 are also 
used in the subdivisions of lime, and of angles. 

40. Definition. The reciprocal of a number is the 
quotient of a given unit divided by that number. 

Scholium. Mr. Barlow has inserted an ample table of reciprocals 
in his very useful collection of Tables. 

41. Definition. The harmonic mean of two quanti- 
ties is the quantity of which the reciprocal is the half sum 
of their reciprocals. 

Thus, the harmonic mean of 3 and 6 is 4 ; for ^ Q+J)=^. And the 
harmonic mean is equal to the product divided by the half sum. 
Thus ?=?4. 

42. Definition. The common logarithm of a num- 
ber is that power of 10 which expresses it. 

Por instance, 1 1000=:3, since lO^zilOOO. 1 2=:.30103, for 
I0^^s^z2. The principal use of logarithms is derived from that pro- 
perty of indices, by which their addition and subtraction is equivalent 
to the multiplication and division of the respective numbers. 

43. Problem. To solve a quadratic equation. 
Reduce the equation to the form xT±flxzzb, add the square of half 

«; then aradi<Mr4-2i=ft-|-22, whence x±.—ZZ ± V ('*+-r ) ***** *-" 

4 4 ? * ■ 4 ' 
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SECT. II. OF THE COMPARISON OF VARIABLE 

QUANTITIES. 

44. Definition. The quantities by wbich two varia- 
ble magnitudes are increased or decreased, in the same 
time, are called their increments or decrements, or their 
increments positive or negative* 

Scholium. They are sometimes denoted by an accent placed over 
the variable quantity ; thus vf and y are the simultaneous incre- 
ments of X and y» 

45. Definition. The ratio, which is the limit of the 
ratios of the increments of two connected quantities, as 
they are taken smaller and smaller, is called the ratio of 
the velocities of their increase or decrease. 

Scholium. It would be difficult to give any other sufficient defi- 
nition of velocity than this. If both the quantities vary in the same 
proportion, the ratio of a:' and^ will be constant (18), and may be 
determined without considering them as evanescent ; but if they 
vary according to different laws, that ratio must vary, accordingly as 
the time of comparison is longer or shorter : and since the degree of 
variation, at any instant of time, does not depend on the change pro- 
duced at a finite interval before or after that instant^ it is necessary, 
for the comparison of this variation, that the increments should be 
considered as diminished without limit, and their ultimate ratio de- 
termined ; and it is indifferent whether these evanescent increments 
be taken before, or after the given instant, or whether the mean be- 
tween both results be employed. 

46. Definition. Any finite quantities, in the ratio of 
the velocities of increase or decrease of two or more mag- 
nitudes, are the fluxions of those magnitudes. 

Scholium. They are denoted by placing a point over the variable 

quantity, thus, i,^. And — is always ultimately equal to---. The 

y y 

variable quantity is called' a fluent with respect to its fluxion, as a; is 
tiie fluent of ;r, or x==y£ On the continent the term fli^uon is not 
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usody but the evanesiceiit increment is oalled a difference, and de- 
noted by d or if and the variable qaantity is conceived to consist of 
tbe entire sum or integral of such differences, and marked A as x::z 

Idxy orj^x. This mark has the advantage of differing in form from 
the short #, which is used as a literal character. See 229. 

47. Theorem. When the fluxions of two quantities 
are in a constant ratio, their finite increments are in' the 
same ratio. 

For if it be denied, let the ratios have a finite difference ; then if 
€he time, in which the increments are produced, be continually di- 
vided, the ratio of the parts may approach nearer to the ratio of the 
fluxions than any assignable difference, for that ratio is their limit 
(46), and this is true, by the supposition, In each part; therefore the 
sums of all the increments will be to each other in a ratio nearer t6 
that of the fluxions than the assigned difference (35). 

48. Theorem. The fluxion of the product of two 
quantities is equal to the sum of the products of the 
fluxion of each into the other quantity. 

Or {x^yrzyx-^xy. Let the quantities increase firom x and y to 
x-^x^ and y+J^, then their product will be first xy and afterwards 
^+y^+^+^y'> of which the difference isyxf'{'xy-\'xy,and the ratio 
of the increments of x and xy is that of ar' to yx' -j-xy+x^; or, when 
the increments vanish, to yxf-^x^, since in this case afy vanishes in 
comparison with ay. But xf ; (yai'+i^: \x \ (y^+^X and the fluxion 

is rightly determined (46); for since 4-= 4-, .^^(18); but 

X X X X 

XX of X 

Scholium. It is also obvious, that flie fluxion of any quantity xy 
is equal to the sum of the results obtained by multiplying it by the 
fluxion of each variable quantity, and dividing it by that quantity: 

thus,(ary)-=a5y \JL +iLj ; («r)i=aKr(ji +— )=:2x;r. 



12 INTRODUCTION. 

49. Theorem. The fluxion of any power of a varia- 
ble quantity is equal to the fluxion of that quantity multi- 
plied by the index of the power, and by the quantity raised 
to the same power diminished by unity. 

Or {xn)'zinxftr^^x. Let n=:2, then {xx)'zzxx^-xx (48)=:2arirr 
nxi'^^x. If wiz3, a:'»=(a:a;).a:, iand its fluxion is x {xx)' -\-(xx)x:=:2xxx 
-{■xxxzuSx^xzzTixf^—ix^, And the same may be proved of any whole 

number. If n.is a fracti(jn, as — , put yzz,x^, then xzzyVy and xzz 

V 

X \ 1 

pyV'-^,y:r: zz — . y'— ^^^{38)=: — y, y—Px:niixn—\x, as before; 

pyv—^ p p 

and in the same manner the proof may be extended to all possible 
cases. 

50. Theorem. When the logarithm of a quantity 
varies equably, the quantity varies proportionally. 

Or if I amy, — =~. For x:z:b9 (42), and when y becomes y 4* 
a X 

Jjfl:-\'X'=zb^'^^=by.by*::zx,br, SLudx'zzxM—xzzx. (&»'— l); butj^ be- 
ing constant, by the supposition, bv* — 1 is constant, and may be called 

ji-, and x'zz^ ; therefore i-zi-^, and — :=2L. 
a a a X a 

Scholium. Numerical logarithms do not, strictly speaking, vary 
by evanescent increments ; but other quantities may flow continually, 
and be always proportional to logarithms : in either case the propo- 
sition is true. In Briggs's logarithms, commonly used, b is 10, and a, 
the modulus, is .4342944819 ; dividing all the system by a, or multi- 
plying by 2.302585093, we have Napier's original hyperbolical loga- 



rithms, where ^ becomes =— , and azri. 

X 

51. Theorem. The fluxion of any power of a quan- 
tity, of which the exponent is variable, is equal to the 
fluxion of the same power considered as constant, toge- 
ther with the fluxion of the exponent multiplied by the 
power and by the hyperbolical logarithm of the quantity. 

Iix»zzz, zZzyxP'-ix-^Qil ar). xyy; for hi zzzy. (hi ar), (42); now 
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(hi z)-=f , (60) ; and zzzz. (hi z)-=z. (y. hi a;>=z. (?f + (hi x\y\ 
z X 

(48, dO)=ya:y~i*+(hl ar) zy. 

52. Thegrbm. When a variable quantity is greatest 
or least, its fluxion vanishes. 

For a quantity is greatest when it ceases to increase, and before it 
begins to decrease ; that is, when it lias neither increment nor decre- 
ment ; and it is least when it has ceased to have a decrement and 
has not yet an increment. 

53. Problem. To solve a numerical equation by 

approximation. 

The most general and useful mode of solving all numerical equa- 
tions is by approximation. Substitute for the unknown quantity a 
number, found by trial, which nearly answers to the conditions ; 
then the error will be a finite difference of the whole equation ; which, 
when small, will be to the error of the quantity substituted, nearly in 
the ratio of the evanescent differences, or of the fluxions ; and this 
ratio may be easily determined. 

Thus, if a:«— 6a:»+4aK=:6699, call 6699,y, then 3a;»je— iarx+4;r=^, 

. * 

and;p= ^ , and x'lz ^ nearly ; now assume arrs 

20, then y=:5680, and ^=1019, whence x* 1.05, and x -corrected is 
21.05 ; by repeating the operation we may approach still nearer to 
the true value 21. 



If jr'iy, xzz, -^ — , whence the common rule for the extraction of 

roots is derived. In order to find the nearest integer root, the digits 
must be dividpd, beginning with the units, into parcels of as many as 
there are units in the index, and the nearest root of the last or high- 
est parcel being found, and its power subtracted, the remainder must 
be divided by its next inferior power multiplied by the given index, 
in order to find the next figure, adding the hcxt parcel to the re- 
mainder before the division. There are also, in particular cases, 
other more compendious methods. 

It is, however, often more convenient to solve an equation by the 
role of double position, taking two approximate values of the root, 
and finding a third which differs from one of them by a quantity bear-' 
ing the same proportion to their difference ns the error of that (me 
bears to the difference of the two errors. 
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54. Definition. A solid is a portion of space limited 
in magnitude on aU sides. . 

Scholium. Space is a mode of existence incapable of definition^ 
and supposed to be understood by tradition. 

55. Definition. A surface is the limit of a solid. 

56. Definition. A line is the limit of a sarface. 

57. Definition. A point is the limit of a line. 

Scholium. The paper, of which this 
figure covenr a part, is an example of a 
solid, the shaded portion represents a 
portion of sarface : the boundaries of that surface are lines, and the 
three terminations or intersections of those lines are points. In con- 
formity with this more correct conception, these definitions are 
illustrated by representations of the respective portions of space of 
which the limits are considered ; and also by the more usual method 
of denoting a line by a narrow sarface, and a surface by such a line 
surrounding it ^ 

58. Definition. A line joining two points is called 
their distance. 

59. Definition. When the distance of any two or 
more points remains unchanged, they are said to be at 
rest; and a space of which all the points are at rest, is 
a quiescent space. 

60. Definition. A line which 



must be wholly at rest, with respect to any quiescent space, 
when two of its points are at rest in that space, is 
a straight line. 

~ 61. Definition. A line 

which is neither a straight line, nor composed of straight 
lines, is a curve line. 
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62. Definition. A plan6 is a surface, in which if any 
two' points be joined by a straight line, the whole of the 
straight line will be in the surface. 

63. Definition. An angle is the 

inclination of two lines to each other. 

Scholium. An angle is sometimes denoted by. this mark ^, and 
is described by three letters placed near the lines, the middle letter 
at the angular point 

64. Definition. When a straight 
line standing on another straight line 
makes the adjacent angles equa!, 
they are called right angles. 

65. Definition. A straight line between two right 
angles is called a perpendicular to the line on which it 
stands. 

66. Definition. Whenaplane 
surfkce is contained by a circum- f 
ference, such that all straight lines 
drawn to it from a certain point in 
the plane are equal, the surface is a circle. 

67. Definition. The point, equally distant from the 
circumference, is called the centre. 

68. Definition. Any straight line, drawn from the 
eentre to the circumference^ is called a radius. 

69. Definition. The term circle also often implies 
the circumference, and not the circular surface. 

70. Definition. A portion of the circumference of 
a circle is called an arc. 

71. Definition. A straight line, joining the ex- 
tremities of an arc, is its chord. 
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7S. Definition. The surface^ 
contained between an arc and its 
chord, is called a segment of a circle. 

73. Definition. A chord 
passing through the centre is 
a diameter. 



M ^k /^ /\ 74. Definition. A trian- 






gle is a surface contained be- 
tween three lines ; and these lines are understood to be 
straight, unless the contrary is expressed. 

75. Definition. When two 



-straight lines, lying in the same 




plane, may be pr9duced both ways indefinitely, without 

meeting, they are parallel. 

Scholium. The parallelism of lines is sometimes denoted by this^ 
mark ||. 

76. Postulate. It is required that the length of 
a straight line be capable of being identified, whether by 
the effect of any object on the senses, or merely in 
imagination, so that it may remain invariable. 

Scholium. This is practically performed by making visible mrarks 
on a material surface ; although, strictly speaking, no such marks 
remain at distances absolutely invariable, on account of changes of 
temperature, and of other circumstances. 

77. Postulate. That a straight line of indefinite 
length may be drawn through any two given points. 

78. Postulate. That a circle may be described on 
any given centre with a radius equal to any given straight 
line. 

79. Axiom. A straight line joining two points is the 
shortest distance between them. 
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Scholium. With respect to all straight lines, this axiom is a de- 
monstrable proposition; but since the demonstration does not extend 
to curve lines, it becomes necessary to assume it as an axiom. 

80. Axiom. Of any two figures meeting in the ends of 
a straight line, that which is nearer the Ime has the shorter 
circumference, provided there be no contrary flexure. 

: .81. Axiom. Two straight lines, coinciding in two 
points, coincide in all points. 

Scholium. If they did not coincide in all points, the two points of 
coincidence being at rest, and one of the lines being made the axis of 
motion, the other must revolve round it, contrariiy to the definition 
of a straight line. Altliough this is sufficiently obvious, it can scarcely 
be called a formal demonstration. 

82. Axiom. All right angles are equaL 

83. Axiom. A straight line, cutting one of two parallel 
lines, may be produced till it cut the other. 

84. Problem. From the greater of two right lines, 
AB, to cut off a part equal to the less, CD. 

On the centre A describe a circle with a radius \ 

equal to CD (78), and it will cut off AE=:CD {66}. ^ g\ ^ 



86. Problem. On a given right line, AB, to describe 
an equilateral triangle. 

On the centres A and B draw two circles, with 
radii equal to AB, and to their intersection C, draw 
AC and BC ; then ABz:ACz=BC (66), and the tri- 
angle ABC is equilateral. 

A B 

86. Theorem. Two triangles, having two sides and 
the angle included, respectively equal, have also the base 
and the other angles equal. 
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C p In the trianglM ABC, Dri I i M — OJ 

SC=EF, ana Z. ACB=DF1 \ iv sniii >,uiut ~Jv 
a triangle equal to D£F lu b( construe' *" ' 

, AC, the side equal to FB mast coincide 

^ ** ^ siiion with CB, becanse ^ ACBs; 
also in magnitude, for tbey are equal, therefore tbt poirttli 
an angular point of the supposed triangle ; and sine 
triuigles most bo a right line, it must be the sarne line AB ^ 
the supposed triai^lc wilt coincide e*erj whofe w itlr ABC Tfl 
fore ABC=DEF, and the angles at A and B arc equal ti 
at D and £. h^ -^ 

87. Theorem. If two sides of a triangle are fiq|^ 7 
the angles opposite to them are equal. '^ 

A Inthcsidcs ABand ACprodiKiJ take at ploawye 

AD=AE, and join BE, CDj Ihcii siuco AI>=4i: 
and AC^AB, and tho angle at A n couinioir to %iv 
triangles ADC, ABB, those triaugUa arc equtll|B), 
•\e and Z. ACD=ABE, Z. ADC=:ALR in 1 rUtiftf 
but BD=CE (16), therefore £ I!( Ii=( I I (» 
and Z. ACD— ECD=ABE— CBE (16), or Z AC I!:^ \ rt 

88. Thkorbm. If two angles of a triangle are cqaat, 
tho sides opposite to them are equal. 

j^ LetZ ABC=BCDi tlienAC=AB If ltb64^^- 

nied, take, in the greater AC, CD equal to tlio Ma 
AB ; then, rince Z. ABC=DCB AB=DCt ^ 
BC is common, the triangle ABC=DCB (86), ibi 
whole to a part, which is impossiblu. 

89. Theokem. If two triangles have fbeir bases eqnl^^ 
and their sides respectively equal, their angles are Aim 
respectively equal. ' 

If a triangfe be suppowd to be cooritlA^ 
M AB, the bBM of ABC, equal to DE^,*^^ 
vertex of the triangle must comcide with C, ftM 
— s' ^ j/ the whole triangle with ABC Tor if it be de- 
nied, let G bo the vertex of the tnangte a^Qn 
strncted; join CG ; then since AC=:AG, z. ACG=AGC (87),. ud 
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in the hame manner /, BGCrrBCG ; but BGC > AGC, thereftwre 
BGC > ACG ; and ACG>BCG, therefore much more BGC>BCG, 
to which it was shown to be equal. And tlie same may be proved 
in any other position of the point G ; therefore the triangle equal to 
DEJP, sitpposed to be described on AB, coincides with ABC. 

90. Problem. To bisect a given angle. 

In the right lines forming the angle, take at pleasure 
AB=:AC; on BC describe an equilateral triangle b 





BCD, and AD will bisect the angle BAC. For ABn 
AC, BDzrCD, and the base AD is common, therefore 
the triangle ABDnACD (89), and Z. BAD=CAD. 

91. Problem. To bisect a given riglit line, AB. 

Describe on it two equilateral triangles, ABC, 
ABD; aiid CD, joining their vertices, will bisect AB 
in E. For since AC=CB, ADzrBD, and CD is 
common to the triangles ACD, BCD, /_ ACDz: 
BCD (89) ; but CE is common to the triangles ACE 
and BCE, therefore AE=:EB (86). 

92. Problem. To erect a perpendicular to a given 
right line at a given point. 

On each side of the point A, take at pleasure ABi= 
AC, and on BC make an equilateral triangle, BCD. 
Then AD shall be perpendicular to BC* For the 
sides of BAD and CAD are respectively equal, there* 
fore the angle BAD=CAD (89), and both Ate right -g- 
angles (64), and AD is perpendicular to BC (65). 

93. Problem. From a pointy A, without a right line, 
BC, to let fall a perpendicular on it* 

On the centre A, through any point D, beyond 
BC, describe a circle, which must obviously cut BC 
join AB and AC, and bisect the angle BAC by the 
line AE; AE will be perpendicular to BG. For 
Z.BAE=:CAE, AB=AC, and AE is common to 
the triangles BAE, CAE; therefore Z.AEB=:AEC (86), and both 
are right angles (64). 
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94. Theorem. The angles, which any right fine makes 
on one side of another, are, together, equal to two right 
angles. 

A p Let AB be perpendicular to CD, and EB obliqne 

to it, then CBE+EBD=:CBA-|-ABE4-EBD= 
CBA+ABD(14). 

95. Theorem. If two right lines make with a third, 
at the same point, but on opposite sides, angles together 
equal to two fight angles, they are in the same right line. 

J) If it be denied, let A!B, which together with AC, 
>/« makes with AD, the angles BAD, DAC equal to two 

P /i^~T? right angles, be not in the right line CAE. Then 

BAD + DAC, being equal to two right angles, is 
equal to EAD+DAC (94), and BAD=:EAD, the less to the greater, 
which is impossible. 

96. Theorem. If two right lines intersect each other; 
the opposite angles are equal. 

From the equals, ABC+ABD and ABD+DBE 
(94, 82), subtract ABD, and tlie remainders, ABC, 
^ ^^ DBE, are equal. In the same manner ABD:= 
^ CBE. 

97. Theorem. If one side of a triangle be pi^oduced, 
the exterior angle will be greater than either of the interior 
opposite angles. 

Bisect AB in C, draw DCE; take CE=CD, 
and join BE, then the triangle ACD=:BC£(06, 
86), and Z.CBE=CAD; but ABF>CBE, there- 
^jjp fore ABF>CAD. And in the same mann^ it 
may be proved, by producing AB, that A3F is 
greater than ADB. 

98. Theorem. The greater side of any triangle is 
opposite to the greater angle. 
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Lot AB>A€, then Z.ACB>ABC. For taking: 
AD=:AC, and joining CD, Z.ACD=ADC (87). 
But ZADOCBD (97),and AC B>ACD, therefore 
much more /1ACB>CBD, or ABC. 

99* Theorem. Of two triangles on the same base, 
the sides of the interior contain the greater angle. 
Produce AB to C,then ZABD>ACD (97), and E 

Z.ACD>AEC, therefore much more ABD> 
AED. /-^B 

A D 

100. Problem. To make a triangle, having its sides 
equal to three given right lines, every one of them being 
less than the sum of the other two. 

Take AB equal to one of the lines, and on the 
oentres A and B describe two circles with radii 
equal to the other two lines; draw AC and BC to 
the intersection C, and ABC will be the triangle re- 
quired. 

101. Problem. At a given point in a right line, to 
make an angle equal to a given angle. 

In the lines forming the given angle ABC, take ^ / y 

any two points, A and C, join AC, and taking 
D£=BC, make the triangle DBF, having DF=: 
BA and FE=AC (100), then ZFDE=ABC 
(80). 

102. Theorem. If two triangles have two angles and 
a side respectively equal, the whole triangles are equal. 

Let the equal sides be AB and CD, inter- 
rening between the equal angles, then if on 
AB a triangle equal to CD£ be supposed to 
be constracted, the points A and B, and the 
aisles at A and B being the same in this tri- 
angle and in ABF, the sides must coincide both in position and in 
length ; therefore ABF=iCDE. 

If the equal sides are AF and CE, opposite to equal angles, then 
ABzzCD, and the whole triangles arc equal. Forif AB is not equal 
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to CD, let it be the greater, and let AG^CD ; then, by whht hs 
been demonstrated, the triangle AFG=CED,and ZAGFzzCDE: 
ABF, by the supposition ; but AGF> ABF (97), which is impossible 

103. Theorem, The shortest of all right lines, ths 
can be drawn from a given point to a given right line, : 
that which is perpendicular to the line, and others ai 
shorter as they are nearer to it. 

Let AB be perpendicular to CD, then AB 
shorter than AD. Produce AB, take B£=iAJ 
and join D£ ; then the triangle ABDziEBD (8e 
and ADzlDE. But AB+BE or 2AB is less th« 
AD+DE or 2AD (79), therefore AB<AD (U 
In a similar manner ^AD<2AF (80), and AD 
AF. 

104. Theorem. If a right line, cutting two other 
makes the alternate aDgles equal, the two lines are p: 

ralleU 

If Z ABC=ADE ; BC and DE a 

C 
--^F parallel ; for if they meet, as in F, thi 

yy^ E will form a triangle BDF, and JLkL 

'k >ABC (97). 

105. Theorem. A right line, cutting two parallel line 

makes* equal angles with them. 

Let AB cut the parallels BC, D£ ; then 
/.ABC is not equal to ADE, let it be equal 
ADF, then BC and ©F are parallel (104), a 
DE, which cuts DF, will also, if produced, < 

/^ BC (83), contrarily to the supposition. 

106. Theorem. Bight lines, parallel to the same He 

are parallel to each other. 

Let AB and CD be parallel to £F ; dr 
GHI cutting them all, Ihen ZKGB=:K 
J) (105), and ZKHD=:KIF, therefore iiK< 
=:KHD, and AB 1 1 CD (104). 
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107. Problem. Through a given point to draw a right 
line parallel to a given right line. 

FFom A draw, at pleasure, AB, meeting BC in B, /^ p 

and make ^BAD=:ABC (101), then AD||CB 

<»«*> C B 

108. Theorem. The angles of any triangle, taken 
together, are equal to two right angles. 

Produce AB to C, and draw BD parallel to AE. ^ j^ 

Then ZEBD=AEB (106), and ZDBCnEAB; 
therefore the external angle EBC is equal to the _____^_ 
sum of the internal opposite angles, AEB, EAB, and A B C 
adding ABE, the sum of all three is equal to ABE+EBC, or to two 
right angles (94). 

109. Theorem. Right lines, joining the extremities of 
equal and parallel right lines, are also equal and parallel* 

Let AB and CD be equal, and parallel. Then a B 

AC will be equal and parallel to BD. For, joining 
BC, Z. ABCizBCD (106), and the triangles ABC, 
DCB, are equal (86), and ACzzDB; also ZACB 
=DBC, therefore AC 1 1 BD (104> 

110. Definition, A figure, of which the opposite 
sides are parallel, is called a parallelogram. 

111. Definition. A straight line, joining the oppo- 
site angles of a parallelogram, is called its diagonal. 

112. Definition. A parallelogram, of which the 
angles are right angles, is a rectangle. 

113. Definition. An equilateral rectangle is a 
square. 

114. Theorem. The diagonal of a parallelogram 

divides it into two equal triangles, and its opposite sides 

are equal. 

For ABC is equiangular with DCB (106), and A B 

BC is common, therefore they are equal (102), \ ^^^\ 
and A B=CD, and AC=BD. C^ — 1> 
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115. Theorem. Parallelograms on the same base^ 
and between the same parallels, are equal. 

A_B C B Since ABzrCD, both being eqnal to EF, 

AC=BD (15, or 16), and tho triangle AEC 
is equiangular (105) and equal (102) to BFD ; 
therefore deducting each of them from the 
figure AEFD, the remainder ED is equal to 
the remainder AF. 

116. Theorem. Parallelograms on equal bases, and 
between the same parallels, are equal. 

For each is equal to the parallelogram 
formed by joining the extremities of the base 
of the one, and of the side opposite to the base 
of the other (115> 

117. Theorem. Triangles on eqnal bases, and be- 
tween the same parallels, are equal. 

Take AB and CD equal to the base EF or 
GH, and join BF and DH. Tlien EB and 
6D are parallelograms between the same pa- 
rallels (109), and on equal bases, therefore 
they are equal (110), and their halves, the 
triangles AEF, C6H (114)i are also equal (18). 

118. Theorem. In any right angled triangle, the 
square described on the hypotenuse is equal to the sum of 
the squares described on the two other sides. 

Draw AB parallel to CD, the side of the 
square on the hypotenuse, then the parallelo- 
gram CB is double any triangle on the sanle 
base and between the same parallels (114 
117), iisACD; but ACD=FCG, tbeu- angles 
at € being each equal to ACG increased by a 
right angle, FC to AC, and GC to DC. Again, 
GAH is a right line(95), parallel to CF, there*- 
foro the triangle FCG is half of the square CH 
on the same base, and CH=:CB, since they arc the doubles of equal 
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triangles. In the same manner it may be shown that GK=rGB ; 
therefore the whole CDIG is equal to the siil^ of CH and GK. 

119. Pboblbm* To find a comnston measure of any 
two qnantities. 

Subtract the less continually from the greater, the remainder from 
the less, the next remainder from the preceding one, as often as pos- 
sible, and proceed till there be no further remainder ; then the last 
remainder will be the common measure required. For since it mea- 
sures the preceding remainder, it will measure the preceding quan- 
tities in which that remainder was contained, together ivith itself, 
and which, increased at each step by these remainders, makes up the 
original quantities. 

For example, if the numbers 54 and 21 be proposed, 54r— 21— 21 
=:12, 21—12=9, 12— 0=r3, 9— 3— ^3— 3=:0, therefore 3 is the com- 
mon measure, for it measures 9, and 9+3 or 12, and 124-9 or 21, and 
2x21+12 or M. 

Scholium. Hence it is obvious, that there can be no greater 
fionunon measure of the two quantities than the quantity thus found; 
for it should measure the difference of the two quantities, and all the 
successive remainders down to the last, therefore it cannot be greater 
tiian this last It must also be remarked, that in some cases no ac- 
curate common measure can be foumd, but the error, or the last re- 
mainder, in this process, may always be less than any quantity that 
can be assigned, since the process may be continued without limit 
That there arc incommensurable quantities, may be thus shown : 
every number is either a prime number, that is, a numbernot capable 
of being composed by multiplication of other numbers, or it is com- 
posed by the multiplication of factors, which are primes. Let the 
number a be composed of the prime numbers bed, or az:;zbed, then 
atK^hcd,bcdzzbb,ec.dd and each prime factor of oa occurs twice; so 
that every square number must be composed of factors in pairs ; and 
a square number multiplied by a number which is not composed of 
fitctors in pairs cannot be a square number : for instance, 2aa or 3aa 
cannot be a square number, since the factors of 2 are only 1.2, and of 
3, 1.3, and not in pairs : therefore the square root of 2 or 3 cannot be 
expressed by any fraction, for the square of its numerator would be 
twice or thrice the square of its denominator. But the ratio of the 
hypotenuse of a triangle to its side may be that of >/2 or ^3 to 1 ; so 
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that qnantities numerically inconnnensarablo may be geomctrioally 
determined. 

120. Theorem. Triangles and parallelograms of the 

same height are proportional to their bases. 

Let AB be a common measure 
of AC and AD, and let AB=rB£ 
=EF; join GB, GE, 6F, then 
Ihe triangles AGB, BG£, E6F, 
A B E F C ^ are equal, and the triangle AGD 

is the same multiple of AGB that AD is of AB ; and AGO is the 
same multiple of AGB that AC is of AB, or AGD : AGB=AD : AB^ 
and AGC : AGBzzAC : AB: hence, dividing the first equation by 
the equal members of the second (18), AGD : AGC=iAD : AC^ and 
2AGD : 2AGCz=AD : AC, therefore the parallelograms, which are 
double the triangles, are also proportionaL 

Scholium. The demonstration may easily be extended to in* 
commensurable quantities. For if it be denied that AC : AD=: 
AGC : AGD, let AC : AD be the greater, and let the difference be 

1 .. AC 1 AGC n.AC AD «.AC— AD . ^ .-. 

— , then--— — ^-. rz—-— - =_-- = — . Let m. AD 

» AD « AGD M.AD m.AD n^D 

be that multiple of AD which is less than n. AC, but gpreater than 
».AC — AD, then a triangle on tlie base 911.AD will be equal to 
fn.AGD^ which will be less than raAGC, the triangle on ffi.AC ; now 

multipljing the former equation by— , — 1— --— n-^ =- — ,and 

m mAGD m.AD 

».AGC.m.AD=:m.AGD. (n.AC — ^AD) ; but the first factors have been 

shown to be respectively gpreater than the second, therefore their pro* 

ducts cannot be equal, and the suppositicm is impossible. ^ 

121. Theorem. The homologous sides of equiangular 
triangles are proportionaL 

Let the homologous sides AB, BC, of the 
equiangular triangles ABD, BCE, be placed 
contiguous to each other in the Bam6 line, 
then AD 1 1 BE, and BD 1 1 CE ; produce AD, 
CE, m they meet in F, and jom AE and BF. 
Then Uie triangles FAE, EAC, are propor- 
tional to their bases FE, EC, and the triangles AFB, BFC, to AB, 
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BC (120). But FAE=AFB (117), and £AC=EBC +£AB=£BG 
+EFB=BFC, therefore FAE : EAC=AFB : BFC, and FE : EC 
=AB : BC; bat F£=DB (114). In the same manner it may be 
shown that the other homologous sides are proportional. 
Scholium. Hence equiangular triangles are also called similar. 

122. Theorem. Equal and equiangular parallelo- 
grams have their sides reciprocally proportional. 

If ABnBC then DB : BE=BF : BG. For A G 

DB : BF=AB : GF(120)=BC : GF=:BE : BG Z_ 
(120); or DB : BE=BF : BG. ^ 





123. Theorem. Equiangular parallelograms, having 
their sides reciprocally proportional, are equal. 

For they may be placed as in the last proposition, and the demon- 
stration will be exactly similar. 

Scholium. Hence is derived the common method of finding the 
contents of rectangles ; let a and h be the sides of a rectangle, then 
1 lallh I abf and the rectangle is equal to that of which the sides are 
1 and ab, or to ab squ^ units. The rectangle contained by two lines 
is therefore equivalent to the product of their numeral representi^ 
tives. 

124. Theorem. Equiangular parallelograms are to 
each other in the ratio compounded of the ratios of their 
sides. 

Or in the ratio of the rectangles or numeral "D^ 

products of their sides. For since AB : BC=: f 
AD:DC(120),andDC:CE=:DB:BE,mul- A By 
tiplying the former equation by the members of 
the hitter, AB.DB : BC.BE=:AD.C£. 

125. Theorem. Similar triangles, and figures com- 
posed of similar triangles, are in the ratio of the squares 
of their homologous sides. 

Since similar triangles are the halves of q 

equiangular parallelograms, which are in the \ 7\ X 

ratio compounded of the ratios of their sides \ y^ \ \y/\ 

(I24)t the triangles are in the same ratio, or A B B £ 
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ABC t DEF:=AB.BC : DE.EF ; but AB : DE=:BC : EF (121), 
theroforo ABC : DEF=AB.AB : DE.DB, or ABq : DEq. And 
the same may bo proved ot similar polygons, by composition (32). 

126. DfiyiNiTiON. An indefinite right line, meetiBg a 
circle and not cutting it, is called a tangent. 

127. Theorem. A right line, passing throngh any 
point of a circle, and perpendicular to the radius at that 
point, touches the circle. 

Since the perpendicular AB is shorter than any 
other lino AC, that can be drawn from A to BC 
(103), it is evident that AC is greater than the ra- 
dius AD, and that C, as well as every other point 
of BC, besides B, is without the circle ; therefore 
BC does not cut the circle, but touches it. 

128. Definition, BG is called the tangent of the 
arc BD, or the angle BAD. 

129. Definition. AC is the secant of BD,, or 
BAD. 

130. Definition. DE perpendicular to AB, is the 
sine of BD or BAD. 

131. Definition. AE is the cosine of BD or BAD. 

132. Definition. £B is the verse sine of BD or 
BAD. 

Scholium. The circle is practically supposed to be divided into 
360 equal parts, called degrees; each 6f these into 60 minutes ; a mi- 
nute into 60 seconds; and the division may be continued witboot 
limit; thus 60''=!', 60'= i<*, and 90^ make a right angle. Some mo- 
dem calculators divide the quadrant into 100 equal parts, and sub- 
divide these decimally, or rather centesimally. 

133. Theorem. The angle subtended at the centre 
of a circle, by a given arc, is double the angle subtended 
at the circumference. 
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Let ABC and ADC be subtended by AC. Draw 
the diameter DBE, then Z.AB£=:ADB-fBAD 
(108)=2ADB (87). Also ZCBE=:2CDB; there- 
fore ABE— CB E=:2ADB--2CDB,or ABC=2ADC. 
In a similar manner it may be proved in other posi- 
tions. 

134. Theorem. The angle contained by the tangent 

and any chord, at the point of contact, is equal to the angle 

contained in the segment on the opposite side of the 

chord. 

Draw the diameter A B, and join BC ; then Z. BCA 
Is equal to half the angle subtended at the centre by 
tlie semicircle AB, or to a right angle, and ABC 
and BAC make together another right ang^le (93), 
therefore deducting BAC, ABCzrCAD. And it 
appears also from the last proposition, that the angle, ^ 
contained in the lesser segment CA, is equal to the complement of 
ABC to two right angles, or to CAE. 

135. PnonhEiA, To draw a tangent to a circle from a 
given point without it. 

Join AB, bisect it in C, and on C draw a 
circle, with the radius CB, intersecting the 
former circle in D, then AD shall touch the 
circle. For the angle ADB, in a semicircle. 
Is a right angle (134, 127), and BD is the ra- 
dios of the given curcle. 

J36. Theorem. In equal circles^ equal angles stand 
on equal arcs. 

For the chords of equal angles are ^nal 
(86), and the segments cut off by them con- 
tain equal angles (133) ; and if a segment 
equal to AB be supposed to be described on 
the chord CD, and on tlie same side with 

CED, it must coincide with CED, for since, at each point of each 
arc, CD subtends the same angle, the points of one arc can never 
be within those of the other (90) ; the arcs are therefore equal. 
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Scholium. Henoc it may easily be Ahown, that multiple and 
proportionate angles are subtended by multiple and proportionale 
arcs. 

137. Theorem. If two chords of agiifren circle inter- 
sect each other, the rectangles contained by the segments 

of each are equal. 

^ Join AB and CD. Then ZAEBzzDEC (96), 

and ZBAE=:DCE (133), both standing on BD, 
^^_ ^[ ^D therefore the triangles AEB, CED, are similar, 

and AE : CE::EB : ED (121), therefore AE.ED 

=:CE.EB (123), 

JS 

138. Theorem. The rectangle, contained by the seg- 
ments of a right line, intercepted by a circle and a given 
point without it, is equal to the square of the tangent 
drawn from that point. 

B Join AB, AC ; then Z ABC=:CAD (134> and 

the angle at D is common, therefore the triangles 
ABD, CAD, are similar, and BD : AD; : AD ; CD 
(121), whence BD.DC=ADq (123> 






139. Theorem. In every triangle, the sides are as the 
sines of their opposite angles, the radius being given. 

C Take AP=CD, and draw BE and.CFpei^ 

pendicular to AD, then they are the sines of 

the angles A and D, to the radius AB or CD 

^' ^ (130), and by similar triangles, AC : CE: : 

AB : BE (121), or CD : BE. And the same may be shown of the 
other «ides and angles. 

140. Theorem. The sine of the sum, or difference, of 
any two arcs, is equal to the sum or difference of the sines 
of the separate arcs, each being reduced in the ratio of 
the radius to the cosine of the other arc. 
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Let AB and BC bo the aines of any two angles, 
ACB, BAC, then AC will be the sine of their sum 
CBD, or of ABC. Now making BE perpendicular 
to AC, AC=:AE4-EC, and rad. : cos. BAC: : AB : ^ ^' ^ ^' 
AE, and rad. : cos. ACB::BC : C£ (139). Again, make EF=: 
EC ; then it is plain that AF will represent the sine of ABF, the 
difference of ACB or CFB and BAC (108)* 

141. Theorem. The ratio of the evanescent tangent, 
arc, chords and sine, is that of equality. 

Let AB be the tangent, and CD the sine of 
the arc AD. Let AE be taken at pleasure 
in the tangent, and EF be always parallel to 
DO, the radius of AD, and on the centre F, 
draw tlie circle AH; join AH, then since 
Z.EAD=iAGD=JAFH, the chord AH wUl 
coincide with tlie chord AD (133, 134). And 
when DA yanishes, DG coinciding with AG, 
EF will be parallel to AF, and the angle 
EAH will vanish, tlicrefcire AH will coincide 
with AE. and with IH parallel to the sine 
CD ; and by similar triangles the ratio of AB, 
AD, and CD, is the same as that of AE, AH, and IH, and is ulti- 
mately that of equality. But the arc AD is nearer to the chord AD 
than tlie figure ABD, and it has no contrary flexure, therefore it is 
longer than the line AD (79), and shorter than ABD (80), until their 
difference vanishes, and it coincides with both. 

Scholium. The same is obviously true of any curve coinciding at 
a given point with any circle ; and all the elements agree as well in 
position as in length. 

141, B. Theorem. The fluxion of the area of any 
figure is equal to the parallelogram contained by the ordi- 
nate and the fluxion of the absciss. See 190. 

142. Theorem. Tlic fluxion of the arc .being con- 
stant, the fluxion of the sine varies as the cosine. 
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The fluxion of tho arc is equal to that of die tan- 
gent, since their evanescent incremeuts coincide 
(141> Let AB be the sine, AC the cosine, BD tlie 
increment of the tangent, D£ that of the sine : then 
Z. ABCzzEBD (16), and the triangles ABC, EBD, 
are nmilar, and BD is to D£ as BC to AC ; but the 
ultimate ratio of the increments is that of the fluxions, therefore the 
fluxion of the tangent, or of the arc, is to that of the sine as the radius 
to the cosine. The same may easily bo inferred from the theorem 
for finding the sine of tho sum of two arcs (140). 

143. Theorem. The area of a circle is equal to half 
the rectangle contained by the radius and a line equal to 
the circumference. 

Suppose the circle to be described by the revolution of the radius : 
the elementary triangle, to which the fluxion of the circle is proper* 
tional (141), is equal to tlie contemporaneous increment of Ibe rect- 
angle, of which the base is equal to the circumference, and tlicheight 

to half the radius : consequently the whole areas are equal (47). 

* 

144. Theorem. The circumferences of circles are in 
the ratio of iheir diameters. 

Supposing the circles to be concentric, and to be described by the. 
revolution of different points of the sf^me right line, the ratio of ffae 
fluxions, and consequently that of the whole circumferences, wil! be 
the ratio of the radii, or of the diameters (47). 

Scholium. The diameter of a circle is to its circumference 
nearly as 7 to 22, andmore nearly as 113 : 355, or 1 : 3.14159265359; 
hence the radius is equal to 67.29578<»=::3437.746r =206264.8" ; and, 
tho radius being unity, l<'=.01745d283, r=:.000290888, and \":=l 
.000004848. 

145. Definition. A straight line is perpendicular ta 
a plane, when it is perpendicular to every straight line 
meeting it in that plane. 

146. Definition. A plane is perpendicular to a 
plane, when all the straight lines, drawn in one of the planes^ 
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perpendionlar to tbe oommon section, are perpendicular to 
the other plane. 

147. Definition. The iDclination of a^ straight line 
to a plane is the angle, contained by that line, and another 
straight line drawn from its intersection with the plane to 
the intersection of a perpendicular let fall from any point 
of the line upon the plane. 

148. Definition. The inclination of two planes is 
the inclination of two lines, one in each plane, perpendi- 
cular to the common section. 

149. Definition. Parallel planes are such as never 
meet, although indefinitely produced. 

150. Definition. A solid angle is made by the meet- 
ing of two or more plane angles, in different planes. 

151. Definition. Similar solid figures are such as 
have all parts of their surfaces similar and similarly placed; 
and all their sections, in similar directions, respectively 
similar. 

152. Definition. A pyramid is a solid contained by 
a plane basis and other planes meeting in a point. 

153. Definition. A prism is a solid contained by 
planes of which two that are opposite, aVe equal, similar, 
and parallel, and all tbe rest parallelograms. 

154. Definition. A cube is a solid contained by six 
equal squares. 

155. Definition. A solid of revolution is that which 
is described by the revolution of any figure round a fixed 
axis. 

156. Definition. A sphere is described by the re- 
volution of a semicircle on its diameter as an axis. 
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107. Definition. A cone is a solid described by tbe 
revolution of an indefinite right line passing through a ver- 
tex» and moving round a circular basis. 

158. Definition. A cylinder is a solid^ described by 
the revolution of a right angled parallelogram aboat one 
sidei 

159. Theorem. Two straight lines cutting each other 
are in one plane. 

For a plane passing through one of them may be.soppoied to re- 
volve on it as an axis until it meet some point of the other; and tbea 
the second line will be whoUy in the plane (62). 

160« Theorem. If two planes cut each other, their 
section is a straight line. 

For the straight line joining any two points of the section moat be 
in each plane (62), and must, therefore, be the common section of 
the planes. . 

161. Theorem. A straight line, making right angles 
with two other lines at the point of their intersection^ is at 
right angles to the plane passing through those lines» 

B Let AB be perpendicular to CD and JBF 

intersecting each other in A: take AC at 
pleasure, and make AC3:ADnABssAF i 
draw through A any line 6H, and jo^ 
CE, DF ; then the triangles ADH, ACQ, 
are equal and equiangular, AH=;:AG and. 
DH=:CG; but since the triangles CBE, 
DBF, are equal, and equiangular, the angles BOG and BDH are 
equal, and the triangle BCG=BDH, BGzzBH, and the triangles 
ABG, ABH, are equal and equiangular : consequently the angle 
BAGrrBAH, and both are right angles: and the same may be 
proved of any other line passing through A ; therefore AB is peipea- 
dionlar to the plane passing through CD and £F (146). 




OF SPACE. 



S6 




163k Theori6:m. Tbtree straight hneA, which meet in 
one point, and are perpendicular to one line, are in one 
plane. 

Let AB, AC, and AD meet in A» and be per- 
pendicolar to AE, tiien they are all in one plane* 
For if either of them AC is out of the plane which 
passes through the other two, let a plane pass 
through A£ and AC, and let it cut the plane of 
AB and AD in AF, then the angle EAF is a right 
angle (161), and EAF=:EAC, the greater to the less: which is im- 
possible. 

163. Theorem. Two straight lines, which are per- 
pendicular to the same plane, are parallel to each other ; 
and two parallel lines are always perpendicular to the^ 
same planes. 

Let AB, CD, be perpendicular to the plane 
BED: draw DE at right angles to BD, and 
equal to AB, then the hypotenuses AD, BE, 
will be equal, and the triangles ABE, EDA, 
having all their sides equal, will be equiangu- 
lar, and the angle ADE will be a right angle: 
consequently DE is perpendicular to the plane 
BC (161), and to DC (163), and AB is in the same plane with DC : 
and ABD and BDC being right angles, AB || CD. 

ll^l^ain, if AB U CD, and AB is perpendicular to the plane BED, 
tfie triangles ABE and EDA being equiangular, ADE is a right 
angle: therefore CDE is a right angle (161) ; but CDB is a right 
angle (106), therefore CD is perpendicular to BED. 

164. Theorem. Straight lines, which are parallel to 
the same straight line, not in the same plane, are parallel 
to each other. 
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From any point in the third line, draw perpen- 
diculars to the two first, and let a plane pass 
tanigh these perp^idiculars : then the third line 
iipefpeadioiilar to this plane (161) ; consequently the first and se* 
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cond are perpendicalar to it, and tberefore parallel to each other 
(163). 

165. Theorem. If the legs of two angles, not in the 

same plane, are parallel, the angles are equal. 

B Let AB||CD, and BEI|DF, then ZlABB= 

A|^==^4^E CDF. Take AB=BE=CD=DF: thenAClIn 

BD 1 1 z=EF (109), and AE=CF (109) ; therefore 
p ABE and CDF are equal and cquian^ar. 

166. Problem. To draw a line, perpendicular to a 

plane, from a given point above it. 

From the point A let fall on any line BC in the 

given plane a perpendicular AD ; draw DE per* 

pendicular to BC in the same plane, and from A 

draw AE perpendicular to DE: then A E will 

be perpendicular to the plane BEC; for if EF 

be parallel to BC, it will be perpendicul&r to the plane ADE (103), 

and consequently to AE; therefore AE, being*perpendicular to DE 

and EF, will be perpendicular to the plane passing through them. 

167. Problem. From a given point in a plane, to 
erect a perpendicular to the plane. 

From any point above the plane let fall a perpendicular on it, and 
draw a line parallel to this from the given point: this Hue will be iSke 
perpendicular required. 

168. Theorem. If two parallel planes are cut by fl% 
third plane, their sections are parallel lines. 

For if the lines are not parallel, they must meet; and, if they meet, 
the planes in which they are situated must meet, contrarily to the 
definition of parallel planes. ' 

169. Definition. A parallelepiped is a solid con- 
tained by six planes, three of which are parallel to the 
other three. 

170. Theorem. 'The opposite planes of every paral- 
lelepiped are e^ual and equiangular parallelograms. 
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The opposite aidei of all the Bgarat vn panUlel, beouiae tfaey ue 
the Kctioiu of one [done with two parallel ptenes (168) : tiic coires- 
poodiDg Bides of two opposite planes being, for the same reason, pa- 
rallel to each other, contain equal angles (165), and they are also 
equal, a* being the t^porite sides of panmelogrants ; oonseqnenti j 
Hm opposite figurea are die doubles of equal triangles, and are, thcTe- 
tOM, eqnal parallelognnu. 

171. Theorem. Ifa prism be divJcled bjaplaoe, pa- 
rallel to its two opposite surfaces, its sef^eats will be to 
each other as the segments of any of the divided surfaces 
or lines. 

Let the prian AB be divided ^7 il jjr q p n 

tibe plane CDE parallel to AFG and L „\''\ ' K ZK 

BHl. Find FK a common mea. Gi ^^J'yi:^- .S<\ i\ 

■ore of FD and DB (1 19), make KL Fipr iJ B 

=FK, and let the planes KMN, LOP be parallel to AFG; then the 
prisms AK, ML maj be shown to be contained by similar and equal 
figures similarly situated, in the same manner as it is sliown of paral- 
lelepipeds, and there is no imaginable difference between these 
prisms: tbei; are therefore eqnal; and the prism, AD is tbesame 
nmHiple of AK that FD is of FK, and AB (ho same multiple of AK 
tbatFB isof FK, or AD : AK:=FD : FK, and AB : AK=FB : FK, 
whence AD ; AB=:FD : FB, and the prisms are in the same ratio as 
the segments of the line FB, or of the parallelogram GB (27). 

If the segments are incommensuiable, the; are still in the same 
ratio, for it may be shown that the ratio of the prisma is neither 
greater nor less than that of the lines. 

ITS. Theobem. Parallelepipeds on the same base, 
and contfuned between the same planes, are eqnal. 

The parallelepiped AB is eqnal 
to CD standing on the same base 
BC, and tenninated by the plane 
AED. For each is equal to the 
parallelepiped EF; since the trian- 
gular prism GB is similar and equal 
to tiie triangular prism HC, and 
deducting Ukm from the Mlid HCI, 
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Hm remainden^ AB and EF are eqaal. And in the mpK manner tt 
may be shown that CD=:£F ; therefore AB=:CD. 

173. Theokem. Parallelepipeds on eqnal bases, and 
of the same height, are equal. 

Each parallelepiped is equal to Hie 
erect parallelepiped on the same biuM^ 
Let one of these be so placed, that the 
plane of one of the sides AB may coin- 
X '^ ^ cide with the plane BC of the othet 

parallelepiped CD, and that EBC may be a straight line. Then pro« 
dncmg FB, and making CG parallel to it, the parallelepiped BH 
will be equal to CD (172). Now, completing the parallelq»iped IK, 
as the parallelogram CF is to EF, so is KI to AF (171) ; and as CF 
to B6, so is KI to BH, but EF is equal to the base of AF, and BO 
to the base of CD, they are therefore equal, and the parallelepipeds 
AF and BH are equal, and AF=:CD. 

174. Theorem. Paralellepipeds, of the same height, 
are to each other as their bases, 

For one of them is equal to a parallelepiped of the same height on 
an equal base which forms a single parallelogi;am with the base of 
the other; and this is to the other in the ratio of the bases (171); eon* 
sequently the first two are in the same ratio. 

175. Theoeem. Parallelepipeds are to each other in 
the joint ratio of their bases and their heights.. 

For one of them is to a third parallelepiped of the same height wifll 
itself, but on the basis of Ihe second, in the ratio of the bases, and the 
third is to the second in the ratio of the heights, consequentiy the first 
is to the second in the joint ratio of the bases and the heights. Thus, 
a and b being the bases, c and dihe heights, «,/, and g the three par 
rallelepipeds, a : h: :« : gr, and c : d: '.g :/; ue : bd=ze if, 

Scholium. Hence is derived the common mode of finding the 
content of a solid, by multiplying the numerical representatives of its 
length, breadth, and height, and.thus. comparing it with the oabie 
unit of the measure. 
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176. Theorem. Simikur parallelepipeds are in^ tlie 

triplicate ratio of their bomologoas sides. 

For the joint ratio of the bases and heights is the same as .the tri- 
plicate ratio of the sides. 

177. Theorem. A plane, passing throagb the dia- 
gonals of two opposite sides of a parallelepiped,' divides it 
into two equal prisms. n 

The diagonals are parallel, because the lines in which they termi- 
oate are parallel and equal, and eveiy line and 
angle of the one prism is equal to the correspond- 
ing line and angle of the other prism ; consequent- 
ly the prisms are equaL Thus AB=:CD, A£=:CF, 
D£:=BF, the angle EAB=:DCF, EABbrGCF, 
aad BAH3:DC6. 

178. Theoeem. Prisms are to each other in the joint 
ratio of their bases and their heights. 

Triangular prisms are in the same ratio as the parallelepipeds on 
bases twice as great, of which they are the halves; and all prisms 
may be divided into triangular prisms, by planes passing through 
lines similarly drawn on their ends, and they will be equal together 
to the half of a parallelepiped on a basis twice as great ; conse* 
quently two such prisms are in the same ratio as the parallelepipeds,. 

179* Theoeem. All solids, of which the opposite sur* 
faces are planes, and the sides such that a straight line 
may be drawn in them, from any point of the circumference 
of the ends, parallel to a given lipe, are to each other in the 
joint ratio of their bases and their heights. 

For if they are terminated by rectilinear figures, the solids are 
prisms ; and if they are terminated by curvilinear figures, they will 
always be greater than prismatic figures, of which the bases are in- 
loribed polygons, and less than figures of which the bases are cir- 
cumscribed polygons ; and if the proposition foe denied, it will always 
ba possible to inscribe a prism in one of the solids, which shall be 
greater than any solid, bearing to the other solid a ratio assignably 
less than the ratio determined by the proposition, and to circum- 
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scribe a i»iBm less than any wild beailng a ratio assignably ^eater. 
Sach solids may not improperiy be called cylindroids. 

180. Theorem. The fluxion of any solid, deicribed 
by the roTolution of an indefinite line, passing through a 
vertex, and moving round any figure in a plane, is equial 
to the prismatic or cylindroidal solid, of which the base is 
the section parallel to the given plane, and the height the 
fluxion of the height. 

In any increment of the solid, which is cut 
off by planes determining the increment of the 
height, suppose a prismatic or cylindroidal solid 
to be inscribed, of ^vhich the base is eqaal to 
the upper surface of the segment, and the sides 
such that a line may always be drawn in them parallel to h given 
line passing through the vertex and the basis of the solid : and let 
another solid be similarly described on the lower surface of the seg- 
ment as a basis : then it is obvious that the increment is always 
greater than the inscribed solid, and less than the circumscribed; 
and that when the increment is diminished without limit, its two sur- 
faces are ultimately in the ratio of equality, and the increment coin- 
cides with the cylindroid described on its basis. Such solids may 
be termed in general pyramidoidal. 

181. Theorem. All pyramidoidal solids are equal to 
one third of the circumscribing prismatic or cylindroidal 
solids of the same height. 

The area of each section of such a figure, parallel to the basis, is 
proportional to the square of its distance from the plane of the ver- 
tex. For each section is either a polygon similar to t^e basis, or it 
may have polygons inscribed and circumscribed, which are similar 
to polygons inscribed and circumscribed in and round the basis, and 
which may differ less from each other in magnitude than any assign- 
able quantity, consequently each section is as the square of any ho- 
mologous line belonging to it, or, by the properties of similar tri- 
angles, as the square of tlie distance from the vertex, or from the 
plane of the vertex. If, then, the area of the base be a, the whole 
height 6, and the distance of any section from the plane of the vertex 
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9, the area of the section will be -rr'^i ^^<^ ^® fluxion of the solid 

bo 

'rr^^y ^ which the fluent is I -77^, and when ac=(, the content is 
bo Ob 

laXf which is one third of the content of the whole prismatic or cylin- 

droidai solid. Hence a pyramid is one third of the eircomscribing 

ptism, and a cone one third of the circamscribing^ cylinder, 

182. Theobem. The fluxion of any solid is equal to 
the parallelepiped; of which the base is equal to the section 
of the solid, and the height to the fluxion of its height. 

For every part of a solid may be considered as touching some py- 
ramidoidal solid, and having the same fluxion : and the fluxion ex- 
pressed by a cylindroid is equal to a parallelepiped, on the same base, 
and of the same height 

183. Theorem. The curve surface of a sphere is 
equal to the rectangle contaiued by its verse sine and the 
sphere's circumference. 

The fluxion of the surface is obviously equal to the rectangle con- 
tained by the fluxion of the circumference and the circumference of 
the circle of which the radius is the sine; it varies, therefore, as the 
sine ; but the fluxion of the cosine or of the verse sine varies as the 
sine, consequently the surface varies as the verse sine. Now, where 
the tangent becopies parallel to the axis, the fluxion of the surface 
becomes equal to the rectangle contained by the sphere's circum- 
ference, and the fluxion of the verse sine : hence the whole surface 
of any segment is equal to the whole rectangle contained by its verse 
rine and the sphere's circumference ; and the surface of the whole 
sphere is four times the area of a great circle. 

184. Theorem. The content of a sphere is two thirds 
of that of the circumj^cribing cylinder. 

The fluxion of the sphere is to that of the cylinder as the square of 
the sine to the square of the radius ; or if the fluxion of the cylinder 
be aabxy a being the radius, and x the verse sine, that of the sphere will 
be (2cB — xx)bxy or 2abxx''^hxxxy of which the fluent is absc* — Ifia^; 
wfaioliy when tesza, becomes )s*&, while the content of the cylinder is 
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185. TnEORBM, When a picture is projected oa a 
plane, by right lines supposed to be drawn from each point 
to the eye^ the whole image of every right line, produced 
without limits is a right line drawn from its intersectioD 
with Hie plane of projection^ to its vanishing point, or die 
point where a line drawn from the eye, parallel to the 
given line, meets the plane of projection ; and this image 
is divided^ by the image of any given point, in the ratio of 
the portion of the line, intercepted by that point and the 
picture, to the line drawn from the eye to the vanishing 
point; so that if any two parallel lines be drawn from tb^ 
ends of the whole image, and the distances of the eye and 
of the given point be laid off on them respectively, the line, 
joining the pomts thus found, will determine the place of 
the required image of the point 

For A being the eye, and B the tii- 
j^ nishing point of the line CD; AB and 
CDy being paralle], are in the same 
'^ plane, and AD is also in that plane 
^ (62); and BC is the intersection of this 

plane with that of'the picture; therefore £, the image of the point D, 
is always in the line BC ; and AB : CD: :B£ : EC ; and taking the 
parallel lines BF, CG, in the same ratio, F6 will also cut BC in E. 
When AB is perpendicnlar to the plane, B is called the point of 
sight, and is the vsuiishing point of all lines perpendicular to the plane 
ofthepictore: and the vanishing point of any other line maybe 
found by setting o£f from B a line eqaal to the tangent of its Inclina- 
tion to the perpendicular line, the radius being AB. 

Scholium* When a line becomes parallel to the plane of the pic- 
ture, the distance of its vanishing point becomes infinite, and the 
image is, therefore, parallel to the original. In this case, the magni- 
tude of the image may be determined by means of lines drawn in any 
other direction through the extremities of the original line. In the 
orthographical projection, the images of all parallel lines whatever 
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beoome parallel, the difltaoce of the eye, and consequently that of 
the vanishing point, becoming infinite. 

186. Definition. The sabcontrary section of a sca- 
lene cone is that which is perpendicular to the triangular 
section of the cone» passing through the axis, and perpen- 
dicular to the base, and which cuts off from it a triangle 
similar to the whole, but in a contrary position. 

187. Theobeh* The subcontrary section of a scalene 
cone is a circle. 

Through any point A of the section, let a 
plane be drawn parallel to the base; then its 
section will be a circle, as is easily shown by 
Ikd properties of similar triangles' ; and the 
eoounon section of the pbmes will be per- 
psndicular to the triangular section of the 
cone to wfaioh they are both peipendionlar; 
eonsequentlyy ABqs:CB.BD ; but since the 
triangles CBE, FBD are equiangular and sioyfaMv CB::B£::BF : 
BD| and CB.BDs:B£.BF=ABq ; thenfore £AF is also a circle. 

188. Theobem. The stereographic projection of any 
circle of a sphere, seen from a point in its surface, on a 
plane perpendicular to the diameter passing through that 

point, is a circle* 

JLet ABC be a great circle of the sphere pas* 
ting through the point A and the centre of the 
eircle to be projected, then the angle ACBr: 
BADsBEF, and ABCr:CAG==CHI, and the 
triangle AH£ is similar to ABC, and the plane 
ABC is perpendicular to the plane BC and the 
plane HE, therefore HE is a subcontrary sec- g: 
tian of the cone ABC, and is consequently a oirole. 
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SECTION IV. OF THE PROPERTIES OF CURVES. 

189. Definition. Any parallel right lines, inter- 
cepted between a curve and a given right line, are caOcNi 
ordinates; and each part of that line, intercepted between 
an ordinate and a given point, is the absciss corresponding 
to that ordinate. 

" 190." [141,B.] Theorem. The fluxion of the area 
of any figure is equal to the parallel ogi:am contained by 
the ordinate and the fluxion of the absciss. 

Let AV be the absciss, and BC the ordinate^ 
tlroiigh C ' '^^ '||AB, and take DC= 
DE=:half u*c increment of AB, then the sinml- 
taneous increment of the figure ABC wiU ulti- 
mately coincide with the figure FCGEB, since 
A B the curve ultimately coincides wiRi its tangent 

(141), but the triangles CDF, CEG, are equal, therefore the paral- 
lelogram DBE is ultimately equal to the increment of ABC. And 
^f any other line tlian DE represent the fluxion of AB, as D£ is to 
this line, so is the parallelogram DBE to the paraUelogram contained 
by BC mad this line : therefore that parallelogram is the fluxion of 
ABC (46). 

Scholium. Those, who prefer the geometrical mode of represen- 
tation, may deduce from this proposition a demonstration of the 
tlieorem for determining the fluxion of the product of two quantities 
(48) ; for every rectangle may be diagonally divided into two such 
figures as are here considered, and the sum of their fluxions, accord- 
ing to this proposition, will be the same with the fluxion of the rect- 
angle determined by that theorem. It is obvious that this theorem 
ought not to have followed article 180. 

191^ Definition. A flexible line being supposed to 
be applied to any curve, and to be gradually unbent, the 
eurve, described by its extremity, is called the involute of 
the first curve, and that curve the evolute of the second. 

192. Definition. The radius of curvature of the in- 
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volute is that portion of the f!exible line which is unbent, 
when any part of it is described. 

193, Theorem. The radias of curvature always 
touches the evolute, and is perpendicular to the involute. 

If the radius of carvatare did not touch the evolute, it would make 
an angle with it, aud would, therefore, not be unbent ; and if the 
evolute were a polygon composed of right lines, each part of the in- 
▼c^nte would be a portion of a circle, and its tangent, therefore, per- 
pendicular to the radius : but the number of sides is of no conse- 
quence, and if it became infinite, the curvature would be continued, 
and the curve would still at each point be perpendicular to the 
ndius of curvature. ' " 

194. Theori^m, . ,^*a^ *-,^rd, cut off in the ordinavC by 
the circle of curvature, is directly as the square of the 
fluxion of the curve, and inversely as the second fluxion 
of the ordinate, that is, as the fluxion of its fluxion. 

Tlie constant fluxion of the absciss being equal 
to A B, the fluxion of the ordinate, at A, is BC, 
at D, DE, consequently its increment is CD-f- 
BE, or CD-f AF, twice the sagitta of the arc 



^ 



D/ 
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AD : and the chord is equal to the square of AC divided by CD, 
and it is, therefore, always in the direct ratio of the square of the 
fluxion of the curve, and the inverse ratio of the second fluxion of 
the ordinate. See 268. . 

195. Theorem. When the curve approaches infi- 
nitely near to the absciss, the curvature is simply as the 
second fluxion of the ordinate. 

For the fluxion of the .eurve becomes equal to that of the absciss, 
and the perpendicular chord to the diameter. 

196. Definition. If the sum of two right, lines, 
drawn from each point of a curve to two given points, is 
constant, the curve is an ellipsis, and the two points are 
its foci. 
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197. Definition. The tight line paming throngli tke 
foci, and terminated by the carve, is the greater axis, and 
the line bisecting it at right angles, the lesser axis. 

198. Thborbm. a right line passing throngh any point 
of an ellipsis, and making equal angles with the right lines 
drawn to the foci, is a tangent to the ellipsis. 

F p;:; « Let AB make equal angles with 

BC and BD, then it will toach the 
ellipsis in B. Let £ be any other 
point in AB. Produce DB, take 
BF=:BC, and join CF, then AB 
bisects the angle CBF, and CAB 
is a right angle* Join £C, £D, 

EP, GD, then EC=:EF, and EC+ED=:EF+ED, «nd is greater 

than DF (79), or BC+BD, or GC+GD, therefore £ is without tiie 

ellipsis, and AB touches it 

199. Theorem* The right lines, drawn from any point 
of the ellipsis to the foci, are to each other as the square 
of half the lesser axis to the square of the perpendicalar 
from either focus, on the tangent at that point. 

Let A and B be the foci, C Ihe 
point of contact, and AD the per- 
pendicular to Ifae tangent CD, 
draw BE and BF paralldto AB 
and CD, produce AD emeh way, 
and let it meet BF and BC in F 
and 6. Then since ZACDs 
BC£=:DC6, CO±lAO; aadBG 
ssAC+BC. And BFq=BGq— FGq=BAq— FAq (118), tiierefiMre 
BGq— BAq=:FGq-FAq ; but (FG+FA). (FG— FA)=iFGq— 
FAq ; and FG+FA=2FD=:2BE, and FG— FAnAGnaAD ; also 
BG=:2BH, and BA=2BI, whence BGq— BAq=4HIq, therefore 

B£.AD==HIq, and B£=:2l3, but BE ': BC::AD ; AC, and BEsi 

AD 

BC_HIq BC _ Hlq 

AC" AD' AC~ADq" 
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SOO. TBBOfiBH. The chord of the cirde of «qaal onr- 
vatare witii an ellipsis at any poiot, pasaiog through tho 
focus, is equal to twice the harmonic meao of the distances 
of the foci from die giyen point, or to the product of the 
distances divided by one fourth of the greater axis. 

Let AB be an evaoeacent arc itf 
tile ellipsis. ooiDciding with tiie 
tangeat, tbeo Hie radiaa of carv»- 
tore bisectit!^ always the an^e 
CAD or CBD, tbe point £, in which 
Sw radii A£ uid BE meet, will ul- 
ttaaately be the centre of the circle 
of eqntU curvature. Let BF, BG, 
be parallel to AC, AD ; then BH, 

bisectiug FBG, will be panOlel to AE: but EBH^CBF-^FBH— 
CBE=:CBF+JFBG— iCBD;=CBF— iCBP+4DBG= I (CBP+ 
DBG)=:J(ACB+ADB). Now, in the triaagles ABC, ABD, as AC 
Is to the sine of ABC, M is AB to the sine of ACB, and aa AD is to 
theBineofABD, soil ABtothesineofBDA; but the eines of ABC 
and ABD are nltimately equal ; consequently ACB and ADB toe 
inversely as AC and AD, or as their reciprocab, andBBH or A£B, 
which is the half som of ACB and ADB, is as the mean of those re- 
ciprocals : let Bl be the reciprocal of that mean, or the harmonic 
mean of AC and AD, then the angle AIB=;AEB ; for die erane*- 
Mnt angles ACB, AIB, or tbeit sines, are reciproeallj as AC, AI, 
lince theae angles have Qte ume side AB opposite to them in the 
triaa^e* ABC, ABI, and thnr equals BC, BI are opposite to the 
nae angle BAC j for the same reason, taking BK=2BI, AKB i> 
baiC oC ABB ; consequent^ K i* in the circle of cartatare^ and BK 
iaitaolioiid. 

SOI. Theobbm. The square of the perpendicular, fall- 
ing on the tangeut of an ellipsis from its focus, is to the 
sqnare of the distance of the point of contact from the fo- 
cus, as a third {Hvportional to the axes is to the focal chord 
of onrrature. 
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It has been shown that ABq I 
CDq::AE:EF (199), tiierefoi« 
ABq ; AEq: : CDq : AE.EF; bat 
the chord of the circle of equal 



carvature, EG, is =: 



2 AE.EF 
CH ' 



and 

CDq 
CH 



AE.EF=JEG.CH, therefore ABq : AEq::CDq : 4EG.CH:: 2 

:EG. 

Scholium. It may easily be demonstrated that a perpendicnlar 
to the normal of the curve, or to the line perpendicular to its tan- 
gent, passing through the point where it meets the axis, bisects tlie 
focal chord of curvature, and that a perpendicular, falling from the 
same point on the chord, cuts off a constant portion from it, equal to 
the third proportional to the semiaxes. 

202. Theorem. The square of any ordinate of an 
ellipsis, parallel to the lesser axis, is to the rectangle con- 
tained by the segments of the greater axis, as the square 
of the lesser axis to the square of the greater. 

On the centre A describe flie 
circle BCDE, passing through 
the focus B; then EF : BPt: 
CF : DF (138). Call HI^ 
HB,6, AB,a:, GH,z, then EF=:a^ 
BF = 25, CF = 2BH— 2BG= 
2GH=2z, DF=EF— ED=:2»- 
ar, and 2a : 2i: \2z : 2a— 2ar, a : h\ \z : «— <r, a \ a-f-ft: \z \ z-^a-^ 
: :a*\'Z : Oor^x +6+2r (32) ; also a : a— 5: :z : r— <a— ar): la-^z : Sc 
— * — (^+2^)» and by multiplying the terms, aa : aa — hbl iCa+^X 
(a— z) : (2a— ary— (6+«)«, or HIq.HKq::IG.GL : AFq— GFq, or 
AGq. 

203. Theorem. The area of an elb'psis is to thi^t of 
itA circumscribing circle, as the lesser axis to the greater. 

For since the square of the ordinate is to the rectangle contahied 
by the segments of the axis, or to the square of the corresponding 
ordmate of the circle (137), as the square of the lesser axis to that of 
tlie greater, the ordinate itself is to that of the circle in the constant 
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ralio of the lesser axis to the greater. For if four quantities are pro* 
portional, their squares are proportional, and the reverse. But the 
fluxions of the areas are equal to the rectangles contained by these 
ordinates and the same fluxion of the absciss (190), they are, there- 
fore, in the constant ratio of the ordinates, and the corresponding 
areas ate also in the same ratio (47). 

' 204. I^EFiNiTiON. If tlie square of the absciss is equal 

to the rectangle contained by the ordinate and a given 

quantity, the curve is a parabola^ and the given quantity 

its parametel^. 

Scholium. Thus ABqt:P.fiO» 
If tiie axes of an ellipsis are sup- 
posed infinite, it becomes a parabola^ 

for since *— =— il — , if a becomes 
a* aar— XX 

infiDite,xa; vanishes in comparison with ax, and — r:— ,— ^ x =iy^, and 

a^ euc a 

— is the parameter of the parabola ; and the distance from the focus 

is in a constant ratio to the square of the perpendicular falling on 
the tangent. 

205. DEPiNtTioN* When the ordinate is as any other 
power of the absciss than the second^ the curve is still a 
parabola of a different order. 

Thus when the ordinate is as the third power of the absciss, the 
curve is a cubic parabola. 

206. Theorem. If any figure be supposed to roll on 
aDother, and any point in its plane to describe a curve, that 
carve will always be perpendicular to the right line joining 
tbe describing point and the point of contact. 

Suppose the figures rectilinear polygons ; then the point of contact 
will always be the centre of motion, and the figure described will 
ctasiBt of portions of circles meeting each other in finite angles, so 
fiuit each portion will be always perpendicular to the radius, though 
110 two radii meet i^ the point of contacts And if the number of 

B 
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sidei be increaied without limit, the polygona will approaoh infi- 
nitely near to cnrves, and each portion of the cnrre deacribed will 
■till be peipendicnlar to the lin^ passing tbrongii the point ot con- 
tact 

207. Definition. A circle being supposed to roll on 
a straight line, the curve described by a point in the cir- 
cnrnference is called a cycloid. 

208. Tmsoreh. The evolute of a cycloid is an equal 
cycloid, and the length of its arc is double that of the poi^ 
tion of the tangent out off by the vertical tangent. 

Let two eqnaf circles AB, BC, 
rolling on the parallel hases DA and 
£B, at the distance of a diameter 
of (he ciicles, describe with the 
points F and G the equal oycltrids 
EF and EG. Draw the diameter 
FH ; then M wUl be the point that 
coincided with D, and HA=DA= 
EB= arc BG, and the remainder! AF and GC are equal, therefbra 
Z.ABF=:CBG (133), and FBG is a right line (06). But FG ia per- 
pendicular to AF (134), therefore it touches EF (206), and it ia 
always peipendicniar to EG (206) ; therefore EG will coincide with 
die involute of EF, for they set out together from E, and are always 
perpendicular to the same line FG (193), which tluy could not be if 
tbey ever separated. Consequently the curve EF ia always equal 
to FG (192), or 2FB, twice the portion of the tangent cut off by EB. 
fi09. Thbobbh. The fluxion of the cycloidal arc iato 
that of the basis, as the evolred radius to the diameter oT 
Hie generating circle. 

^ For the increment GI=2BK, and BK : £L: :BG 
: BC, and 2BK : BL:: FG : BC, which ia therefore 
the ratio of the fluxions. 

Scholium. Ifthe fluxion of the base be cotulanf 
that of the carve will vary as the distance of the 
describing point from tbe point of ctHitact. 
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210. Definition. If the absciss be equal to the arc 
of a given circle^ and the perpendicular ordinate to the 
corresponding sine, the curve will be a figure of sines. 

211. Definition. If a second figure of sines be 
added, by taking ordinates equal to the cosines^ the pair 
may be called conjugate figures of sines. 

212. Theorem. The radius of curvature of the figure 
of sines at the vertex is equal to the ordinate. 

For the fluxion of the base becoming ultimately equal to that of 
ih» absciss in the corresponding circle, while the ordinates are also 
equal, the curve ultimately coincides with a portion of that circle. 

213. Theorem. The area of each half of the figure of 
•ines is equal to the square of the vertical ordinate. 

For the fluxion of the absciss being con- 
stant, that of the sine varies as the cosine 
(142), therefore the fluxion of the ordinate of 
the figure of sines may always be represented 
by the corresponding ordinate of the coiyu- 
gsie figure. Let AB, CD, be the conjugate 
figures, then EF will represent the fluxion of EG, and, since the arc 
and sine are ultimately equal, the fluxion of EG at C will be equal 
to that of the absciss, therefore BC will always represent the con- 
stant fluxion of the absciss. But the fluxion of the area AEF is the 
rectangle, under the fluxion of the absciss AE and the ordinate EF ; 
that is, the rectangle under BC and the fluxion of EG, and the fluent 
BC.(AD — ^EG) is, therefore, equal to the area, which at C becomes 
BCq. 

214. Definition. Each ordinate of the figure of sines 
being diminished in a given ratio, the curve becomes the 
harmonic curve. 

Scholium. The ordinates being, diminished in a constant pro- 
portion, their increments and fluxions are diminislied in the same 
proportion, the fluxion of the base remaining constant. 
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215. THBOREMi The radius of carvatare at the Vertel 

of the harmonic curve is to that of the figure of sines; en 

the same base^ as the greatest ordinate of the figure of 

sines to that of the harmonic curve. 

For, taking any equal evanescent portions of the vertical tangents, 
the radii will be inversely as the sagittae, which are similar portions 
of the corresponding ordiiaates, and are therefore to each other in 
the ratib of those ordinates. 

216. Theorem. The figure, of which the ordinate!; 
are the sums of the corresponding ordinates of any two 
harmonic curves, on equal bases, but crossing the absciss 
at different points, is also a harmonic curve. 

The absciss of the one curve being x, that of the other will be a+ 
Xy and the ordinates will be 6.(sin. x) and c (sin. a+x) ; now sin. «+ 
a:zi:(cos. a:).(sin. a) -f (cos. a).(sin. x) and the joint ordinate vnll be 
(i4-c.(cos. a)).(sin. ar). +c.(sin. a).(cos.ar); if, therefore, dhe the angle 

of which the tangent is ' * ■ its sine and cosine will be id tft« 

o4-c.(cos. a) 

ratio of c.(siii. a,) to ft-f-c(cos. a), and (cos. rf).(sin. a:)-f (sin. (f)*(6oa.x), 
will be to the ordinate in the constant ratio of sin. d to c.(sin. a) ; 
but (cos. rf).(sin. a:)-f-(sin. rf).(cos. x) is the sine of d+x; conse* 
quently the newly jformed figure is a harmonic curve. 

The same may be shown geometric 
PB cally, by placing two circles, having 
their diameters equal to the greatest 
ordinates of the separate curves, so as 
to intersect each other in an angle equal 
to tlie angular distance of the origin oT 
the curves : then a right line revulvingj" 
round their intersection, with an equable velocity, will have segments 
cut off by each circle equAl to the corresponding ordinate, and thl9 
sum or difference of the segments will be the joint ordinate : and rf 
a circle be described through the point of intersection, touching th^ 
common chord of the two circles, and having its radius equal to tb 
distance of their centres, this circle will always cut off in the 
volving line a portion equal to the ordinate. For if AB be mad^ 
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parallel to CD, and EB to FG, Z ABE=CGF=CHF : but EIB is 
a right angle, as well as HCF, and EI : IB: :FC : CH: : AE : CH, 
nnce AF is equal to twice the distance of the centres, which bisect 
AH and FH, and therefore to CE, and FC=AE, or EI : AE: I IB 
: CH ; but EI : AE: :ID : AC, therefpre IB : CH: :ID ; AC, and 
the triangles ACH, DIB, are similar, and ZDBI=:CHA=:DKA, 
and AD is a parallelogram, consequently KDizABz^CG. 

If the circle CG be supposed to revolve round C, the intersection 
H will always show the angular distance of the point in which ihe 
curve crosses the axis ; and the distance of the centres will be equal 
to the greatest ordinate. If, therefore, the circles are equal, the 
greatest ordinate will also vary as the chord of an arc increaising 
equably, or as the ordinate of the harmonic curve. 
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Section I. Of undisturbed motion. 

217. Axiom. Like causes produce like 
effects, or, in similar cirGumstances, similar 
consequences ensue. 

Scholium !• This axiom has always been essentially 
concerned in every improyement of natural philosophy, bat 
it has been more and more employed, ever since the reyi- 
yal of letters, under the nami3 Induction. It is the most 
general and the most important law of nature ; it is the 
foundation of all analogical reasoning, and it is collected 
from constant experience, by an indispensable and un- 
avoidable propensity of the human mind. 

Scholium 2. It does not appear that we can have any 
other accurate conception of causation, or of the con<- 
nexion of a cause' with its effect, than a strong impression 
of the observation, from uniform experience, that the one 
has constantly followed the other. We do not know the 
intimate nature of the connexion by which gravity causes 
a stone to fall, or how the string of a bow ui^es the arrow 
forwards; nor is there any original absurdity in supposing 
it possible, that the stone migl)t have remained suspended 
in the air, or that the bowstring might have passed through 
the arrow as light passes through glass. But it is obvioua 
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if a single atom existed alone in the universe, it could neJk 
ther be said to be in motion nor at rest. This may seenoi 
in some measure paradoxical, but it is the necessary cor- 
sequence of admitting the definition, and the paradox is 
only owing to the difficulty of imagining the existence of a 
single atom, unsurrounded by innumerable points of space 
which we represent to ourselves as immoveable. 

Scholium 2. It has been for want of a precise defini- 
tion of the term motion, that many authors have fallen into 
confusion with respect to absolute and relative motion. 
For the definition of motion, as the change of rectilinear 
distance between t>vo points, appears to be the defimtion 
of what is commonly called relative motion ; but, on a strict 
examination, we shall find, that what we usually call abso- 
lute motion is merely relative to some space, which we 
imagine to be without motion, but which may very often be 
so in imagination only. The space, which we call quiescent^ 
is in general that which is in the neighbourhood of the 
earth's surface: yet we well know, from astronomical con* 
siderations, that every point of the earth's surface is per- 
petually in motion, and that the direction of its motion is 
even continually varying : nor are there any material objects 
accessible to our senses, which we can consider as abso- 
lutely motionless, or even as completely motionless with 
regard to each other, since the continual variation of tem- 
perature^ to which all bodies are liable, and Hip minute agi- 
tations, arising from the motions of other bodies with which 
they are connected, will always tend to produce some 
imperceptible change of their distances. 

Scholium 3. These minute changes are neglected in 
the elementary operations of practical geometry: it must 
not,- however, be forgotten that they exists and it is right 
to make it one of the postulates, which are th^ basis of 
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mfrtiheHtatical demonstratiob, "that the length of a straight 
line be capable of being identiGed, whether by the effect 
of any object on the senses, or merely in imagination, so 
that it may remain invariable" (76): although this postulate 
has more generally been tacitly understood than expressed. 
Scholium 4. Wheh, therefore, ^ef assert that a body 
is absolutely at rest, we only mean to express its relation to 
some comparatively large space in which it is contained : for 
that there exists a body, or even a point, absolutely at rest; 
in as strict a sense as an {Absolutely straight line may be 
conceived to exist, we cannot positively affirm; and if such 
a quiescent body or point did exist, we have no criterion 
by which it could be distinguished. Supposing a ship to 
move at the rate of three miles in an hour, and a person 
on board to walk or to be drawn towards the stem at the 
same rate, he would be relatively in motion, with respect to 
the ship, yet we might very properly consider him as abso- 
lutely at rest : but he would, on a more extended view, be 
at rest only in relation to the earth's surface ; for he would 
still be revolving round the axis of the earth with that sur- 
face; and with the whole earth round the sun: and with the 
sun and the whole solar system he would perhaps be slowly 
moving among the starry worlds which surround us. Now 
with respect to any effects within the ship, all the subse- 
quent relations to exterior objects are of no consequence 
whatever, and the change of his rectilibear distance, from 
the various parts of the ship, is all that needs to be consi- 
dered in determining those effects. In the same manner, 
if the ship appear, by comparison with the water only, to 
be moving through it with the velocity of three miles an 
hour, and the water be moving at the same time in a con- 
trary direction at the same rate, in consequence of a tide 
or cnrront, the ship will be at rest with respect to the shore. 
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but the matual actions and relations of the ship and the 
water will be the same, as if the water were actaally at rest, 
and the ship in motion. Laplace (§1. P. 3.) views this 
sabject in themore popular light, and employs much mathe- 
matical reasoning, to deduce from it the principles, here laid 
down as fundamental. (§ 4. P. 14. §. 5. P. 15.) 

219- Definition. A space or surface, 
of which all the points remain spontaneously 
at equal distances from each other, is said to 
be quiescent, or at rest within itself. 

Scholium. The term " spontaneously" is introduced, 
in order to exclude, from the definition of a quiescent 
space, any surface, of which the points are only retained 
at rest by means of a centripetal force, while they reyolve 
round a conmion centre ; for, with respect to such a re- 
volving space or surface, the motions of any body will de- 
viate from the laws which govern them in other cases. 

220. Definition. When a point is con- 
sidered as in motion with respect to a quies^ 
cent space, the right line, joining any two of 
its proximate places, is called its direction, 
and such a point is often simply denominated 
a moving point. 

Scholium. Supposing the point to remain continually 
in one right line drawn in the quiescent space, that line is 
always the line of its direction ; if it describes several right 
lines, each line is the line of its direction as long as it 
continues in it; but if its path becomes curved, we can no 
longer consider it as perfectly coinciding at any time witii 
a right line, and we must recur to the letter of the defini* 
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tion, by supposing a right line to be drawn through two 
successive points in which it is found ; and then if these 
points be conceived to approach each other without limit, 
we shall have the line of its direction. Now^ such a line 
is called in geometry a tangent, for it meets the curve, but 
does not cut it, provided that the curvature be continued 
without contrary flexure (126). 

221. Theorem. A moving point never 
quits the line of its direction without a new 
disturbing cause. 

A right line being the same with respect 
to all sides, since it must remain wholly at 
rest if it be supposed to turn round any two 
of its points (60), there can be no imaginable 
reason why the point should incline to one 
side more than to another. Let AB be the direction of the 
motion of A in the plane ABC, and let OB and DB be equal 
and perpendicular to AB, then the triangles ABC and ABD 
are equal (86), and A is similarly related to C and D. But 
if A depart from AB, and be found in any point out of it, 
as £, £D will be greater than EC (103), and A will be no 
longer similarly related to C and D, contrarily to the ge- 
neral law of induction (217). 

Scholium. This argument appears to be sufficiently 
satisfectory to give us ground for asserting, that the law 
of motion, here laid down, may be considered as inde- 
pendent of experimental proof. It was once proposed as 
a prize question by the Academy of Sciences at Berlin, to 
determine whether the laws of motion were necessary or 
accidental; that is, whether they were to be considered! as 
mathematical or as physical truths. Maupertuis, then 
president of the academy, endeavoured to deduce them 
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from a metaphysical principle of the minimum of actioH; 
which is of a very complicated and almost fanciful nature ; 
and the intricacy of his theory tends only to envelope the 
subject in unnecessary obscurity ; while the fundamental 
laws of motion appear to be easily demonstrable from th6 
simplest mathematical truths, granting only the homog^ 
neity or similarity of matter with respect to motion, and 
allowing the general axiom, that like causes produce like 
effects. If, however, any person thinks differently, he is 
at liberty to call these laws, experimental axioms, collected 
from a comparison of various phenomena : for we cannot 
easily reduce them to direct experiments, since we can 
never remove from our apparatus the action of all disturb- 
ing causes ; for either gravitation, or the contact of sur- 
rounding bodies, will interfere with all the motions wluch 
we can examine. 

222. Definition. The times, in which 
a point, moving without disturbance, describes 
equal parts of the line of its direction, are 
called equal times. 

223. Theorem. The equality of times 
being estimated by any one undisturbed mo- 
tion, all other points, moving without disturb- 
ance, will describe equal portions of Aeir 
lines of direction in equal times. 

ACE BDP • G ^^^ '^ ^°^ ^ ^^ moving 

' ' ' ^'^^^ ' in the same line, and whila 

A describes ^^C, let B describe BD ; then while A de- 
scribes CE=AC, B will describe DF=BD. For sup ^ 
pose AC=:2BD, and let A6=2AB, then AB and BG 
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have been eqnally decreased in one instance, and the rela- 
tions remaining the same, they will still be equally de- 
creased (217) : the relative motion of A and B being equal 
to that of B and G, and any absolute motion being no way 
determinable, there can be no reason why the one should 
be otherwise affected than the other ; therefore CE will be 
twice DF : akid a similar mode of reasoning may be ex- 
tended to all other cases, where the proportion of the mo- 
tions is less simple. 

Scholium 1. Having established the permanency of 
the rectilinear direction of undisturbed motion, we come 
to consider its uniformity. Here the idea of time enters 
into our subject; and we must have some measure of 
equal times, which cannot be merely intellectual, and must 
therefore be estimated by some changes in external ob- 
jects. Of these changes, the simplest aud most convenient 
is the apparent motion of the sun, or rather of the stars, 
derived from the actual rotation of the earth on its axis, 
which is not, indeed, an undisturbed rectilinear motion, 
bat which is equally applicable to every practical purpose: 
and hence we obtain, by astronomical observations, the 
well known measures of the duration of time, implied by 
the terms day, hour, minute, and second. 

Scholium 2. Now, the equality of times being thus 
estimated from any one motion, all other bodies, moving 
without disturbance, will describe equal successive parts 
of their lines of direction in equal times. And this is the 
second law of motion, which, with the former law, con- 
stitutes Newton's first axiom or law of motion ; ** that 
every body perseveres in its state of rest or uniform rectili- 
xmear motion, except so far as it is compelled by some force 
"to change it." This second law appears to be strictly 
d^ducible from the axioms and definitions which have been 

F 



66 OF UNDISTURBED MOTION, 

premised, and principally from the consideration of the 
relative natare of motion, and the total deficiency of any 
criterion of absolute motion : it is also confirmed by its 
perfect agreement with all experimental observations, al- 
thoagh it is too simple to admit of an immediate proof. 
For we can never place any body in such circumstances, as 
to be totally exempt from the operation of all accelerating 
or retarding causes; and the deductions from such expe- 
riments, as we can make, would require, in general, for - 
the accurate determination of the necessary corrections, a 
previous assumption of the law which we wish to demon- 
strate. 

Scholium d. When, indeed, we consider the motion 
of a projectile, we have only to allow for the disturbing 
force of gravitation, which so modifies the efi*ect, that the 
body deviates from a right line, but remains in the same 
vertical plane; whence we may infer, that, in the absence 
of the force of gravitation, the body would continue to 
move in every other plane in which its motion began, as 
well as in the vertical plane, since in that case all planes 
would be indifferent to it ; it would, therefore, necessarily 
remain in their common intersection, which could only be a 
straight line : so that, by thus combining argument with 
observation, we may obtain a confirmation of the law of 
the rectilinear direction of undisturbed motion, founded in 
great measure on direct experiment. The uniformity of 
undisturbed motion, is, however, still less subjected to 
immediate examination ; yet, from a consideration of the 
nature of friction and resistance, combined with the laws 
of gravitation, we may ultimately show the perfect coinci- 
dence of the theory with experiment. 

Scholium 4. The tendency of piatter to persevere in 
the state of rest, or of uniform rectilinear motion, is catted 
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its inertia, or sometimes^ very improperly, its vis inertiae. 
Bat the properties of matter, as such, belong to physical 
rather than to mathematical science : and we are, at pre- 
sent, considering the motions of a supposed inert point 
only. 

224. Theorem. If any number of points 
move in parallel lines, describing ^qual spaces 
in equal times, they are quiescent with respect 
to each other ; and if all the points of a plane 
move in this manner on another plane, either 
plane will be in rectilinear motion with re- 
spect to the other. 

Let A, B, and C describe in a given 
time the equal parallel Jines AD, BE, 
CF, then AB=DE, EF=BC, and 
DFrzAC (109), and the points are c p 

mutually quiescent (218, 219). It is also obvious, that if 
two points have equal and parallel motions, the whole of 
Uie plane will also have a similar motion. 

225. Definition. If a plane be in rec- 
tilinear motion with respect to another plane, 
in contact with it, and if, besides this general 
motion of the plane, any point be supposed 
to have a particular motion in it, this point 
will have two motions with respect to the 
other plane, one in common with its plane, 
and the other peculiar to itself; and the joint 
effect of these motions, with jrespect to the 

F 2 
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other plane, is called the result of the two 
motions. 

226. Theorem. The result of two mo- 
tions, with respect to a quiescent space, is the 
diagonal of the parallelogram of which the 
two sides would be described by the separate 
motions ; and any motion may be considered 
as the result of any other ifaotions thus com- 
posing it. 

XB c -"^^^ ^* -^' ^^^ ^ ^^ three quiescent 
points, and let Z, Y, and X be three 
points in another plane which moves in 
the direction AZ, or BY ; then the point 
A has a rectilinear motion ZA with respect to the plane 
ZYX. Now, while AZ is described by Z, let A have a 
motion in its own plane equal to AB ; then it will have 
two motions with respect to ZYX, by the joint effect of 
which it will arrive at X in that plane ; and if the motions 
are both equable, it may be shown, by the properties of 
similar triangles, that it describes the diagonal ZX. But 
it is of no consequence to the relative motion of A and 
ZXY which, or whether either, be imagined to be abso- 
lutely at rest : therefore, in general, the result of two mo- 
tions, in a quiescent space, is the diagonal of the parallelo- 
gram of which the sides would be described by the sepa- 
rate motions : and the motion, thus produced, is precisely 
the same as if it were derived from a simpler cause. 

Scholium 1. The existence of two or more motions 
at the same time, in the same body, is not at first compre- 
hended without some difficulty. But it is, iof fact, only • 
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combinatioD or separation of relations that is considered ; 
in the same manner as by combining the relation of son to 
fietther, and brother to brother^ we obtain the relation of 
nephew to ancle, so by combining the motion of a man 
walking in a ship, with the motion of the ship, we deter- 
mine the relative velocity of the man with respect to the 
earth's surface. 

Scholium 2. When an arm is made to slide upon a 
bar, and a thread, fixed to the bar, is made to pass, over a 
pulley at the end of the arm next the bar, to a slider 
* which is moveable along the arm, the slider moves on the 
arm with the same velocity as the arm on the bar; but if 
the thread, instead of being fixed to the slider, be passed 
again over a pulley attached to it, and then brought back 
to be fixed to the arm, the motion of the slider will be only 
half that of the arm; and this will be true in whatever po- 
sition the arm be fixed. Here we have two motions in the 
slider, one in common with the arm, and the other pecu- 
liar to itself, which may be either equal or unequal to the 
first ; and by tracing a line on a fixed plane, with a point 
attached to the slider, we may easily examine the joint 
result of both the motions. 

Scholium 3. The line described by the tracing point 
of this apparatus will be precisely the same, whether it is 
simply drawn along by the hand in the given direction, or 
made to move on the arm with a velocity equal to that of 
the arm, orj when the arm is in a different position, with 
only half that velocity. The line AB, for example, may 

be either simply drawn in the f P ^ 

direction AB, or it may be 

traced by the equal motions 

AC and AD of the arm and its a^ C 

slider, or by the unequal motions AE and AF. 
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Scholium 4. There is some difficulty in imagining a 
slower motion to contain, as it were, within itself, two more 
rapid motions opposing each other : but, in fapt, we have 
only to suppose ourselves adding or subtracting mathe- 
matical quantities, end we must relinquish the prejudice, 
derived from our own feelings, which associates the idea of 
effort with that of motion. When we conceive a state of 
rest as the result of equal and contrary motions, we use the 
same mode of representation^ as when we say, that a cipher 
is the sum of two equal quantities with opposite signs ; 
for instance, plus ten and minus ten make nothing. 

Scholium 5. The law of motion, here established, 
differs but little, in its enunciation, from the original words 
of Aristotle, as they stand in his Mechanical Problems. 
He says, that ** if a moving body has two motions, bear- 
ing a constant proportion to each other, it must necessarily 
describe the diameter of a parallelogram, of which tbe 
sides are in the ratio of the two motions." It is obvioui^ 
that this proposition includes the consideration not only (tf 
uniform motions, but also of motions which are similaiiy 
accelerated or retarded : and we should scarcely have ex- 
pected, that, from the time at which the subject began to 
be so clearly understood, an interval of two thousand years 
would have elapsed, before the law began to be applied to 
the determination of the velocity of bodies actuated by de>* 
fleeting forces, which Newton, has -so simply and elegantly 
deduced from it. 

Scholium 6. In the laws of motion, which are the 
chief foundation of the Principia, their great author intro- 
duces^ at once the consideration of forces ; and the first 
corollary stands thus : '' a body describes the diagonal cff 
a parallelogram by two forces acting conjointly, in the same 
time, in which it would describe its sides, by the same finroes 
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acting separately." It appears, however, to be more na- 
tural and perspicuous to defer the consideration of force 
until the simpler doctrine of motion has been separately 
examined. 

227- Theorem. Any equable motions, 
represented by the sides of a triangle or poly- 
gon, supposed to take place in the same 
moveable point, in directions parallel to those 
sides, and in the order of going round the 
figure, destroy each other, and the point 
remains at rest. 

For two sides of the triangle, AB, BC, 
are sides of the parallelogram ABCD, 
Iherefore by the motions AB, BC, or AB, 
AD, A would arrive at C, while by the mo- D 
tion CA it would be brought back to A in the same time ; 
and all the motions being equable, it will always remain 
in A : and, in the same manner, the proof may be ex- 
tended to a figure with any greater number of sides. The 
truth of the proposition will also appear by considering 
several successive planes as moving on each other, and the 
point A as moving in the last : or we may imagine each 
motion to take place in succession for an equal small in- 
terval of time ; then the point would describe a smaH po- 
lygon similar to the original one, and would be found, at 
the end of the whole of the small intervals, in its original 
situation. 

Scholium. When the motions to be combiiyd are 
numerous and diversified, it is often convenient to resolve 
each motion into three parts, reduced to the directions of 
three given lines perpendicular to each other : and, in this 
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mnnner, the general result of any namber of motions may 
be obtained, by addition and subtraction only. Thus, if a 
bird ascended in an oblique direction, we might describe 
its flight by estimating its progress northwards or southr 
wards, eastwards or westwards, and at the same time up- 
wards, as accurately as if we ascertained the immediate 
bearing and angular elevation of its path, and its velocity 
in the direction of its motion. 

SECTION II. OP SIMPLE ACCELERATING FORCES. 

228. Defhstition. Any immediate cause 
of a change of motion is called a force, 

Scholium 1. The word force ought to be very strictly 
confined to a cause which produces motion in a body at 
rest, or which increases, diminishes, or modifies it in a 
body which was before in motion. Thus, the power of 
gravitation, which causes a stone to fall to the ground, is 
called a force ; but when the stone, after descending down 
a hill, rolls along a horizontal plane, it is no longer im- 
pelled by any force, and its relative motion continues un* 
altered, until it is gradually destroyed by the retarding 
force of friction. It was truly asserted by Descartes, 
that the state of motion is equally natural with that of rest, 
and that when a body is once in motion, it requires no 
foreign power to sustain its velocity. Since, however, tbe 
inertia of one body may easily become the cause of motion 
in another which is impelled by it, the term force is not 
uncommonly employed as almost synonymous with motion, 
and hence has arisen the incorrect notion of thevi^ inertiae, 
and of the force possessed by a moving body : but we must 
be careful to recollect that this sense of the term force is 
only so far correct, as it is applied to the power of causio^^ 
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motion in another body, and not to the motion of any one 
body considered separately. 

Scholium 2. It is a necessary cpndition in the defi- 
nition of force, that it be the cause of a change of motion 
with respect to a quiescent space. For if the change were 
only in the relative motion of two points, it might happen 
without the operation of any force : thus, if a body be 
moving without disturbance, its motion with respect to 
another body, not in the line of its direction, will be per- 
petually changed; and this change, considered alone, would 
indicate the existence of a repulsive force : and, on the 
other hand, two bodies may be subjected to the action of 
an attractive force, while their distance remains unaltered, 
in consequence of the centrifugal effect of a rotatory mo- 
tion : the inertia here becoming a relative force, which 
tends to increase the distance of the body from a point out 
of the line of its direction, with an accelerated motion, 
unless counteracted by an attractive force. 

Scholium 3. The muscular exertion of an animal, the 
imbending of a bow, and the impulsion produced by th^ 
apparent contact of a moving body, are familiar instances 
of the actions of forces. We must not imagine that the 
idea of force is naturally connected with that of labour or 
difficulty ; this association is only derived from habit, since 
our voluntary actions are in general attended with a cer- 
tain effort, leaving an impression almost inseparable from 
that of the force which it calls into action. 

Scholium 4. It is natural to inquire, in what imme- 
diate manner any force acts, so as to produce motion ; for 
instance, by what means the earth causes a stone to gravi- 
tate towards it. In some cases, indeed, we are disposed 
to imagine that we understand better the nature of the 
action of a force, as, when a body in motion strikes ano- 
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ther, we conceive that the impenetrability of matter is a 
sufficient cause for the conununication of motion, since the 
first body cannot continue its course without displacing the 
second ; and it has been supposed, that if we could dis- 
cover any similar impulse, which might be the cause of gta* 
vitation, we should have a perfect idea of its operation. 
But the fact is, that even in cases of apparent impulse, the 
bodies impelling each other are not actually in contact ; 
and if any analogy between gravitation and impulse be ever 
established, it will not be by referring them both to the 
impenetrability of matter, but to the intervention of some 
common agent, which must probably be imponderable. It 
was observed by Newton, that a considerable force was 
necessary to bring two pieces of glass into a degree of 
contact^ which still was not quite perfect; and Robison 
has estimated this force at a thousand pounds for every 
square inch. These extremely minute intervals have been 
ascertained by observations on the colours of the ihin 
plate of air included between the glasses ; and when an 
image of these colours is exhibited by means of the solar 
microscope, it is very easily shown that the glasses are 
separated from each other, by the operation of this repal- 
sive force, as soon as the pressure of the screws which 
confine them is diminished; the rings of colours, dependent 
on their distance, contracting their dimensions ..accords 
ingly. Hence it is obvious, that whenever two pieces o£ 
glass strike each other, without exerting a pressure equi* 
valent to a thousand pounds for each square inch, they 
may affect each other's motion without actually coming* 
into contact. It might perhaps be imagined, that this re^ 
pulsion depended on some particles of air adhering to tha 
glass; but the experiment has been found to succeed 
equally well in the vacaom of an air pomp. We most. 
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therefore, be contented to ackno'svteclge our total igno- 
rance of the intimate nature of forces of every kind ; and 
we have, at present, only to examine the effect of forces, 
considered with regard to their magnitude and direction, 
without inquiring into their origin. 

229- Definition. When the increase or 
diminution of the velocity of a moving body 
is uniform, its cause is called a uniform force ; 
the increments of space, which would be de- 
scribed in any given time with the initial velo- 
cities, being always equally increased or di- 
minished. 

Scholium I. The word velocity appears to be suffi- 
ciently understood from common usage, although it is not 
easy to give a correct definition of .it. The velocity of a 
body may be said to be the quantity or degree of its mo- 
tion, independently of any consideration of its mass or 
magnitude ; and it might always be measured by the space 
described in a certain portion of time, for instance, a se* 
cond, if there were no other motions than undisturbed or 
uniform motions : but the velocity may vary very consi- 
derably within the second, and we must, therefore, have 
some other measure of it than the space actually described 
in any finite interval of time. If, however, the times be 
supposed infinitely short, the elements of space described 
may be considered as the true measures of velocity* 
These elements, though conceived to be smaller than any 
assignable quantity, may yet be accurately compared with 
each other; and the reason that they afford a true criterion 
of ttie velocity is this, that the change produced in the 
velocity, during an evanescent interval of time, must be 
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absolutely inconsiderable in comparison with the whole 
velocity ; so that the element of space becomes a true 
measure of the temporary velocity, in the same manner as 
any larger portion of space may be the measure of a uni- 
form velocity. 

Scholium 2. In this country it has been usual, at 
least till very lately, to preserve the geometrical accuracy 
introduced by the great inventor of the method effluxions, 
and to call ** any finite quantities, tn the ratio of the velo- 
cities of increase and decrease of two or more magni* 
tudes," the fluxions of these magnitudes (46). Thus, if 
we call the increments of x and y, x and j, we have, for 
the fluxions, any magnitudes x and y, so assumed, that 
X : y shall be equal to x :y when these increments become 
evanescent. On the continent, it has been more common 
to write dx and dy for x aud y, considered as actually 
evanescent. It has been observed by Euler, at the be- 
ginning of his 1 ntegral Calculus, that the language of the 
English is the more correct, but that the continental nota- 
tion is the more convenient. His words are these : 
'* Quas enim nos quantitates variabiles vocamus, eas An- 
gli, nomine magis idoneo, quantitates fluentes vocant, et 
earum incrementa infinite parva seu evanescentia fluxiones 
nominant, ita ut fluxiones ipsis idem sint, quod nobis dif- 
ferentialia. Haec diversitas loquendi ita jam usu inva- 
luit, ut conciliatio vix unquam sit expectanda : equidem 
Anglos in formulis loquendi lubenter imitarer, sed signa, 
quibus nos utimur, illorum signis longe anteferenda viden- 
tur." Art. 6. In fact, however, the English do not call 
the evanescent increments fluxions, any more than a mile 
is an evanescent quantity, when we speak of a velocity of a 
mile an hour. There are certainly some cases in which 
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the flaxional notation is inconvenient; thus, when we have 
occasion to write dSxzrSdj?, it would be impossible to ex- 
press this equation without deviating from that method; we 
might, indeed, write (Sx)*=Sjf, but we still introduce a 
heterogeneous character. It is, however, a great inele- 
gance, to say the least, not to distinguish a characteristic 
from a multiplying quantity by a difference ot type ; for dx 
means, according to all analogy, the product of d and x : 
and it is much more intelligible to write dx, as Lacroix 
and many others have done, instead of dx, as it is generally 
printed in the works of Laplace. It must always be un- 
derstood, then, that dx, as well as x, denotes a finite quan- 
tity proportional to an evanescent element : but when we 
use other characteristics of variation, such as S or A, it 
is not always necessary to limit their signification so pre- 
cisely : and it will sometimes be convenient to employ the 
mark d for an element of matter, considered as evanescent, 
and AX for an evanescent increment of x, corresponding 
to the fluxion dx. 

Scholium 3. Now, a uniform force is a force that 
uniformly increases the velocity of a moving body. For 
example, if the velocities, at the beginning of any two 
separate seconds, be such that the body would describe 
one foot and ten feet in the respective seconds, and the 
spaces actually described become two feet and eleven feet, 
each being increased one foot, the accelerating force must 
be denominated uniform : it must also be uniform, in the 
still stricter sense of the definition, if the velocities, at the 
end of the second, have been so increased, that the body 
would describe two and eleven feet respectively in another 
second, if they continued their motion unaltered. 

Scholium 4. The power of gravitation, acting at or 
near the earth's surface* may, without sensible error, be 
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considered as a uniform force. Thus, if a body begins to 
fall from a state of rest, it acquires in a single second a 
velocity of 32j^ feet in a second ; and in two seconds a 
velocity of 64^ feet: having described in the first second 
1&^ feet or 16-09, and in the second 32^ + 16^^=48^. 
The decrease of the force of gravitation, in proportion to 
the square of the distances from the earth's centre, is 
barely perceptible, at any heights within our reach, by the 
nicest tests that we can employ. See 288. 

330. Theorem. The velocity, produced 
by any uniformly accelerating force, is pro- 
portional to the magnitude of the force, and 
the time of its operation, conjointly. 

For, the time and the velocity both flowing equably, their 
finite increments will be in a constant ratio (229, 47), and 
the velocity being the measure of the force, the velocity 
generated in a given time must also be proportional to the 
force. It may also readily be shown, by the composition 
of motion, that a double action must produce a double velo- 
city : for when the equal sides of a parallelogram, repre- 
senting two separate motions, approach to each other, and 
at last coincide in direction, the diagonal of the parallelo-* 
gram, representing their joint effect, becomes equal to the 
sum of the sides: and the action of two independent 
forces must be truly represented by the two sides of the 
parallelogram, which represent them separately, otherwise 
they would not be independent, nor could their combinatdon 
be called a double force. If we call the accelerating force 
a, the lime t, and the velocity produced v, we shall have v 

proportional to a<, and — a constant quantity ; or, if this 
quantity be called unity, atzzvl 
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Scholium 1« The v of Laplace is sometimes em- 
ployed as denoting the number of metres described in a 
decimal second, or '864% which is also the number of m;- 
riometers described in a decimal hour^ or the tenth of a 
day (§ 4, P. 15.): but it is often more convenient for com- 
putation to make v the number of English fe«t described 
in an ordinary second. 

Scholium 2. The machine, invented by Mr. Atwood, 
furnishes us with a very convenient mode of making expe- 
riments on accelerating forces. The velocity, produced by 
the undiminished force of gravity, is much too great to be 
conveniently submitted to experimental examination ; but 
by means of this apparatus, we can diminish it in any degree 
that is required. Two boxes, which are attached to a 
thread passing over a pulley, may be filled with different 
weights, which counterbalance each other, and constitute, 
together with the pulley, an inert mass, which is put into mo- 
tion by a small weight added to one of them. The time of 
descent is measured by a second or half second pendulum^ 
the space described being ascertained by the place of a 
moveable stage, against which the bottom of the descend- 
ing box strikes : and when we wish to determine immedi- 
ately the velocity acquired at any point, by measuring the 
space uniformly described in a giv^n time, the accelerating 
force is removed, by means of a ring, which intercepts the 
preponderating weight, and the box proceeds with a uniform 
velocity, except so far as the friction of the machine retards 
it. By changing the proportion of the preponderating 
weight to the whole weight of the boxes, it is obvious that 
we may change the velocity of the descent, and thus exhi- 
bit the effects of forces of different magnitudes. Now, 
that the velocity generated is proportional to the time of the 
action of the force, or that the force of gravitation, at least 
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when thus modified, is properly called a uniform accelerat- 
ing force, may be shown by placing the moveable ring so 
as to intercept the same bar successively at two different 
points; thus the space uniformly described in a second, by 
the box alone, is twice as great, when the force is with- 
drawn after a descent of ten half seconds, as it is after a 
descent of five. And if we chose to vary the weight of the 
bar, we might show, in a similar manner, that the velocity 
generated in a given time is proportional to the force 
employed. 

231- Theorem. The increment of space 
described is as the increment of the time, and 
as the velocity, conjointly. 

This is evident from the definition of velocity (45); and 
calling the space described ar, and its increment x, we have 
xzzvf, or £kX=iVAt; if we make the unities of time and 
space equivalent. This proposition is true of all incre- 
ments, when the motion is uniform, but when variable, of 
evanescent increments only. 

232- Theorem. The space described, 
by means of a uniformly accelerating force, is 
as the square of the time of its action ; it is 
also equal to half the space which would be 
described in the same time with the final velo- 
city ; and if the forces vary, the spaces are as 
the forces, and the squares of the times, con-f 
jointly : or a:=iaf. 

Since the velocity v is expressed by af , the product of 
the force and the time (230), and since x=:vf (231), or 
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substituting fluxions for increments, x:=:vt, or(231) dj?= vdf 
and vdt=atdt, and the fluent x is equal to ^at^ (49) or^vt. 
Consequently x varies a,s t^, and v being the velocity ac- 
quired at the end of the time t, the space described by 
it in that time would be vt, instead of ^vt, the space ac- 
tually described with the accelerated motion. 

Scholium. The law, discovered by Galileo, that the 
space described is as the square of the time of descent, 
and that it is also equal to half the space which would be 
described in the same time with the final velocity, is one 
of the most useful and interesting propositions in the 
whole science of mechanics. Its truth is easily shown in 
a popular manner, by comparing the time with the base, 
and the velocity with the perpendicular of a right angled 
triangle gradually increasing in length and height, tlie area 
of which will represent the space described. We may also 
observe, by means of Atwood's machine, that a quadruple 
space is always described in a double time, by the con- 
tinued operation of any constant accelerating force. 

233, A. Theorem. The times are as the 
square roots of the spaces directly, and of the 
forces inversely ; they are also as the spaces 
directly, and the final velocities inversely. 

2x 2x 

Sincea:=-ki<2,f= >/ — ; but vzzat, xzzivt, and *= — . 

a V 

233, B. Theorem. The final velocities 
are also as the spaces directly, and the times 
inversely. 

That is, v=at=— (233, A). 



82 OF ACCELERATING FORCES. 

234. I'll £0 REM. The forces are as the 
spaces directly, and the squares of the times 
inversely, beginning from the state of rest : 
they are also as the squares of the velocities 
directly, and as the spaces inversely. 

8'mce xzz^ al^ , azz — ; and since v^zza^t^, azz — 
^ « att 

^ vv 

Scholium. Thus it may be shown by experiment, tliat 
if a body falls through one foot in a second by means of a 
certain force, it will require a quadruple force to make it 
fall through the same space in half a second ; and that, in 
general, where the spaces are equal, the forces are as the 
squares of the velocities. 

235. Theorem. The fluxions of the 
squares of the velocities are as the fluxions of 
the spaces, and as the forces conjointly, whe- 
ther the forces be uniform or variable. 

In the evanescent time t\ the variation of the force 
vanishes in comparison with the whole, so that it may be 
considered as a uniform accelerating force, and v'lza^ 
(230); consequently dvzzad^: but dxzzrdT (231); there- 
fore ad^dxzzrdfdi;, and ada:=:t;di;=^d (t;^) (49). 

Scholium. This proposition is one of the most im- 
portant of the discoveries of Newton ; and it is of con- 
sequence to bear in mind, that wherever the space and the 
force remain the same, whether the force be uniform or 
not, tho so'iares of any two velocities, with which a body 
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enters the space, will receive equal additions during the 
passage through it. 

236. Theorem. In considering the ef- 
fects of a retarding force, the body may be 
supposed to be at rest in a moveable plane, 
and the motion generated by the force may 
be deducted from that of the plane. 

In this case a being negative, we have vzzb-^ai, and 
Ax^.vAtzzbit-^atity whence x'=.ht'-\at^, bt being the 
space described by the initial velocity, and \at^ being 
deducted from it by the effect of the retarding force. 

Scholium. The degrees, by which an ascending 
body loses its motion, are the same as those by which it is 
again accelerated at the same points, when it has acquired 
its greatest height and again descends. We may thus 
calcalate to what height a body will rise, when projected 
upwards with a given velocity, and retarded by the force 
of gravitation. Since the force of gravitation produces or 
destroys a velocity of 32 teet in every second, an initial 
velocity of 320 feet, for instance, will be destroyed in 10 
seconds ; and in 10 seconds a body would fall through 100 
times 16 feet, or 1600 feet, which is therefore the height, 
to which a velocity of 320 feet in a second will carry a 
body, moving without resistance in a vertical direction. 
We may also obtain the same result by squaring^ one 
eighth of the velocity ; thus one eighth of 320 is 40, of which 
the square is 1600, the height corresponding to the given 
velocity ; and this velocity is sometimes called the velocity 

due to the height, being found by multiplying its square 

root by 8 ; thus ^1600 x 8 =i320. 
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237- Theorem. If two forces act in the 
same right line on a moveable body, varying 
inversely as the square of its distance from two 
given points, situated at the distance a from 
each other, the magnitudes of the forces being 
expressed by b and c at the distance d, the 
square of the velocity generated in the passage 
of the body, between any two points of which 
the distances from the first centre are succes- 
sive values of x^ is the difference of the cor- 
responding values of 2d^ (-+ -r-). 

The sum of the forces, acting on the body, is h — ±c 

XX 

and since rdt;— "adx" (235), rdi;= — djr ± 



(a±a;)2 XX 

cdd , J vv hdd cdd , 

do:, and -—= , consequently vv = 



(adzxY 2 X a±:x 

/2bdd , 2cdd\ . .„ ^ j ,2b 

V X a±.x^ X 

Scholium. This proposition is not altogether entitled 
to a place among the elementary doctrines of motioD, 
haying arisen from an inquiry into the origin of the me- 
teoric stones : but it serves as a very good illustration of 
the utiUty of the 235th article. In the case of a body 
projected from the moon towards the earth, £2=20 000 000 
feet, a=60£?, &=z32.2 feet, the velocity produced in a 
second at the earth's surface; and c=^^, nearly; then 
taking x=:|4^, at the moon's surface, and |^, at the 

point where the force becomes neutral, we have -»— {j\^ 
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+^)x220ancl?^(Jj+^)x94, of which the diffe- 

rence is , or .09646 6a, and its square root about 

8070 feet. Hence, if the velocity of a projectile from the 
moon exceed 8070 feet, it may pass the neutral point, and 
descend to the earth, where its velocity will become more 
than 36000 feet in a second. 



SECTION III. OF PRESSURE AND EQUILIBRIUM. 

238. '* 281.'' Definition. A pressure 
is a force counteracted by another force, so 
that no motion is produced. 

Scholium. Thus we continually exert a pressure by 
means of our weight, upon the ground on which we 
stand, the seat on which we sit, and the bed on which we 
sleep ; but at the instant when we are falling or leaping, 
we neither exert nor experience a pressure on any part. 

239. " 282/' Definition. Equal and 
proportionate pressures are such, as are pro- 
duced by forces, which would generate equal 
and proportionate motions in equal times. 

240. " 283.'' Theorem. Two contrary 
pressures will balance each other, when the 
motions, which the forces would separately 
produce in contrary directions, are equal; 
and one pressure will counterbalance two 
others, when it would produce a motion equal 
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and contrary to the result of the motions, which 
would be produced by the other forces. 

If we conceive the forces to act alternately, duritig 
equal evanescent intervals of time, then the one will at 
each step destroy the preceding effect of the other, and 
there will be no motion left : then if we suppose this action 
to be doubled, the forces will become a continual pressure, 
and the total effect will still be the state of rest. 

241. " 284.'^ Theorem. If a body re- 
main at rest by means of three pressures, they 
must be related in magnitude as the sides of a 
triangle parallel to the directions. 

This proposition is the immediate conse- 
quence of the law of the compqsition of 
motion (226, 240). Suppose the body A, 
for example, to be suspended by the thread 
AB, on the inclined plane AC, to which AD 
is perpendicular, BD being the direction of 
gravity. Then in order that the force BD may be de- 
stroyed, it must be opposed by an equal force DB, and 
if DB be composed of forces acting in the directions DA, 
AB, the forces must be as those sides of the triangle, or 
as the sides of the parallelogram of which DB is the 
diagonal ; and the same is true of any other pressures. 

Scholium 1, This extension of the laws of the com* 
position of motion to that of pressure seems to be free 
from any material objection. For since w'e measure forces 
by the motions which they produce, the composition of 
forces seems to be obviously included in the doctrine of 
the composition of motions ; and when we combine tbe«« 
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forces according to the laws of motion, there can be no 
question that the resulting motion is truly determined ia 
all cases, whatever may be its magnitude, nor can any 
reason be given why it should be otherwise, when this 
motion is evanescent, and the force becomes a pressure. 

Scholium 2. The proposition may be familiarly illus- 
trated by a simple experiment ; we attach three weights 
to as many threads, united in one point, and passing over 
three pullies ; then by drawing any triangle, of which the 
sides are in the directions of the threads, or in directions 
parallel to them, we may always express the magnitude of 
each weight by the length of the side of the triangle corres- 
ponding to its thread, 

Scholium 3. The laws of pressure have however 
been deduced by some of the most celebrated mathema- 
ticians, independently of those of motion, from the prin- 
ciple of the equality of the effects of equal causes; and 
such a demonstration may be found in an improved form, 
in the article Dynamics of the First Supplement of the 
EncyclopaBdia Britannica, contributed to that publication 
by the late Professor Robison ; but its steps are still tedious 
and intricate. It will however be necessary, in conformity 
with the plan of this work, to insert here the demonstra- 
tion of Laplace^ which is sufficiently conclusive, though 
less simple than could perhaps be desired: and it will be 
convenient to premise some lemmas, which are but very 
slightly connected with the immediate subjects of discus- 
sion. Every lemma is indeed an interruption of systematic 
order, and is inadmissible in a completely methodical trea- 
tise; but in following the steps of another author, this 
interruption may sometimes become indispensable. 
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242. Definition. A series of units, a 
Series of natural numbers, a series of their 

sums, and a series formed of the sums of all 
the numbers of any preceding series, are 
called figurate numbers of the first, second, 
and other higher orders respectively. 

243. Lemma A. The figurate number, 
of which the place is m, in the order n, is 

Pminl fr. M(M + l)(M4-2).. (M4-N~2) 

equal to r72 . 3 . . (n-^ ' 

For, the two successive values of this expression, taken 

r. , . p (M— l)xM(M+l) .. (M + N— 3) 

for M-l and for m, are i ^.^.g.^^^I,) '' 

, M(M + l)(M+2) ..(M-fN— 2) , ■ . . j.^ 

and — ^^ i — 77—0 — 7 i7 f and their diuerence 

1.2.3..(N — 1) 

. , ^ ^ M(M + 1 )..(M + N— 3) _ M(M 4- 1)..(m -f (N— 1 )— 2) 

'^^^ ^^- l,2..(N-l) . .L2..(N-2) ' 

which is the Mth figurate number of the order N — :1, 
according to the definition: and when n=:2, we obtain the 

natural series of integers. Since also — ^^ — T^-k — — ~^ 

1.2.3...(M+N— 2) V • u • XI. X 

= 1.S.3..(M-1).1.2..(N-1) ' '* '^ °*'^>°"* *^^* « ««"* « 

are equally concerned in the expression, and the numb^ 
which occupies the place m in the order N is the same as 
the number N of the order m. 

244. Lemma B. The binomial or rather 
dinomial quantity (I + ar) = l + Na? + n • — ^ x^ + 

.N — 1 N— 2 , , 

y '' ^ '*' Q 3g 4-«»» ' 
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By actual multiplication, we find 



\+2x + x^ 

1 +3x+3j:* +x^, and the coefficients are 

(N) 
lyl each being obtained by adding together 

1,2, 1 two contigubus coefficients of the pre- 

1,3, 3, 1 ceding lines ; whence it follows, that each 

1,4, 6, 4, 1 of the vertical columns must contain a 

• 1^,10,10,5,1 series of figurate numbers of an order 
1,6,15,30,15,6,1 indicated by its distance from the begin- 
ning, the place of the coefficients in the 
order being lowered by one at each step, so that for any 
horizontal line answering to the power N, we have I, Ng, 
(N— 1)3, (N— 2)4 . . . denoting the place of the figurate 
number by the letters N, (N— 1). . , and the order by the 
figures below. Now, the third coefficient, (N— 1)3, put- 
ting 3 for " n", is ^^^7" , and then substituting N— I 

("N 1)n 

for M, ' : in the same manner the fourth coefficient 

rN-2^ or ^(M + ^)(M+2) (N^2)(N-1)N . 

(N-^)^, or j-g^g , becomes ^^^ 

and the subsequent terms may be shown in a similar man- 
ner to follow the same law. 

Scholium. This demonstration is only strictly appli- 
cable to integral and positive powers, such as are very 
properly denoted, in the article Fluents of the Supple- 
ment of the Encyclopaedia Britannica, by small Roman 
capitals : it may be extended without much difficulty to 
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other cases : but for the present purpose, that of showing 
the analogy to the laws of diflferences, the integral powers 
are suflScient. See 278. 

245. Lemma C. If Aw, a^m ... be the suc- 
cessive finite differences of the quantities 
w, w , w . . . , we shall have u nMH-wAw+n* 

12 n 

— r7»A2M + , . , , and A"m=:m — nu +w. ^ ■ — tf — ... 

In the first place 
At/ =M,-2/ ^2^ -Am, -Am 

"••i **« "'I A^M.zzAWg — Am. ._ .. * .^ 

Am — m — m A3M,=:A2Mg — A^m, 
ZIM3-M3 Mg A^MgirAMj-AMg "- * ' 

AM3-.M4-M3 A*M=A»M,-A»M 

Hence, 
Mj=:m +Am 
m^ziMj+AMi =:m + Am + A(m + Am) =m4-Am 

-fAu + A^Ms: 



tf3=:M2+AM2=:MH-2AM + A2M ( + AM2) u+2Au + A*u 
+ A(m2) Am+£A2m + A3m=i 

M-fSAu+SA^M+A^M 
Now the steps of this operation are just the same as if 
we multiplied each time by 1 + A, though the symbol A** is 
not exactly a power of A: but we may always/ make 
Am^ = Am + A^M when m* is=M -f Am, which is in itself suffici- 
ently evident, and is also shownbythe equation A^MrrAMj — 
Am whence Am^ziAm + A^m. The process is thus obviously 
similar to that of involution, and the law of the coefficients 
must be the same (244.) This method of reasoning, ap- 
plied to the eye only, has been much extended by La- 
grange, Arbogast, and others. 
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Again Awzim^— i*= 



A^wA=:A(A2M)=:AMg— 2Ami+Am 



= «3-«'2 



Here the operation of the characteristic A at each step 
doubles the number of terms to be added together, the 
coeflicients being always formed, as in involution, by the 
addition of two contiguous ones of the former step : con- 
sequently the same law prevails as in the dinomial theorem. 

246. Lemma D. If a constant finite dif- 
ference of on be called h^ and any other difF(^- 
rence h\ the diflPerence of w, corresponding to 
hj being Aw, that which corresponds to h' will be 

jff h\K—h)^ A'(A— A)(A— 2A),,, 

^ J 

Since n^ziM+nAii-f «.— — -A^w-f- ... (245), if we suppose 

4i 

a + nA=a:, oc representing an absciss of which if is an ordi- 
nate, and a the initial value; or, in other words, m being a 
function of a?, and the difference Am corresponding to the 

difference A=:Aar, substituting for n its value — 7— » we 



A 

X — a . Z. — « /x—a ,\A«M 

1 



shall have u =i£ + -— — .At* +^SL- — ,( — 1 ) — T + . . . ; 

*• A h ^ n y A,* 
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and substituting h^ for x — a, and A^u for u — w, A'mzi— •. 

^ 1.2 A2 ^ 1.2.3 A3 "^ "*+••• 
Scholium, This proposition, which was invented 
by Newton, may be applied with great convenience 
to some cases of interpolations, the constant diffe- 
rence of time being h, and the variations of any other 
quantities depending on it being Ati and A!u. For 

this purpose, if we make the fraction — rraw, the theo- 
rem will become A'u^mAu — m. ■■ > A^ii + m. — — • ■ 

A^u — , ..; and these three terms will be abundantly suflS- 
cient for almost all cases that can occur in practice. 

247. Lemma E. Supposing the quantity 
X to vary gradually and uniformly, and h to 
be any finite difference of x^ the corres- 
ponding finite difference of another quantity w, 

depending on it, will be ^u'zzh.^-^Y2'dx^^ 
T23' d^ + . . . , w' being the initial value of the 
quantity u. 

If we suppose the constant finite difference h of the 

preceding proposition to become evanescent, we shall have 

Au du ,.^ A^u d^u , , . ... , 

--=-p (46), -7-=-—, and the equation will become 

dt^ A7i' 
A^u-=.K T"+"ir9^^^ + « • •> since A^— A, //— 2Amay be con- 
sidered as simply equal to h\ when A vanishes : and we 
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may write A and h for A^ and h\ in the same sense. The 
initial value of u has sometimes been distinguished by a 
capital letter (Phil. Trans. 1819); Mr. Wronsky marks it 
by a point, u, at least when u is supposed to vanish ; but 
w« must not altogether forget that this is the Newtonian cha- 
racter for a fluxion ; the point, if it were thought neces- 
sary, might be written under the letter, u, or a prosodial 
mark might be employed instead of it, as u, or rather u, 
which would partly explain itself; as indeed u' may be said 
to do. 

Corollary 1. If A be an arc =5 and u its 

sine, making w =0, we have -7- == cos 5=1; t-^-^ 

^ d«w 1 

— sin 5=0; -T-r= —1..., whence sin 5=5— ^ttts* -f- 

2..5* • ' • 

Corollary 2. In the same manner cos 5=1*- 

2 V* 



5* X 



+ 



1.2'X..4 • • 

dt£ 
Corollary 3. If M=a', since -r-=a*hlo (51), 

dx 

-— •=a^hl2a, ...; putting x'=0, and «**=!, we have 
a'=l4-hla.x+hl2a. rj-jr-f hl»a.-r-n+ ... 

l.<6 i..O 

du' 1 d^u 
Corollary 4. If M=hl(a+x), t— =2> TT^"" 

1 d^u 2 , , , , ^ ,, X x^ x^ 

— >^*-r="~3>- • •; andhl(a+j) =hlaH rirT+o"-r— — 

x^ x^ 
Hence hi (I +a:)=a:— 5""*" 3""" • • • » ^^ "^(^ — ar)=— j:— 

jni T^ 1 •4- JT 37^ X^ 

--=— •^— . . . ; consequently hlr----=2 (ar-f-j- + -r*. . .); 
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1+X 2—1 

and if ^ zzz, a:= r; whence the hyperbolical loga* 

rithm of any number z may be readily found. 

Scholium 1. Though the Taylorian theorem may be 
called a universal solvent of all analytical difficulties, yet 
considerable judgment is required, as with other universal 
remedies, for its proper application ; and accident, perhaps, 
rather than talent, will often point out a device which will 
obtain from it unexpected results. There are however two 
general observations, respecting the employment of this 
theorem, which it will be proper to bear in mind. The first 
is, that where several variable quantities are concerned in a 
problem, it will be right to consider which of tliem is the 
most capable of aflbrding a converging expression for the 
others b} a series of its powers ; thus, in the case of atmos- 
pherical refraction, the change of density of the medium may 
be easily obtained in terms of the refraction, supposed to be 
given, while the series for expressing the refraction in 
terms of the density is of little or no use ; although the 
celebrated author of the theorem imagined, that he had 
suflSciently solved the problem of refraction, by determin- 
ing a few of its first coefiicients. The second observation 
is, that the employment of the theorem frequently requires 
a beginning to be made with a series obtained by the 
method of indeterminate coefficients ; and that it may then 
be applied with advantage to the completion of the com- 
putation, when the series thus found loses its convergency : 
but in this case, we must not attempt to continue the 
series from the differences of its terms, since its con- 
vergence would be little affected by this operation, but we 
must revert to the original equation, which furnished the 
series by a different method. Taking for an example the 
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dx 
equation fyxda:=sx=x. T ^d^g+dygy putting «=aj? + 

dt/ * 

6j?3 4-0^5 + , . . and j^=-77i \=<1 -f is^ +...), and 

dx V(i — ^s) ^2 

substituting for the powers of s, we obtain a value of y 

which affords that of fyxdx, and by comparing its terms 

with those of the value of sx, we determine the successive 
coefficients. (SuppU Enc. Brit. Art. Cohesion). But the 
series is often inconvenient for want of convergence: we 
may therefore supply its defects by means of the TayloriaD 
theorem, taking the successive fluxions of s at the point 
of the curve where we find it necessary to abandon 

the series: thus yxdx zzsdx + xds, yzzt +— ^:zzv-—: 

d* ds sdx dds s y 2s 

d-T^dy ■\- or, if 1 — «*=:tt2,T-T= 4- — , 

doc ^ X XX dx^ u X XX 

J J , . sds . du ss sy d^ s 

and du bema: = > and -r* =: — ^, -— n 

° u dx ux u dx^ 

y ^J,_^.!!lL A— ^ or if - - # l!i 

u ux u^x U^ "^ XX x^' ' t4 ■" ^» d;r3 

y 2t t^ t^y Sy 6s , , , 

~- + — ^+-- r; that is, since 1 + ^2 = 

u X X u XX x^ ^ ^ 

1 y 2* e» 3y & J .1 ^ , « . 

— , -^r "•.+;:7— T' ^^^ *"® fourth fluxion 

M* Vr X X XX x^ 

may be found in a similar manner, if its value be required : 
but the first three will be fully sufficient, provided that the 
carve be divided into small parts, even though they may be 
much larger than those which Laplace has employed in the 
Gonnaissance des Tems for 1810: and this method will 
probably be found at least as convenient as the much more 
elaborate process of Mr. Ivory. (Suppl. Enc. Br.IV), We 
may take, for another example of a difficulty precisely simi- 
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lar, the equation —^=fyx^dx.-=dz, (Phil. Tr. 1819) 

the series, which it aflfords, losing its gonvergence when x 

dz 
becomeslarge: here we find,— =:w, putting fyx^Ax'=-'VDX^; 

dd£_dw_ 2fyx^ix^ 2m; d^z_dy 2iw 2w ^ 
ix^ 6x x^ "" X ' (1x3 ^x xAx XX 

— «?y — 2iH + — (m?H ) v; and lastly —— = 

X XX XX XX ^ ol ' ^ da?* 

4i/ I2w / 4 \ 

Scholium 2. An important inversion of the Taylorian 
theorem will be found at the 'end of this Book. 

248. Lemma F. Whenever one quantity 
is dependent on another, their evanescent in* 
crements are ultimately in a constant -propor- 
tion to each other. 

It is not sufficient to observe that, if yziax + boc^ +ck^ 
+dir^+ ... the fluxion dy is=:dx(a + wi6a:'"""^ + wcx*~i+ 
pdx^-^-\- ...)the quantity multiplying da? being constant 
with regard to any small changes of the value of x and y ; 
but it must also be shown, that the evanescent increment of 
any quantity being supposed to be increased or diminished 
in any given, ratio, while it still remains evanescent, thai 
of another quantity depending on it will be increased or 
diminished in the same ratio ; and this is not demonstrable 
from the properties of the fluxions, strictly so called ; but 
it may be understood by observing that, whatever be the 
form of the curve representing y by its ordinates, while 
the absciss is x\ a very small portion of it may always be 
considered as approaching infinitely near to a straight line» 



I 
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and the increment of the ordinate wUl be, for an infinitely 
small space, proportional to that of the absciss, whether it 
be doubled or quadrupled, or in any way subdivided. The 
truth of the proposition is however shown more generally 
and conclusively by means of the invaluable theorem of 
• Taylor, demonstrated in Lemma E, for the increment Ati' 
of the ordinate, beginning from t^', is to the increment h of 

the absciss in the constant ratio of -r— to 1, as long as the 

increment A remains so small, that its square and its higher 
powers may be supposed to vanish in comparison with 
itself. 

ScHOLiU'M. It Bs however necessary to except the 
case in which the first fluxion of one of the quantities 
compared becomes =:0. (See 249, Sch. 2). ] 

249- Theorem 240, of the Composition 
of Forces, demonstrated in Laplace's man-* 
ner. 

Case 1. The forces x and 

jfy acting at right angles to 

each other, will produce a 

joint result z, of which the 

magnitude is expressed by the 
diagonal of the rectangle xy. 
Por we may obviously sAppose 

^r to be composed of two forces, of and 3f\ also at right 
ttt^les to each other, and in the proportion of a: to y, since 
tbe same law must apply to forces similarly related, what- 
ever their magnitude may be ; and the result x must be 
derived from of and sf' in the same manner as z from x 

X V 

^Hdy; consequently we have /=:-xand x'^s:^. Now 
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if of be in the direction of z^ of' must be perpendicular to 
it; and supposing^ to be similarly composed of ^ and y^, 
y^ being in the direction of r, and '^' perpendicular to it; 
of' must be equal and contrary to '^' ; and of and ^ toge- 

ther must be equal to z : but y'= y, and y''=-y • so that 

z ^ * % 

y+y^zi-T+'-yirz, and ar^+y*=;2*; consequently x is 

z z 

equal to the diagonal of the rectangle, the sides of which 
are x and y. 

It must however be shown that z coincides with this 
diagonal in position as well as in magnitude. For 
this purpose we must consider one pf the forces y as in- 
creasing from nothing to its actual magnitude, and we 
must trace the effects of its combination with x through 
the intermediate steps. Now if an elementary force 8y 
be combined with a finite force x, the variation of' the 
angular direction of the result, which may be called Sd, will 
be inversely as x and directly as some constant multiply oc 
submultiple of Sy, since the evanescent increments of two 
quantities, related to each other, are initially in a constant 
ratio, (248), so that the cbord of the angle SO may be called 

kSy, and the angle itself — 2.; the elementary chord itSjf 

obviously depending on x and on the variation of the angle 

xS$ 
Sd, in such a manner, that Sy may be expressed by — p^ 

• 

and Sd by — ^ It is indeed sufficiently obvious (hat tbe 

> 

chord can in this case be no other than Sy itself, siDce a 
force in the direction of the radius could scarcely influence 
another in the direction of the circumference, but Laplace 
does not think it right to take this for granted withoofes;. 
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proof. We have therefore mitially 8d= — ^. In any other 

situation of the result z, we must suppose the element hj 
to be resolved into two portions^ one in the direction of z, 
which only affects its magnitude, the other perpendicular 
to it, which determines the increment of the angle Sd from 
Zf in the same manner as Sy determined it in the first in- 
stance from J?. Now the por- 
tion of the force Sy perpen- 
dicular to jz: is - Sy: conse- 



quently 85= ^ ; or, 




smce X ^ 

zz 



is here considered as invariable, or =1, 8d= — ^f But 

zz 

the fluxion of the angle ^, of which the tangent is y, is 

■ ^ , as is readily understood from considering the rela- 

tire situation of the increments ; consequently, since z^ has 

been shown to be equal to d:*-fy^> "t=i-"^ — = S'ang 
^ T ^ ' z2 1+yy ^ 

tang y, and 6zz h apg tang y + c. But since 5=0 when 
y=0, c vanishes, and 5=Xrang tangy: and when y is 
infinite, 5=90^, since z coincides with y, consequently h 
most be =1, and 5= angtang y. So that 2: must coincide 
with the diagonal of the rectangle in position as well as in 
magnitude. 

Scholium 1. Laplace has supposed both the forces 
X and y to vary together : but this is evidently an unneces- 
sary complication. 

Scholium 2. The principle of the proportional 
variation of evanescent increments must not be applied 
without some caution, for ui the present investigation, if it 

H % 
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bad been required to express the relation of ^y td is 
wbile y remained evanescent, the proposition would have 
failed, since in this case h: is initially =:0,.and varies at 
first as the square of iy, the first term of the Taylorian 
theorem, on which the reasoning is founded, here yanish- 
ing altogether: but when the application is clearly under- 
stood, the argument is readily admitted almost as an 
axiom. 

Case 2. When the forces concerned are not at right 
angles to each other, they may both be referred to ortho- 
gonal coordinates, and if their projections in any three 
such directions be a, b, and c, these lines will represent 
the respective portions of the force *y (a^ +52 4-02): and 
if the second force be represented by similar ordinates 
a\ V, and c^ the forces may be combined by adding toge- 
ther their constituent portions, as reduced to the same 
directions, giving together a -ha', 5 + 6', and c + c', which 
may again be combined into a single force ; and this force 
z will always be represented by the diagonal of the paral- 
lelogram, formed by lines representing the two former, x 

and y: and in the same manner 

sr^.^<^^^\ b ' *"*y greater number of forces 

^.e:::::^^!^!^^-.^ — \ may be combined, by reducing 

y/i^ I J theih to three orthogonal direc- 

dl^„...X .^ J tions, and by adding together 

their respective results. 

250. Theorem. When several forces act 
on the same moving point, if we suppose the 
place of the point to be changed in any 
manner whatever to a minute distance, the 
product of the joint force into this distance 
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will be equal to the sum of the products of 
each separate force into the respective dis- 
tances or variations in the lines of their 
directions. 

Or, Tlu=lSh; (a); 

V being the joint force, i^u the variation of the distance 
in its direction, and XSh the sum of the quantities Sh 
obtained by multiplying each force S by the variation of 
the line of its direction h. §. 2. P. 7. 

Let s be the distance of the point M from the origin of 
one of the forces S, and let the position of M be deter- 
mined by the three coordinates x, y, and z, and that of the 
origin of the force by a, h, and c ; we have then s^ V 

J(a:— a)«+(y— 6)«+(2— c)2|, and the portions of iS 
acting in the directions of x, y, and z will be aS>.— — -, 

V'-^h 2*~— c 

S.^ , and S. respectively: and it is obvious that, 

9 9 

if « be made to vary by the altera- 
tion of X alone, h will be to ix as 

X — ata«, and -z— =—— . Ac- 

ix s \ 

cording to the mode of notation commonly adopted, the 

coefficient of this partial variation is compendiously ex- 

pressed by the notation ^•— , though it would be more cor- 
rect to write it y , or even y, in order that the same 

symbol might not be employed for a partial and a total 
yariation : and it is easily found, by taking the fluxion of «, 
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that -J- or-Tr=: . If there be a second force jS^, 

and / be the distance of M from any fixed point in its 
direction, we have in a similar manner S\ r- for the por- 
tion of this force acting in the direction of x ; and employ- 
ing the characteristic 2) for the sum of all the forces thus 

determined, we have 2 *S. r— for the whole force in the 

ax 

direction of x. Now if F be the result of all the forces 
S, S', S^\ • . . thus combined, and u the distance of any 

point in its direction from JHf, we have F. -rr for the por- 
tion of this force, which acts in the direction of or, and 
which must be equal to 2 S, y, by the supposition : and 
by comparing, in the same manner, the forces in the direc- 
tions V and z, we obtain F. -c* = 2 o . c—, and F. -ir 

oz 
obtain Vhi'=.l,S.h^ an equation which may be said to con- 
tain the three former, because, since the variations are 
perfectly arbitrary, we may make any two of them vanish, 
and the third will remain alone on both sides of the 
equation. 

251. Corollary 1. When the point re- 
mains in equilibrium, the sum of the products 
of each force, multiplied by the elementary 
variation of its distance, is equal to nothings 

Or £&S«=0 ; since F=:&. (&) 
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252, Corollary 2. For the equilibrium 
of a point resting on a given surface, we may 
either comprehend the reaction of the surface 
among the forces S, or, with greater conve- 
nience, call the direction of the reaction r, and 

the force H, and we shall have isSs+RSr=0. 

(c) 

253. Corollary 3. For a canal, or a 
curved line, which may be considered ay^^a 
combination of two curved surfaces, the re- 
action of the second surface being called jR', 
and the perpendicular to it r', we have 2iS'&+ 

RSr + mr'=0. (rf) 

"Whatever the direction of the canal may be, its resist- 
ance may be conceived to be the result of the reactions R 
and R of the two surfaci&s which determine its form, since 
the resistance being perpendicular to the curve, it must be 
in the same plane with the forces, which are perpendicular 
to the surfaces, of which it is the fntersection. 

254. Scholium 1. If we suppose the arbitrary varia- 
tions Sx, Sy, Sz, to take place in the direction of the surface 
to which the body is confined, we shall have SrzzO, and the 
equation USSszzO will still be true: but the variations ofs 
must then be taken so as to be limited to the given surface 
by means of its equations, and they cannot be all arbitrary. 
In the same manner we may make Sr and S/ both vanish 
when the motion is confined to a canal or a single curve, 
bat in that case any one of the variations of s will deter- 
mine the other two. It is, however, more oonyenient to 
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retain the variations Sr ^nd 8/, and to s"bsti'u*e for them 
their values derived from the nature of the surface, since 
we are thus en bled to determine the pressure. 

Scholium 2. Now, if a, 5, and c be the coordinates 
of the origin of the perpendicular r, for the part of the snr^ 
face ia question, without any regard to this origin remain- 
ing as a fixed point, we have the equation r^:={x — a)* + 
(y — 6)2 -{-(z — c)2, supposing only that a, 5, and c remain 
constant for an elementary portion of the surface, as they 
mojit do in all cases : we have, then, for Bx, 2rS'r=2(ar — a) 

M%nd =r- = , and m the same manner -- =2: — ,anq 

ex r by r 

have consequently (g)« + (|)« + (g-)-l. 

[3CH0LIUM 3. The substance of these scholia is ex- 
pressed by the author in a form somewhat different; apd in 
order that no injustice may be done to the symmetry of his 
system, it will be proper to insert his reasoning in its ori- 
ginal form, with some explanatory remarks. '* Let 21=0 
be the equation of the surface, then the two equations Sr 
=0 and Sm=0 will both be true together, which implies 
that Sr may be =:NSu, N being a function of x, y, and z, 

m 

In order jto determine this function, the coordinates of the . 
origin of r may be called a, &, and c, we shall then have 

r=:v^< (ar— v»)^ +(y — 6)* 4-(2— c)^ >, whence we obtain 
+ |[^)2 4.j^^)2|-.i. go that if we make A=fi : -/ 

if 



OF PRESSURE AND EQUILIBRIUM. 105 

{i^Y + {^y + {^y].^^^^^'^R^ro{ihe equation 

(c) (252) will become x.Su, and the equation will become 
OzzXSSs + kSu, in which the coefficients of the variations 
Sx, Sy, Sz must be made to vanish separately ; so that it 
affords three separate equations, which, however, are only 
equivalent to two, since they contain the indeterminate 
quantity x/* Now, supposing the equation of the surface 
u=0 to be r« — x^ — y^ — z*=iO, as in the sphere, the na- 
tural sense of the symbol 8m is 2r8r— 2a:8x — 2ySy — 2zSz, 
which must be =0: but it must here be understood as rela- 
ting only to the variations of x, y, and z, exclusively of r, that 

is, Sm= at- ^^ + "ct ^y + -sr-S^' The subject may be further 

hx oy oz 

illustrated by an extract from the M^canique Analytique of 
Lagrange, Sect. ii. n. 7, 8. 

^* Supposing^ as is always allowable, the force P to 
tend to a fixed centre at the distance |i, we have|i=:>/ 

} (x — ay + (y — ft)« + {z—cy ? , and jpdjp=(x — a) dx + 

(y_j)dy_l-(2 — c)dz. Now, if jp be perpendicular to a 
given surface, its variation with respect to that surface will 
vanish, and we have dp=:0 : the surface being spherical if 
a, b, and c, are constant, but of any other form when they are 
considered as variable. If now the force P be in general 
perpendicular to a surface represented by the equation ads 
+ jSdy + yd2=0, in order to make it coincide with the equa- 
tion (x — a)dar+(y — 6)dy + (s—c)d 2=0, which results from 

the supposition d»=0, we must make — == , and— = 

y z — c y 

^ — , whence x—azz - (s — c), and y— J=— (« — c), and sub- 
2— c y y 

stituting these values in the value of dp, it becomes djp= 



> 
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X — a a z — c 



-— -- — — . ; and y—hy2JiA z — c afford, in a similar man- 

ner, the terms pdy and ydz.] ** We obtain, therefore, the 
value of dp, \^hatever may be the form of the equation of 

the surface, from the equation dp=:du : V < (t-)^ + ( j-)* 

+ (-j- V f , calling ad j: + i3dy+ydz=:dw, which must be ad- 
missible, since the differential equation of a surface must 
be a complete fluxion: and employing the usual mode of 

notation for the partial fluxions, in whiich -— =:a, -_=:^ and 

dj: dy 

---=y: and Pd», the efiicacy of tlie force P, will be ex- 

QZ 

pressedbyPd« : ^/ [ (g) ^ + {^) ^ + (^J ^ ] ," the X.&. 
of the M6canique Celeste.] 

[255. Definition. The rotatory pressure 
of a given force, with respect to any axis, is 
the product of its magnitude into the distance 
of its line of direction from that axis.] 

256. Theorem. The rotatory pressure of 
the result of any number of forces is equal to 
the sum of the rotatory pressures of the*same 
forces taken separately, with respect to the 
same axis. 
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The variations Sje, Sy, Sz being considered as arbitrary 
and independent, we may substitute, in the equation FSti 
= llSSs, for the coordinates x, y, and z, three other quan- 
tities depending on them : and then make the coefficients 
of the variations of these quantities equal to nothing. Thus 
if we take f , the radius drawn fz) 
from the origin of the co- 
ordinates to the projection of 
the point M on the plane of 
a and y, and let w be the 
angle formed by f with the 
direction of a:, we shall have 
x=:f cos w, and y=f sin ^: and we may proceed to con- 
sider u, and the values of ^, as depending on f, ^, and z, 

and take the variation F ^ =25s;— . (e) [This supposition 

is equivalent to taking the variation of the place of M by 
making it move in a plane parallel to that of x and y, while 
it remains at an equal distance from the origin of the co* 
ordinates, the element of its motion, or its variation, being 
fS'ztr,] and the force F, so reduced to this direction, becomes 

obviously F -57- (250), Again, if F be the portion of F, 

which acts in the plane of x and y, and |> be a perpendicu* 
lar falling on its direction from the axis perpendicular to 
X and y, passing through the origin of the coordinates, the 
portion of F, which acts in the direction of the element 

est 

fS-ar, will be — F, consequently — Y'-=iY -^^ and|i F'= 
F -^. It follows, therefore, from the definition of rota- 
lory pressure (254X that F ^ is the rotatory pressure of 
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the result of all the forces combined, which is equal to ZiS 
^, the sum of the rotatory pressures of the separate forces, 

with respect to an axis parallel to z, and perpendicular to 
the plane of j: and y; and this axis may be situated in any 
imaginable direction with respect to the forces concerned, 
the proposition holding good in all cases. 



■,s •-- • 



CHAPTER II. 



Ot DEFLECTIVE FOKCES. 



257. Definition. " 238."' Any force, 
tending to alter the direction of the motion 
of a moving body or point, is called a deflec- 
tive force. 

Scholium. This definition includes not only accelera- 
ting forces, which, when directed to a point out of the line 
of the body's motion^ are called central forces, but also 
the reaction of surfaces or threads, which limit the motion 
to particular surfaces, and are subject to the same laws, 
though they are only accelerative in a negative sense, as 
retarding rather than producing motion : but this distinct 
tion is of no consequence, nor 'could it in all cases be 
correctly established. It will serve as a useful introduc- 
tion to the more general and analytical discussion of this 
subject in Laplace's manner, to premise a simple geome- 
trical illustration of some of the properties of central 
forces, though they might be deduced as corollaries from 
the formulas of the M6canique Celeste. 

258. Theorem. " 239/' The force, by 
which a body is deflected into any curve, is 
directly as the square of the velocity, and 
inversely as that chord of the circle of equal 
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curvature, which is in the direction of the 
force; and the velocity in the curve is equal 
to that which would be generated by the same' 
force, during the description of one fourth of 
the chord by its uniform action. 

For the force is as the space described by 
its action, beginniug from a state of rest, or 
as the evanescent sagitta through which the 
body is drawn from the tangent of the curve 
in a given instant of time : but the portion 
AB of the tangent spontaneously described 
in a given instant is as the velocity, and BC the sagitta iszz 

— , or ultimately — , that is, as the square of the 

velocity directly, and inversely as the chord of curvature 
of the arc AC. 

Now the velocity generated during the description of 
BC is expressed by 2BC, since the force may be consi- 
dered for an instant as constant, and the final velocity is 
measured by twice the space actually described (232) : the 
velocity generated is therefore to the orbital velocity as 
2BC to AB, or as2AB to BD, or as AB to half BD : and 
if the time were increased in the ratio of AB to half BO» 
the velocity generated by the force would be equal to the 
orbital velocity, but in this time half BD would be de<* 
scribed by the velocity in the orbit, and half as mach^ 
or one fourth of BD, by a uniformly accelerated veloci^ 
(232). 

259. Corollary 1. "240.'* When a body 
describes a circle by means of a force di* 



Of D£FL£CTIV£ FORCEfy 111 

rected to its centre, the velocity is every 
where equal to that which it would acquire in 
falling, by the action of the same force, sup- 
posed to be uniform, through the length of 
half the radius : and the force is as the square 
of the velocity directly, and as the radius 
inversely. 

Scholium. By means of this proposition we may 
easiJy calculate the velocity, with which a sling of a given 
length must revolve, in order to retain a stone in its place 
in all positions ; supposing the motion to be in a vertical 
plane, it is obvious that the stone will have a tendency to 
fall when it is at the uppermost point of the orbit, unless 
the centrifugal force be at least equal to the force of 
gravity. Thus if the length of the sling be two feet, wc 
must find the velocity .acquired by a heavy body in falling 
llirough a height of one foot, which will be eight feet in 
a second, since 8>/l=8; and this, at least, must be its 
velocity at the highest point, in order that the string may 
remain stretched throughout its revolution. With this 
velocity it would perform each revolution in about a second 
and a half; but its motion will be greatly accelerated 
during its descent by the gravitation of the stone. 

260. Corollary 2. " 241/' In equal 
circles the forces are as the squares of the 
times inversely. 

For the velocities are inversely as the times. 

Scholium. It may easily be shown, by the apparatus 
wUed a whirling table^ that when two sliding stages are 
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equally loaded, one of them, which is made to reveWe 
with twice the velocity of the other, will raise four equal 
weights at the same instant that the other raises a single 
one,, the velocities being gradually and slowly increased, by 
turning the handle more and more rapidly, till the stages 
fly off. 

261. Corollary 3. "242/' If the times 
are equal, the velocities being as the radii, 
the forces are also as the radii ; and in general, 
the forces are as the distances directly, and as 
the squares of the times inversely : and the 
squares of the times are directly as the dis- 
tances, and inversely as the forces. 

The forces are as the distances directly, and as the 
squares of the times inversely, because the velocities are 
as the distances directly, and as the times inversely, and 
their squares are as the squares of the distances divided 
by those of the times, and dividing these quantities by the 
distances (259) we have the distances divided by the 
squares of the times, whence the other part of the pro- 
position follows. 

Scholium. Thus if one of the stages of the whirling 
table be placed at twice the distance of the other, it will 
raise twice as great a weight, when the revolutions are 
performed in the same time : and again, the same weight, 
revolving in a double time, at the same distance, will have 
its effect reduced to one fourth, but at a double distance 
the effect will again be increased to half of its original 
magnitude, while the time remains doubled. 
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262. Corollary 4. " 243/' If the 
forces are inversely as the squares of the 
distances, the squares of the times are as the 
cubes of the distances. 

For tlie squares of the times are as the distances di« 
rectly, and as the forces inversely (261) : that is, in this 
case, as the distances, and as the squares of the distances, 
or as the cubes of the distances. 

263. Theorem. " 244.'' Tlie right line, 
joining a revolving body and its centre of 
attraction, always describes equal areas in 
equal times, and the velocity of the body is 
inversely as the perpendicular drawn from the 
centre to the tangent. 

Let AB be a tangent to any j| 
cnrvc, in which a body is retained 
by an attractive force directed to 
C, and let AB represent its velo- 
city at A, or the space which C 
woold be described in an instant of time without distort 
bance, and AD the space which would be described by 
the action of C in the same time ; then completing the 
parallelogram, AE will be the joint result (226) ; againj 
take EF=AEy and EF will now represent its spontaneous 
motion in another equal instant of time, and by the action 
of C it will again describe the diagonal of a parallelogram 
£6; but the triangles ABC, AEC ; AEG, ECF; EOF. 
ECG, being between the same paraliels, are equal (117); 
and if these triangles be infinitely diminished, and the 
•otioii of C beoome continaal, they will be Hie evanescent 
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increments of tbe area described by the reyolving radiiis, 
while tbe body moves in the curvilinear orbit; and the 
whole areas described in equal times will therefore be 
equal. And since the constant area ABC=AB.-|- CH 

(117, 114), AB=2ABC.^ and AB, representing the 

velocity, is always inversely as CH, or t;=-. 

Scholium. Laplace demonstrates this proposition by 
means of the law which makes the sum of a number of 
rotatory pressures, which he calls moments, with respect 
to a given axis, equal to the pressure of the result : ob- 
serving that whatever is demonstrated of forces and their 
composition may be applied with equal truth to combina- 
tions of motions or velocities. It is true that the same 
symbols and the same reasoning may generally be applied 
to forces and to motions ; but it appears to be an inversion 
of the natural order of demonstration to deduce the laws 
of motion from those of pressure, especially in a case 
where the real process of nature is so easily traced in the 
geometrical representation. Laplace observes, however, 
with respect to the laws of rotatory pressure, (256) that if 
we project each force and the result of all the forces on a 
fixed plane, the sum of the rotatory pressures of the cons- 
tituent forces, with respect to any fixed point in the plane, 
is equal to the ^rotatory pressure of the result of all the 
forces : and drawing to this point a line, which is conimonlj 
called the radius vector, but more properly in English the 
revolving radius, this radius would describe an area in the 
fixed plane, in virtue of each force acting separately, 
equal to the product of the line described by the moving 
body into the perpendicular falling from this fixed point oa 
its idirection, and conseqaently, for any one force or motiw 



proportional to the time, sinc^ the force is conoeived to 
have acted instantaneously, and to have produced a uni* 
form velocity : this area is also expressed by the same 
product nvbich has be^i denominated the rotatory pros- 
sure, that is the product of the perpendicular into the 
projection of the force, or into the motion in the given 
plane : consequently the area described, in virtue of all 
the motions, is proportional to the projection of the whole 
force, and the sum of the separate areas is equal to the 
area described by the radius in virtue of the result of all 
the motions. Now the addition of any force or forces^ 
directed to or from the given point, can make no differ- 
ence in the magnitude of the area described round it : 
because no motion directed to the point would separately 
cause any area at all to be described. §. 6. P. 18. 

Corollary. Hence, reciprocally, if a 
body describes equal areas round a given 
point, the force by which it is actuated must 
be directed to that point.] 

264. Theorem. When a moveable point 
is actuated by a combinatipn of forces, their 
results being reduced to three orthogonal 
directions ; the time being supposed to flow 
uniformly, the forces, diminishedby quantities 
proportional to the second fluxions of the 
spaces described in each direction, and multi- 
plied by the respective variations of the direc- 
tionsy will balance each other. 
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Since, in the case of eqaiiibriuniy 0=ZiSSf» when dieM 
is no motion, and since any uncompensated force mast be 
employed in producing an increase or diminution of the 
elocity proportional to its magnitude (230) ; it follows 
that so much of the force, in the direction x, as is other- 
wise uncompensated, must be employed in producing a 
change of the velocity v expressed by dv, in the elementary 
portion of time expressed by dt : and if the force be called 
P, or more properly Pdt, because its effect depends on 
the elementary portion of time in which it is supposed to 
act, the unemployed portion may be called Pdt — dvs 

dx 
Pdf — d Tf ; and the same law will hold good, with res- 
pect to the portions of any number offerees thus remaining 
unemployed, as if the moving point remained at rest. Con* 
sequently the equation 0=I«SJ^5 (251) will afford us, chang- 

dx dv 

iog the signs, 0=3:r (d jj— i'dO + 3y (d ^— Qdt) +>« 

dz 
(d-j — Rdt) ; (f)> We have also, when the body' is at 

^ dda: ^ ddi/ , „ ddz 
hberty.P=-5^.g=^ and i2 = ^. 

Scholium. We must here carefully distinguish the 
arbitrary variations ^x, ^y, iz, from the fluxions dx, dy, ds, 
the former being subject to no conditions whatever, pro- 
vided that all the forces concerned be comprehended in the 
equation, while the latter are . confined to the expreuion 
of the actual motion of the body M. 

CoAOLLARY 1. We are, however, at liberty to as- 
sume the variations as equivalent to the fluxions, and to 
substitute dx, dy, and dz, for 2x, ^y, and ^z, and in this 

QXOUX 

case the equation will become Os: , ■■ — Fdlddr<f 
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•~ Qdtdx + ■ , ■ ' Ritdz, whence, takfaig the lla- 

dx* +dt/* 4-dz- 
cnt, and dividing by d*, we have ^ , j^ =: r 

(Fix + Qdy + Kdz), and d^^ "^^Z ^^ "*" ^"^^ 

4- Ads). Now the first member of this equation is the 

ds 
square of the velocity -r or v, and the second may be 

called c+2^, supposing the expression to be a possible 
fluxion, or capable of integration, which it must be when 
the forces are in any way dependent on the distance of M 
from their origins, as they generally are in nature: we 
liave then ri= c + 2^ (235), (gj. 

Corollary 2. This supposition of the equality of 
tiic variations to the actual evanescent increments of the 
body's path, is equally applicable to the motion of a body 
in a given surface : and it follows from the preceding 
corollary, that the velocity remains unaltered, if no other 
force be acting on it but the pressure of the surface : as 
indeed it is obvious that the portion destroyed, by the 
curvature at each step must be infinitely less than that 
which remains, the hypotenuse of a triangle exceeding its 
base by a quantity which is only the square of the perpen- 
dicular, which may be compared with the evanescent 
•agitta of the curvature. See 286, 

Corollary 3. It is also obvious that the velocity 
must be the same, by whatever path, or upon whatever 
inrface, the moveable body passes from one given point to 
another. 

265. Lemma. The variation of the dif- 
Terence or of the fluxion is equal £o the dif- 
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ference or the fluxion of the variation, that is 

^AxnA^x, and ^dx=:d^ar. , 

Supposing two successive values of the ordinate x, 
corresponding to the abscisses y and y-^-h^io he x and x 
+ A:r, and the curve or the equation to be so altered, that 
the ordinates receive the addition characterized by S ; the 
Values corresponding to y and y + A will then be x + 8r, 
and a:4-Aa? + S(x-f Ad?)or x + Aa: + 8x+8Ax. If we now 
suppose the latter variation to take place first, and then 
the former, we shall have x and ar + Sx, both correspond- 
ing to y ; and a:-|-Aa: and a: + Sx + A (^ + 8a:) zzx + gx + Aof 
+ A8j:, corresponding to y+A. Now the final effects 
being the same, by the supposition, which ever change we 
consider first, it follows that x + Aa: + SJ: + SAa:=a:-|-8x+ 
Aa:+A8x, and consequently SAxzzASx, which is true 
whatever be the magnitude of the changes, and conse* 
quently when they become evanescent, so that we ma^ 
substitute d for A, and Sdx will be still equal to dSor. 

The truth of this propo- 
sition may also be easily 
understood from a geome^ 
trical illustration, the varia- 
tion or difference, expressed 
by A, arising from the com* 
parison of the ordinates at 
y and at y-Vh, and ths 
variation S relating to the 
P^^ change produced in the 

same ordinates by any arbitrary variation of the cnrre^ 
the same portion of the second ordinate representing SAar 
and ASx» 

Scholium. The foundation of the method of indepeBps- 
dent variations was laid by Leibnitz, under the name (»^ 




Jk ^OD 



Aae 



9x 



*^ differentiation from curve to curve." For a furthes 

• -•- 

iUnstration of this method^ see article 289.] 

266. Theorem. The path of a moveable 
body is always such, that the fluent fvds^ 
taken between its extreme points, is less than 
in any other curve subjected to the same 
conditions. 

Sincev2-c+2/(Pdx+Qdy+JRdr) (264, Cor. l)and 

since the coefficients of the variation S and of the fluxion 

d are the same, it follows that t?St;=:PSar+Q8y + ll8z; 

CN dx 
consequently in the equation (f, 264) OziSx (d-rr — 

PdO + 8y(d^— gdO +&(d^-JMO, we may wibsti^ 

stitute vSvdt for PSardt + QBydt + KSzdt, and it will becomiO 

ux Qv ds 

= 8xd — + 8yd^+ gzdTT - t;8vdt,(A); now if tiie fluxion 

of the curve be called d*, we shall have ds=vdt, and d«« 
s4r*+dy«4-dz2, consequently t;Si;d^=:d5St;; and, taking 
the variation of is^, ds^s = dorSdx + dySdy + dzBdz 
zz fui^Sd^. Now d (dxSx) =: dxdSx + Sxd^x ; but since 
d$ar = Sdx (265), dargir =: dxdSa? =: d (dx&r) - Sjrrd^x, 
and the same substitutions being applied to the coordinates 
y and z, the equation for d^Sd^ is transformed into v^dszz 

by means of the equation (hj becomes vdds rz d 
dxgr-f^dygyf dz8z -t;8t;df ; but t;8t«l^=d58t;; and S(i;d*) 

st^d« + dsh) = d jf ^ ■ : and taking the 

a* 

Huent on both sides witii respect to d, ifvds r: c -^ 
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~~ . Now at the beginning and end of tbe. 

body's motion, the variations Bx, Sy» Sz, must necessarily 
Tgiiish, because it is supposed to move from one fixed 
point to another, th<? intermediate points only being sup- 
posed to be subjected to an elementary variation : con- 
sequently the value of Sfvds between these two points ii 

equal to nothing, and the quantity yi'ds is a minimniii, 

since its variation vanishes. 

[ScHOX^iUM. The nature of this fluent may be under- 
stood by supposing the path to be changed towards tbft- 
iniddle by a slight variation Sx of x only ; the variation 
ijvds with respect to the whole portion of the path would 

dxo^ 
then become . , which is equal to the product of the 

variation of x into the velocity of the body in its directioA 
at the given point.] 

Corollary 1. If the body is moving 
freely on a given surface with a uniform velo- 
city Vj we ha.vefvds=:vfds=vs9 consequently i 
is also a minimum, and the curve is the 
shortest that can be described between the 
two points. 

[Scholium. The cnrve in this case may always be . 
traced by bending a flattened wire over the surface^ which 
mast necessarily determine the minimum, since the tw» 
edges of the wire are of the same length, and the variatibn 
of the length of the path contained within its limits va* 
nishes: the same carve mast also be that which a body 
froald describe spontaneoosly oo the surface, becaiiM it 
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Ges always in a plane perpendicular to the flrenrface, and 
the pressure of the surface could cause the motion to be 
deflected in no other direction. That the curve must be 
in a plane perpendicular to the surface, is evident from the 
motion of all bodies rolling on each other* which come into 
contact in directions at right angles to the surface : and 
the wire must bend continually, from the position of the 
tangent into that of the curve, in such a manner that all its 
points descend perpendicularly upon the surface, 

267* Lemma A. The sum of the squares 
of the projections of any right line on three 
orthogonal planes is equal to twice the square 
of the line. 

If the orthogonal ordinates of the line s be a, h, and c> 
we have 5*=:a* +6* +c* ; now the projection on the plane 
of a and b is >/(a« +6^), on that of a and c, >/(a* +c«); 
and on that of & and c» n/(&^+c^); consequently the sum 
of the squares of the three is a* +62 +a* 4.^* +6* +c*=: 

268- Lemma B. The fluxion of an arc is 
as the radius of curvature and the fluxion of 
the angular extent conjointly, or d5=rda, and 

the radius is ^'= j^* 

The angle being measured in et|ual circles by the aro 
subtending it, and in different circles being inversely as 
the radius, when the arc is the same, it becomes evident 
that the elementary arc of any curve must be as the angle 
Mibtended by it, or as its angular extent and the radius of 
the oirde of curvatare coqjointly, the element of the curve 
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ooincicliiig in length and in curvature with that of tl^ cird^ 
of equal curvature at the given point. 

269. Lemma C. The radius of curvature 
is in general r=:(Lp • d ^ = — dy • d ■£. 

Since d sin d= cos BdO (142). we have iOzz ^ ; and 

cos d 

since d cos 6 = — sin OdO, dO zz : — --. Now sin As 

sm 

dy , A ^^ V. lA jdvd* ^ixds 

-^, and 003^=-=-; whence dd=: d -f .-r- == — d — .—*, 
08 ds ds dx as dy- 

J d* J J dy J - da' 

and r=:— =dar : d -^ = — dy : d -r-. 
do ds ^ ds 

270. Lemma D. When the fluxion of the 
curve is constant, the radius of curvature is 

^dsdx^^ d5dy_ ds^ 



ddy ddx V(d2ar2+d«y«)' 

When d* is constant, we have d -r^=---2, and d -— s 

ds ds ds • 

ddx 111 dy d^dx d^dy -n . <■ . 

--— , and r=dz : d -2.=---— = --2. But smce dx* 

ds ds ddy ddx 

+ dy^zzds^, dxd^x+dyd^yzzO, and d^«d«x«i=dy«d«y^ 

, d«y« __ da?* , d^y* dx* , 

consequently ^^^ - -j-j. and ^.^^ ^d^y^ = dF+if 

^.. dx* - ddy dx , d«dx ^ 

(84) = -:; — , and ; ^-r — -r=-7- ; whence — rr- — 

^ ^ dtf«' V(d«x*+d*y«). d^ ddy 

d^g 
N/(d«x«4-d«y«)' 

271. Lemma E- When the curve is ret 
ferred to three orthogonal ordinatesy its fluxion 



cU being constant, the radius of cunrature is 

d«f 

^ V(d«a:«+d«y«-fd«z«)* 

We may first suppose a plane to pads through the tan* 
gent of the curve and the ordinate z, which we may call 
vertical, while x and y are horizontal, and a second plane 
to pass through the tangent, and to be perpendicular to the 
first or supposed vertical plane: then if the curve be piror 
jected vertically on this plane, the horizontal ordinates z 
ai^ y will be the same for the projection as for the curve, 
and the tangent will be the same, and the curves will on^y 
difier in length as the tangent difiers firom the curve, the 
elements of all three being ultimately in the ratio of equa- 

lity: the sagitta of curvature, -^9 of the projection, will 

be horizontal, being perpendicular to the first plane, whiek 
18 vertical; it is, therefore, the projection of the primitive 
sagitta on a plane parallel to that of x and y: and the same 
may be shown of two other projections on the other two 
orthogonal planes, of x and z, and of y and z, substituting 
y and x successively in the place of z. 

Now, the sagittae of the three projections are ^ V(a*jc* 
+ aV)> i \/(A«a« + A«z«), and | ^/ {Ah/^ •\- a^z% and the sum 
of their squares is ^ ^(A^x^^^gyS^^s^g)^ consequently the 
primitive sagitta of which they are the projections, is \ 
(A^a:^+A^2^^+A^z^), and the true radius of the curve 

Agg _^ d£^ 

»J (a2x« + aY + A^z^)"" ^/ (d««« + dy + d«z«y 

Scholium. The characteristic a is here substituted for 
d in speaking of the sagitta, A beiilg intended to represent 
an actual evanescent variation, while the fluxion d is a finite 
magnitude proportional to it (229). The student will 
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ceadily understand tbat da^ is generally ased for (ixy and 
d«a;2. A«xS for (d^xf, (a«x)2 ; and not for d(x«), d«(a:y, as 
might have been done without impropriety, if it had beeo 
equally convenient. 

272. Theorem. The pressure of a moving 
body on any curve, derived from its centrifu- 
gal force, is expressed by the square of the 
velocity, divided by the radius of curvature: 
and the pressure on any surface is expressed 
by the square of the velocity divided l}y the 
radius of curvature of its path, and multiplied 
by the sine of the inclination of the plane of 
the curvature to the plane of the surface. 
(§. 9. P. 23.) 

The equation VSu^lESSs (250) affords us here the coih 
ditions of equilibrium between the forces depending OD 
the curvature, and the pressure; but those forpes ave 

V' ""^ i=£' £•''*''' S-^'y- ^°^ t-^"''' "^^""^ "»"* 

be respectively equal to F ^ , F ^, and F ^, or, is 

this case, putting A for the pressure, and r for the perp«H 

dicuiar to the surface, to A rr-, A -r-, and A rr^, since tbe 

^ forces in each direction must balance each other. WehsTO 
consequently, adding together the squares of each eqia* 



+d...,...dAV^(g). + (|).4(g).}=^^ 

(d<jr*+d«y«+d«««). Bat d* being constant, we ba?9 
jL ^(d**. +d.y« + d«^«) =1 (271); and (g)« + (|^). 

j-j2=:l (254, Sch. 2)^ consequently A= — , as has 

already been inferred, with respect to the central force in 
a circle, from a simpler mode of reasoning (258); but the 
coincidence is of use in strengthening the basis of the 
analytical investigation. 

Now, if the surface be spherical, the curve described 
will obviously be a great circle of the sphere, and its radius 
of curvature that of the sphere, since the deflection can 
only be in the direction of the radius, and in the plane in 
which the body moves. And if a thread be substituted 
for a surface, the tension of the thread will bo equivalent 
and equal to the pressure on the surface. 

The whole pressure on the surface will be obtained, by 
adding to the centrifugal force any extraneous forces which 
may be acting on the body. And since the force always 
acts in the direction of the plane of the body's motion, 
when that plane is not perpendicular to tlie surface, the 
pressure on the surface will obviously be reduced in the 
proportion of the radius to the sine of the inclination of 
the plane to the tangent plane ; the remaining portion act- 
ing in the direction of the surface, and requiring to be 
counteracted by some other force. But in the absence of 
soch forces, it has been shown that the centrifugal force 
b simply equal to the pressure on the surface ; the plane of 
the motion is, therefore, in that case, always perpendicolar 
to ti|o surface. 
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Tie curve thus described, on a spheroid, has been called 
the perpendicular to the meridian : and it traces, as has 
< already been observed, (266) the shortest distance between 
any two places in its direction. It does not, however, 
remain actually perpendicular to the meridians which it 
crosses, but is conceived to be traced by levelling, in the 
same way as a flattened wire would trace it when bent on 
the spheroid. 

[Scholium. It follows from considering the propor- 
tion of the sagitta of curvature in a perpendicular and in 
an oblique plane, that the radius of curvature must always 
vary in the direct ratio of the sine of the inclination of the 
planes, so that the pressure on the plane is the same whe- 
ther the body move in a great or a lesser circle, the imme- 
diate centrifugal force being increased, by the increase of 
curvature, in the same ratio that its action with regard to 
the surface is diminished, provided that the velocity be the 
same in both cases.] 

273. Theorem. If a body move in a 
resisting medium, and be subject to a uniform 
gravitation in a vertical direction, its motion 

will be defined by the equation — =-^^ ; < 

being the space described in the direction of 
the motion, z the vertical ordinate, x a horri- 
zontal one, e the resistance, and g the forc^ 
of gravity, dj? being constant : and if the 
resistance is as the square of the velocity, and 

A = — > — = ae ; a bemg a constant quiua- 

tity, and hle=;l. 
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Resuming the equation (/i 264), 0=Sr(d ^-.Pdt)^^ 
iy (d-^-^Qit)+Sz (d^— Kd*), and supposing z to 



;in at the highest point of the curve, we may resolve the 
force of resistance 6 into three directions, and it will 

afford us ^ C -p, — C -p, and — ^ t* » consequently P 

fi •♦ nit OX 

= — ff^-, =— Cj^f andjR=:— ffi — h^. Hence we 
as ^ as as ^ 

haveO=8x(d^-l- ^jfdO+SyCd^+ff^dOH-SxCd^ + C 

— df — gdO : and if the motion is subjected to no further 

ix dx 

limitation, we have the three equations 0=:d-7j + ^ T~ 

d*; 0=d^ + e^d^; and 0= d^ + e^df-gdf. From 

the two first, we obtain, by multiplication and subtraction, 

T?. d -rr^TT* d-n; and, d^ being constant, dividing both 
Qt at at at ^ 

sides by "j7r»^®^^^^"H^^"H » ^^^ hldx=hldy+c-hl 

/ay, and dx:=zfdy,y being a constant quantity. But since 

dx:=zfiy, the horizontal motion must be rectilinear, and 

the body must move in a vertical plane, which is indeed 

•ufficientiy obvious from the absence of any lateral force. 

We may, therefore, consider x as situated in this plane, y 

dx 
being always =0; and from the two equations 0=dTT+ 

.- dx- , ^ ,dz ^dz_ - - , _, 

C j-df, and = dTT + Cj-d^— yd*, we obtain, making 
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For gravitatioD, being considered as a uniformly ac<- 
celerating force, must act, by the definition of such a 
force, equally on a body in motion and at rest, so that the 
vertical motion will not be affected by the horizontal mo- 
tion ; and the diagonal motion, resulting from the combinar 
tion, will terminate in the same vertical line as the simple 
horizontal motion would have done ; and consequently the 
horizontal motion must remain unaltered. 

Scholium. Thus if we let fall, from the head of flie 
mast of a ship, sailing uniformly along in smooth water, a 
weight, which partakes of its progressive motion, the 
weight will descend by the side of the mast in the same 
manner, and in the same time, as if neither the ship nor 
the weight had any horizontal motion. 

275. Theorem. The greatest height, to 
which a projectile will rise, may be determined 
by finding the height from which a body must 
fall, in order to gain a velocity equal to its 
vertical velocity; and the horizontal range 
may be found, by calculating the distance 
described by its horizontal velocity, in twice 
the time of rising to its greatest height. 

This is evident from the equality of the velocity of 
ascending and descending bodies at equal heights, and 
from the independence of the vertical and horizontal mo* 
tions of the projectile. 

Scholium. For example, suppose a musket to be 
so elevated, that the muzzle is higher than the but end bf 
half of the length, that is, at an angle of 30^ ; and let the 
ball be discharged with a velocity of 1000 feet in a second; 
then its vertical velocity will be half as great, or 500 ftet 
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ill a second : now the square of one eiffhtb of 500 is 

250000 

-g — ^=8906, consequently the height, to which the ball 

would rise, if unresisted by the air, is 3906 feet, or three 
quarters of a mile. But in fact a musket ball, actually 
shot directly upwards, with a velocity of 1670 feet in a 
second, which would rise six or seven miles in a vacuum, 
is so retarded by the air, that it does not attain the height 
of a single mile. The time, in which the velocity of 500 
feet would be destroyed, is found by dividing it by 32, or 
twice the time if we divide by 16 : we have, therefore, 31 
seconds for the time of the whole range ; and the horizon- 
tal velocity, being 1000 x v^ (l-.i)zi886 feet, the ball 
would describe in 31 seconds, with this velocity, nearly 
28000 feet, or above five miles. But the resistance of the 
air will reduce this distance also to less than one mile. 

276. Theorem. With a given velocity, 
the horizontal range is proportional to the sine 
of twice the angle of elevation. 

Hie time of ascent being as the vertical velocity, that is 
as the sine of the angle of elevation, when the oblique 
velocity is given, the range must be as the product of the 
horizontal and vertical velocities, or as' the product of the 
sine and cosine ; that is, as the sine of twice the angle 
(140). . ^ ^^. 

Scholium. Hence it follows, that the gfreatest hori- 
zontal range will be when the elevation is. half a right 
angle; supposing the body to move in a vacuum. But the 
resistance of thQ air increases with the length of the path, 
and the same cause also makes the angle of descent much 
greater than the angl^ of ascent, as we may observe in the 
track of a bomb. For both these reasons, the best eleva- 






I 



l\ 



I 



132 CELESTIAL MECHANICS. I. ll. 11. 

tion is somewbat less than 45^, and sometimes^ whei 
velocity is very great, as little as 30^. But it ut 
happens in the operations of natural caases, that nes 
point where any quantity is greatest or least^ its vari 
is slower than elsewhere : a small difference, therefo] 
the angle of elevation, is of little consequence to th 
tent of the range, provided that it continue betwee 
limits of 45^ and 35^ ; and for the same reason, the an 
adjustment requires less accuracy in this position tl 
any other, which, besides the economy of powder, i 
it in all respects the best elevation for practice, whei 
! I object is to carry a ball or shell to the greatest po 

distance.] 

[277- Lemma A. If the equation a 

-^ca^^dx^^ . . . =: be true for all valm 

■■|j I Xj it will follow that each coefficient mus 

i i I ! sftnaratftl V =0. 



'.i 
U 

■'f- ■', 
l-i ■ 



T ■ 



^':M 



I 



ii; separately =0, 

; I i i ' ■ For, putting xziO, we have anO, therefore bx + cafi 

=0; then, dividing by x, b + cx + dx^+ . . . =0; < 
■i'i * «f ' quently 6=0 ; and in the same manner all the coeffi( 

may be made to vanish in succession. 

278. Lemma B. The binomial or (] 
mial theorem (244) is true for all po^ 
whether entire or fractional. 

Its truth may be the most easily shown from the prin 

of fluxions, and the Taylorian theorem combined. 

since d(x*»)=«ar*-idx, making da: constant, we have 

=n(ii— I)x»-«da;«, and d^ar") =n(n— 1) (n— 2) ar*-^ 

dii' 
whence^ taking uzz (ar+A)*, we have Atf'=:A-j — 
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d V 

j^ + . . . , u being =:ap*, the initial value of u ; and Aar* 

= AiMr»-i+ A2. ^^^ ■ x*^ . . . ; consequently (x+hyzz 
which is the theorem in question, without limitation. 

279. Lemma C. The fluent /sin^'^dj^z: 
^— sin**"* z cos ^r+Z— ^— sin **""* zdz ; and 71. 

sin" ;5:d2: = -^^ Y sin'^'^i^rdzr. 



2 



The fluxion d (sin ^"^ z cos z) =sin '*^' z4 cos z+ cos 
2d sin •*-*« = — sin** zdz + cos^x (m — 1) sin**-* zdz =: — 
sinM zdz+ (1 - sin^z) (M— 1) sin m-« zdz= (m— 1) sin "-« 

zdz — M sin ** zdz ; consequently sin ** zdz = sin**-* 

M 

1 or 

zdz d(sin**""^z cos z); and in the case of zzr-^r-, or 

a quadrant, the cosine vanishing, the first term of the fluent 
vanishes. 

Corollary. When m = 2, the particular fluent 
becomesy''' sin^ z dz=-J-y^dz=:^ z=^ tt ; when M = Z,J' 

M 1 

8in*dz=:f y^ sin zdjzn — §• cos z=:0 ; if M=4, = -|, 

1.3 9r 
and the fluent is 9~2r''o~^ ^° ^^^ same manner for m=:6, 

we nave 9 >| /? ''"9 » ^^^ ^1*® senes may be continued at 
pleasure for all the even values of M.] 
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280. Theorem. The oscillations of a 
gravitating body, moving freely on a spherical 
surface, of which the radius is r, are performed 

m a time r=»v-. y^-^^^i + (-)^+{^y 

13 5 

y* + (2X6 ) ^y^ ^ • • • ' '^ being the semicircum- 

ference to the radius 1, a the greatest and b 
the least distance of the body below the 
centre, g the space described by a heavy 

body in the unit of time, and /= ^2^^_^^ ' 

In this case we obtain from the equation llSBs + R^rzzO, 
compared with F = ^, ^= -^, and R = -^ (264), 

ddx X ddi/ 1/ 

the three equations = -3-7 + A -, 0= -1-7 -f A — , and 

ddz z 
Orz-TTg + A ^f, A being the pressure on the surface; 

' V T X C f 1/ 

for since r^zzx^+y^+z^, we have -=7-= — ,-^ = — .and 

OS r by r 

g^= V Now since 1;^= ^| =/(Pda:+ Qdy + 

iZdjz;), P^ Q, and 12 being the accelerating forces concerned 
(264 Cor.), the fluent here becomes v^=:2/giz=c+2gz, 
consequently the pressure derived from the centrifugal 

force will be simply -^ (272 Schoh) to which adding 

the force of gravity, reduced in the ratio -sr-, or — , that is 

oz r 

gz . c 4- 9gz 

— ; we obtain -, for the whole pressure on the 

surface. 



/ 

(^ 
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If we maltiply the iBrst equation by — y, and the second 

by jr, and add them together, we have — ^rz A -^+ 

at^ r 

-3/ + A f =0= \^^ — : -but d (xdy) = xA'y + 

drdy/and d (jfdx) = yi^x-^dxdy, consequently d (ordy — 

c' jrdt/ — «d.r 
yda:) =jrd*y — yd^x, andO + -n= — ~n^ — , it being con- 
stant. Now the equation of the surface gives us ardor + 
ydy+^dz=0: we have therefore the three equations xdx 

+ydy= — zdz, sdy — ^ydx=c dt, and ^ = c + 

2ffz. Adding together the squares of the two first, we 
obtain x^dx^ + y^dy^ 4- 3i^df-\-y^dx^=s:!^dz^ + c'^dt^=z(x^ + y«) 

(da:2+dy2) = (r^— 2«) djr^ + dy^ =(r2— z«) |(c + 2gz) dt* 

— dz^l : consequently(r«— z^X^+Sy^)— c'*d<*= (r^ — z^ 

dzrdz 
dz« + z^dz* = r^dz®, and dt = 



V^ I (r2— z2) (c4.2yz)— c'2 1 
But it is most convenient to substitute for the denominator 
^/ ^ ia—z) (z—h) (2gz +/) I ; for which we find, by actual 

multiplication, cr2+2yr2z— cz*— 2yz3— c^«=(az— a6-z«4- 
hz) {2gz-\'f)=2agz^^ 2a6yz-2yz«-h2iyz2 + afz - abf— 
fz^+bfz ; then, by equating the coeflBcients of z (277), 2yr« 

zz'^2abg + af+bf, consequently/ = 2gr. — —r ' we have 
next, from z'^, -^c:!: 2ag +26y-/, c=f—2g (a+6) = 2gr 
{— i-= — (a + 6) = 2a. rr — —5 a^<* J^% ^ 

— ^« = ai/, whence c'*^ =: cr^ + a6 x 2^. — - y = 
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^ /r* — a^r^ — a6r« — ft^r* ah r^ -{- a^ 6«\ « 

2^( a-Tft + ^TT ) = ^ ^- 

i . It must be observed that the 

quantities a and h will be the greatest and least valnes of 
z ; [for otherwise the fluxion rAz would not vanishy as it 
must doy when the curve becomes horizontal]. 

CL — Z 

Making now sin fi= V - — ,, we have d sin 'd=cos Mte 

— d^ z — 6 

jr--- r-— -; r", and since cos d = >/ 7-, d fl = 

2 s/ (a — z) V (a— 0) a— 6 

— d^: g — h __ — dz 

2V(«— a) >/(«— 6)"' "^ z—b "" 2>/(«— «) V(z— ftf" 

consequently, in the ascent of the body, 

— rdz , 2rdd 

= d* = — -T^ -:r-. Now 



V(a-^)V(«— ft)>/(25rz+/)- - ^{2gz+f) 

a — z 
since sin* Oz=. ^, (a — b) sin ^d=:a — z,z=a — (a — &) sin* 6, 

and/ being = ^--^ijij^* 2^z+/=25r(a— (a— 6)sin«^+ 

r« +06 \ « «^ -^-ab + r^ +a6— (a^— 6«) sin «fl 

— --— ] = 2g -7 , and 

a + b / ^ a + b ' 

a2 — J2 r 

making: — H~r= y*> we have dt zz ^ — . J 

6 a2+y.2+2a6 ' 9 

2r(a + 6) dd 

a« + r « + 2ab * V (1— y^sin^l)' 

Since sin^ 6 = r, and cos ^6= — 7,wehaveaco#' 

a — o a — h \ 

az — ab-^-ab — bz z 

+ 6 sm«0=:— — — r ^-=:z, and — will be the cosine 

a — r 

of the inclination of the radius to the vertical diameter. 

lf«r be the angle made by the revolving vertical plane off 

and z,with the plane of Tandz.we have ta wr: — and dtawz: 

X 
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JL »!/•« tA/JS JvJv 

d-aBr, andxdy — ydj=(:c* +y2)d'Br=: (r* — z*) dw: and since 
it has been shown that xiy — yAx = (/it^ we have d'ZD- =: 

-J ; hence, substitating for z and d^ their values in 

terms of 6, we shall have the relation of 's and d, which is 
sufficient for determining the place of the moving body. 

If we call the time occupied by the body, in its passage 
from the highest to the lowest point of its motion, a semi- 
oscillation, or \ T, we may determine it by finding the 
fluent of the value of dt, taken from 0=0 to e=i-9r=9{)^ ; 

first resolving — --ji — : — -—- into a series by means of 

^ >/(l — y2 sin ^ 0) ^ 

the dinomial theorem, which gives us — -= =:1 +— ■ «* 

'^'2^'^* "^ 2Xifi^* + • • •» and then taking the particular 
flaents of dd multiplied by the powers of y« sin«0, by 

means of the formula ^f sin «** zdz = * ' ', ^ -Z; 

^^ 2.4. .2m 2 ' 

whence we obtain Tzzv ^/ -V J-t\ l + (pr)*y* 

/1.3\ / 1.3.5 \ 7 

-^ y*"* + w>^* + • • • J- 

Corollary 1. Supposing the point to be suspended 
by a thread, without weight or inertia, and fixed at its 
upper extremity, its length being r, the motion will be 
exactly the same as if it rested on a spherical surface; and 
the gp-eatest deviation of the thread, from the vertical 

direction, will be the angle of which the cosine is — . If 

the velocity, in this situation, be supposed to vani»b» tbe 
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oscillation wiU be in a vertical plane : we shall then have 
a=z r, y2=: = — ~- ^ - ■. y bemff the sme 

of half the greatest angle that the thread forms with the 
vertical line, and its square half the verse sine of that 

angle. The time of the oscillation will then be T-tltc^/- 

Corollary 2. If the oscillation is very small, -— , 

being a very minute fraction, may be neglected in compa- 
rison with unity : we may therefore call, in this case, Tz: 

Tts/ — , and we may consider the small vibrations as iso- 

9 
chronous, whatever their comparative extent may be. 

Corollary 3. We may, therefore, employ expe- 
riments on the length of a pendulum, vibrating in a givso 
time, for the determination of the variations of the inten- 
sity of gravitation in different parts of the earth. If^ be 
the height through which a body would fall in the time T, 

we have zzz^g T^ (232); consequently since 3^=5r® — , 

2;=^wV ; hence we may determine the space described by 
a gravitating body with the greatest precision by means of 
the pendulum. 

Scholium. It has been found, by very accurate expe- 
riments, first made by Newton, that the length of the pen- 
dulum vibrating in a given time is the same, whatever is 
the nature of the substances composing it : whence it jGri- 
lows, that gravitation acts equally on all bodies, producing 
in them the same velocity in the same time ; that is, in the 
absence of a resisting medium. 
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281. The equation of the tautochronous 
curve, in a resisting medium, is ngdz=kds 
(1— c-"*) ; g being the force of gravity, z the 
vertical ordinate, s the length of the curve 
from the lowest point, and k a constant quan- 
tity: the resistance being expressed by m 

The forces acting on the moving point are, first, the 

force of gravity reduced to the direction of the curve, 

dz 

which is expressed by ^ — ; and secondly r, the resistance 

as 

of the medium, which depends in general on the velocity 

is . 

•J— : and it follows from the definition of an accelerating 

force, that the fluxion of the velocity is its measure, (228, 

dz 
229), consequently, in the ascentof the body, — dvzzg—^r^ 

and 0=d ■r-'^ 9 j" + ^> or, making d* constant, 0=-^-- + 
d^ ds dt* 

dz 
g .--^r, which is more circuitously expressed in the ori- 
ds 

ginal notation 0=-r— ■+ 9 a"^ ^ {jt)' ^^* *" ^^^^S called 

d^ 
a "function" of -r-. The notation is, however, imme- 

d* 

diately exchanged for the more convenient supposition of 
a resistance proportional to the sum of two powers of the 

Telocity, f (— )being m — + n — . We must now assume 
a variable quantity u, dependent on x, and making |»=: 
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d* J dp - 11 1 d« du J dd* . ddi^ 

-r-, and 7=^, we shall have i-=/> -=-, and --- = -—- 
du ^ du dt ^ dt' dt* ^ dfi 

, du ddu , du^ J ^, ^ ,^ .« . 

"*■ ^ dt^^^ d? ' dF * ^° equation (i) will be- 

^ ddtt , ^ di«2 , ^ d« , dtt , - dt«^ ,. 

comeOz:;,— + J -j^-h i^^+^i/i 5^ + np« _, or, dh 

,j. , ^ ddtt , _ dtt , flr + np^dM* . adz , , , . 

expressed, in the original notation, by 0= ~i~2 '^'* T"^ 
d«'« +'V+n(+'«')* . gtl« ,K T ,u- *: 

dii* 
destroy the coefficient of—, by making q-^-np^zzO, that < 

is, -r^+np^ziO, and -^4-dM=0, whence — =ii+c, — = 
du np^ np p 

fi(U'\'C) and pdi^z:-- :=:d5, consequently «= ih](u+c) 

+€(', or 1= hi ^ A(m+c) J ^ a and c being constant quanr 

titles : and supposing u to begin with 5, we have hc^^zX ; 
and it will be simplest to make A=l, and c= 1, so that s 

X 

becomes = hl(i«+l)", n5=;hl(w + l), and i«4-I=c"*, if W 
e;=l, whence ii=:e~ — 1, and p= , = = « V^» 

Wc thus reduce the equation to 0=-r-T + t» -=-4-^ 

^ d^2 d* pHu\ 

and supposing ti to be small, the last term is capable of 
being developed in the form of a series ascending aoooid^ 
ing to its powers^ which will be of this form, ihi+Zi^+v*' 
f being greater than unity, so that the equation will be- 
come 0:=-T:T-+m --+itt+Zti*+ .. . In order to obliiB 
a^ di 
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the flaent of Ihis eqaatioo, which in its present form cannot 
be integrated for want of the relation between u and At, 

we may multiply it by e ^ (cosyf + >/ — 1 sin yt) At, which 

we may call e -j T df, observing that dr=:r>/ — iydf, and d 

[s r T)=ze 2 r (— + V — iy)d^ Now, beginning with the 
Brst term -r-^, and taking the fluxion of its fluent multi- 
piled by « a r, we obtainye « F—p-zz er Vj-'—y^ * ^ 
f-^4- >/ — ly) dtf : the next step must, therefore, be with 
••di^— (^+>/ — ly)dtt,or(- — ^ — ly)iu; and we have /e y^ 

p (|_v^,)d«=^r(f-v-iy)«_/«?r (I--. 

^—- ly)(^ + V — l7)dif : and this last term, that isjej V 
f -^ + 7^ M, together with iw, may be made to disappear 

by patting ---+7«=it, andy= >/(i j-j: so that the 

whole equation will become e T (cos yt-^w —I sin rOiT- 

+ --— V— ly)MJ= — IfeT (cos yf + v — 1 sin y^yd*— ... 

If we compare (he real and imaginary parts of this equa- 
tion separately, which, as is well known, must always be 
allowable, because imaginary quantities can never be 
equated with real ones, unless they are compensated by 
some other imaginary quantities, we shall obtain two equa- 
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tions for finding the value of -rj : but it will be sufficient 

at present to consider that part which is multiplied by >/ —1, 

,.,_,_ , ^. mt , ,du , ^/m 

and which affords us the equation e-^ sm yr-j— + «a V^"*"^ 

yt — y COS yt)uzz — l/e T sin yt vfdt — • . . ; the flowing 
quantities in the second member being supposed to begin 
with t. Now, at the end of the ascent, putting the time 
T, the fluxion d* vanishes, and* with it du, which is =:(itii 

+ l)d«; at this moment, then, we have « T m f— siny T— 

mt 

y cos yT) = — l/e'i sin yt ufdt — . . . ; which being uni- 



versally true, it must be true also when the whole value of 
u is evanescent, and since in this case n^ is infinitely small 
in comparison with u, the whole of the fluents in the second 
member of the equation, which depend on the powers of », 
must vanish in comparison with the first member, and we 

shallhaveOzz— sinyT— y cos T, and—. — yT=y,ortang 

2y 
yl — — , T being the whole time of describing the arc «, 
tn 

whatever its length may be, since, by the conditions of the 
problem, this time must always be the same, so that the 

equation Ocz -^sin yT — y cos y Twill be true in all cases, 

mt 

whence in general — L^Jre^ sin yt u^dt — ... =0; bat 
when s and u are small, the first term is the only one that 
remains considerable, the others vanishing in compariiMNi 
with it, consequently this term must also vanish, which can 
only happen if Z=0, since none of the quantities conceined 
change their values from positive to negative within tbi 
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limits of ^=0 and frzT. We must therefore make ku 

alone equal to 2^-- zi^L. and *(«'"— l)z=^^, whence 

p^du pds pds 

ids («'"— l)=5rdz. — :=zffdz.ne"% and ngdz:=kds (1 —«-«*). 

282. Corollary. When the resistance 
either disappears, or is proportional to the ve- 
locity only, n=0, and the equation becomes 
gdz=^ksds^ which belongs to the cycloid. 

For since e-^=l — w^-f-^-f • . • (247, Cor. 3), when h 

tit 

▼anisxies, 1 — e^»*i=:n5, and ngdz'zi.nksds* [This equation 
is shown to belong to the cycloid in article 287.] 

Scholium 1. It is remarkable that the coefficient n 
of the part of the resistance proportional to the square of 
the velocity does not enter into the expression of the time 
T; and it is obvious, from the steps of the analysis, that 
the expression would be the same, if we added to the pre- 
ceding law of the resistance terms proportional to the 

d^ d«* 
higher powers of the velocity j-^, ;ni • • • [That Jc is inde- 

pendent of n, appears from making s very small, when ngdz 

•=inksds^2XLd k= -— , whether nhe greater or smaller.] 

Scholium 2. ** In general, if the retarding force in 

the curve be J?, we shall have 0=: j-— + JJ, the space s be- 

d^* 

iog a function of the time t and of the whole arc described, 
which is of course a function of t and s ; and by taking 
the fluxion of this last function, we may obtain an equa- 
tion of the fonn-r-=:F, the velocity being thus repre- 



li'i 



1 



ii:'.- 



I.. 
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sented by its relation to t and s, and this function 

ing, according' to the conditions of the problem, 

\' has a determinate value^ independent of the arc des 

Supposing F, for example, represented by ST, i. 

a function of s alone, and T of ^ alone, we shal 

dds ,(STy, ^diS d5 . ^dT,, ,.,.,, . 
, - — =d^--— ;=T --.-r-+ S-7-; which indeed mi 

!' dt^ dt ds dt dt 

1. t\^ Air 

,: !•: written T -^-+8 -j—* since S can only vary with 

lij. d^ d^ 

,i. this expression could cause no ambiguity. ** But 

:;i ^ V ds r^dS ds dS ds^ ^ 

L ■ r=-T=,=-r7-r-> r-r- -r-= —r- t-o- -N^ow since f is 

j S iSdt ds dt sds dt^ 

tion of T, or of -— -> we may also suppose -— to be i 

tjdt d* 



■ ' 1 



I \t 




n ds ^ „ .. ds^ I , d« \ 

tion of 5j;, mi »e My call it ^^. J-^), 



III, «h.™5^'=|i.4f..(^)} = -«. i 

I ; I ^ the expression for the resistance derived from th« 

?| I rential equation — zziST; which comprehends the 



v|t' a resistance proportional to the two first powers 

„ L '■= ■ resistance, multiplied by constant coejQScients : bi 

^^'■l . " . d* 

i!«.i:,; differential equations representing— would giv< 

;\ I : rent forms to the expression of the resistance." 

[Scholium 3. Instead of attempting to she 
utility of this very general formula, which is certai 
extremely obvious in its present state, it will probi 
more useful to insert here a more elementary view 
properties of the pendulum, remarking first that ti 
position 19 only demonstrated with respect to the as 
a body in the curve to be investigated, and that (he c 
will require some of the signs to be changed, t 
sistance cooperating with gravitation in the one ini 
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and connteracting it in the other. Since however the steps 
of the demonstration do not depend on the positive cha- 
racter of the symbols nt and n, we may simply make m 

negative, and we shall have tang yT=:^^^-^, implying that 

m 

the time is as much greater in the descent, as it is less in 
the ascent, than when the body moyes withoat resistance : 
so that the whole time of the oscillation can never be sen- 
sibly affected by any small resistance of this kind: a 
conclusion which is of the more importance, as the resis- 
tances acting on pendulums, vibrating in common circum- 
stances, appears to vary very nearly in the simple ratio of 
the velocity, the arcs decreasing proportionally in equal 
intervals of time.] 

^[283. Theorem. "255.'' When a body 
descends along an inclined plane, without fric- 
tion, the force in the direction of the plane is 
to the whole force of gravity as the height of 
the plane is to its length. 

For if AB represent the motion which ^ 
would be produced by gravity in a given 
time, this motion may be resolved into AC 
and CB ; by means of AC the body arrives ^ -^ 

at the line CB in the same time as if it were at liberty ; 
but the motion CB is destroyed by the resistance of the 
plane ; and as AB to AC, so is AD to AB (121). Bat 
forces are measured by the spaces described in the same 
time (230). 

Scholium. Hence, by employing a plane differing but 
little from a horizontal direction, we may lessen the velocity 
of descent, so as to make some illustrative experiments on 
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the effects of accelerating forces, without the inconveni- 
ence of too great a velocity : although, if the weights 
employed roll down the plane, some force will be lost in 
the production of rotatory motion ; and if they slide, they 
will be retarded by friction. 

284. Theorem. "256.'' When bodies 
descend on any inclined planes of equal height, 
their times of descent are as the lengths of the 
planes, and the final velocities are equal. 

2/r 1 

Since ^=Vf—V(233), and here a-^,t-^(^)zi 

»^2x; and the times vary as the spaces: but the times 
being greater in the same proportion as the forces are less, 
the velocities acquired are equal (230). 

Scholium. Thus a body will acquire a velocity of 32 
feet in a second, after having descended 16 feet, either in 
a vertical line or in an oblique direction ; but the time of 
descent will be as much greater than a second, as the 
oblique length of the path is greater than 16 feet : and if 
we suffer three balls to descend together along three 
grooves of the same height, but of the lengths of 1, 2, 
and 3 feet respectively, we may estimate by the ear the 
equality of the intervals at which they reach the bottom. 

285. Theorem. "257." The times of 
falling through all chords drawn to the lowest 
point of a circle are equal. 

The accelerating force in any chord A B 
is to that of gravity as A C to A B, or as 
A B to A D (121), therefore the forces 
being as the distances, the times are eqoal; 
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for their sqaares are as the spaces directly and the forces 
inversely (233). 

Scholium. This elegant proposition may be illus- 
trated by an easy experiment : if we place two bodies at 
different points of a circle, fixed in a vertical situation, 
and suffer them to descend at the same instant along two 
planes, which vieet in the lowest point of the circle, they 
will arrive there at the same time. 

286. Theorem. "258.'' When a body is 
retained in any curve by its attachment to 
a thread, or descends along any perfectly 
smooth surface of continued curvature, its 
velocity is the same, at the same height, as if 
it fell freely. 

Since the velocity is the same at A, whe- c B 
tker the body has descended an equal vertical 
distance from B or from C, it will proceed '^ D 

in A D with the same velocity in both cases, provided that 
no motion be lost in the change of its direction, and 
therefore its velocity will be the same, after passing any 
number of surfaces, as if it had fallen perpendicularly from 
the same height. But where the curvature is continued, 
no velocity is lost in the change of direction ; for let A B 
be the thread, or its evolved portioD, the body B, if no 
longer actuated by gravity, would proceed in the 
circular arc with uniform motion (263); conse- 
quently no velocity is destroyed by the resistance 
of the thread, nor by that of the surface BC, 
which can only act in the same direction, per- 
pendicular to the direction of the moving body. 

L 3 
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Scholium. Wc may easily show, by an experiment 
on asuspcDded ball, that its velocity is the same, when it 
descends from the same height, whatever may be the form 
of its path; and this we prove by observing the height to 
which it rises on the opposite side of the lowest point, 
whether in the same curve, or in different ones. We may 
alter the form of its path both in descending and in asctod- 
ing, by placing pins at different points, so as to interfere with 
the thread that supports the ball, and to form, in succes- 
sion, temporary centres of motion ; and we shall find^ in 

all cases, that the body 
ascends to aheightequal 
to that from wliich it has 
D descended, with a small 
deduction on account of 
friction. Thus, the same 
ball, "^descending from equal heights at A, B, or C, by 
different paths, will rise to the same height at D on the 
opposite side of E, and the reverse. 

287. Theorem. " 259/' If a body be 
suspended by a thread between two cycloi- 
dal cheeks, it will describe an equal cycloid 
by the evolution of the thread (208) ; and the 
time of descent will be equal, in whatever part 
of the curve the motion may begin, and will be 
to the time of falling through one half of the 
length of the thread, as half the circumference 
of a circle is to its diameter : and the space 
described in the cycloid will be always equal 
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to the verse sine of an arc which increases 
uniformly. 

For since the accelerating force, in the 

direction of the curve, if always to the 

force of gravity as AB to BC, or as BC p 

to the constant quantity BD, it varies as 

BC, or as its double, CE, the arc to be c| 

described^ and CE being called s, the force 

dz 
y -p must vary as s (208). If therefore any two arcs be 




supposed to be equally divided into an equal number of 
evanescent spaces, the force will be every where as the 
space to be described ; and it may be considered, for each 
space, as equable, and the increments of the times, and 
consequently the whole times, will be equal. Supposing 
the generating circle to move uniformly, the velocity of 
the describing point C will always be as CD (209), or 
since AD : CD:: CD : BD, and CD = ^/(AD.BD) as 
^/AD,• but the velocity of a body falling in DA, or 
descending in FC, varies in the ^ame ratio (232, 230, 
286); therefore if the velocity at E be equal to that which 
a body acquires by falling through GE, the describings 
point C will always coincide with the place of a heavy 
body descending in FCE ; and the velocity of the point 
of contact D is half that of C at E (209), it would there- 
fore describe a space equal to GE in the time that a body 
would fall through GE, and will describe FG in a time 
which is to that time as FG to GE, or as half the circum- 
ferenee of a circle to its diameter, and this will be the 
time of descent in axsycloidal arc. And since FC=:2DB 
— 2BC, FC is eljual to the verse sine of the angle CBD, 
to the radius 2BD : but the angle CAD increasing uni- 



I 
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formly, its half CBD mast also increase uniformly* 
if the motion begin at any other point of the cu 
follows, from the former part of the demonstratioi 
the velocity will be in a constant ratio to the velc 
similar points of the whole cycloid. It is also c 
that the arc of ascent will be equal to the arc of d 
and described in an equal time, supposing the 
without friction. 



288. Theorem. "260.'' The tim 
vibration of different cycloidal pendi 
are as the square roots of their lengths. 

For the times of falling through half their length 
* 3 the ratio of the square roots of these halves, or 

; 1 § wholes. 

1'^' i; Scholium. Major Kater has ascertained, by i 

pi* }[ number of very accurate experiments, performed ^ 



11 - - - 

' ;j apparatus of his own invention, that the length 

pendulum vibrating in a second in London, on the 

the Thames, and in a vacuum, is 39*14 inches, very 

Hence the time of falling through 19*57 inches 



— , and the space described in a second 19*57 x ti^ 



i' 

..!:■ ' ^ 

II ■ ; 

""■! 

J'':!i Log 3141592«= -9943 and Log 19*57= 1-2916; the 

r ; J 2-2859 is the logarithm of 193*15 inches, or 1609 

^. vjj the space described by a heavy body in the first se< 

its descent. More accurately the numbers are 3 

and 16.095. 

289. Theorem. '' 261.'' The cycle 
the curve of swiftest descent between an 
points not in the same vertical line. 
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Let AB and CD be Iwo parallel verti- G Ay c 
cal ordinates at a constant evanescent 
distance, in any part of the curve of 
swiftest descent, and let a third, EF, be 
interposed, which is always in length ^ arithmetical mean 
between them, and which, as it approaches more or less to 
AB, will vary the curvature of the element BFD. Call 
AB, a, EF, b ; b — a, c ; AE, u ; and EC, v : then BF=: 
^/(i«2+cf), and since CD-EF=EF-AB, FD= V(v^+ 
c^. But the velocities at B and F are as ^a and >/^> 
and the elements BF, FD being supposed to be described 
with their velocities, the time of describing BD is V 

( ) + '^( — 7 — ) ; which must be a minimum, and its 

2udu 2t;dt; 

fluxion must vanish : or;rm 77+ 



=0; but since AC, or u+v, is constant, dw + dt;=:0, or 

dii=— du; therefore -— — rr = — ; — ; :. 

is/a>s/(uU'\-cc) ^/6^/(t;t; + cc) 

Let the variable absciss GA be now called or, the ordinate 

AB, y, and the arc 6B,z, then u and v are increments of 

X, and BF and FD of z, when y becomes equal to a and b 



f 

X 



respectively ; we have, therefore, . , the same in both 

cases, so that it may be called -, and-, or -=-= — 2L. Now 

a 2 dr a 

in the cycloid the chord of the generating circle must be 

always a mean proportional between the verse sine y and 

the radius, since, in article 287, CD= V(AD.BD) and the 

arc z being perpendicular to that chord, its fluxion, by 

similar triangles, is to that of the absciss x^ as the diameter 

to sjy: therefore the cycloid answers the condition in 

«very part, aUd consequently in the whole ctirve. 



153 OF D]&FJLBCTIV£ FOHCZS. 

Scholium 1. The demonstration implies that the ori- 
gin of the curve must coincide with the uppermost given 
point ; now only one cycloid can fulfil this condition and 
pass through the other point, and it will often happen fhat 
the curve must descend below the second point, and rise 
again. 

Scholium 2. The method of independent variations 
may be applied with great elegance and simplicity to pro- 
blems of this kind, although it has too commonly been made 
complicated and* perplexed by unnecessary abstraction. 
An example of its application has already occurred in the 
investigation of the properties of Jvds (266), but it will not 
be superfluous to enter into some further illustration of 
the method on this occasion. 

Let it be required, for example, to determine the equa- 
tion of the line which gives the shortest distance between 
two points, from the property of maximums and mini- 
mums which are unaltered by any slight variation of their 
elements. We have, therefore, 8«=:0; but Ss^ifd^, the 
characteristicy^relating to the fluxional variation expressed 
by d; and fddszzf^ds (265), Now, x and y being the 
prdin^tes, and s the curve, we have d^^^d^r^+dj^, and 

Sdsrz . ^ ^ ; and, for the sake of simplicity, we 

may make Sdjr=0, supposing the curve to pass into a 
neighbouring form by the variation of dy only i we have^ 

then, 8d«=-j^ 8dy, of which we must find the fluent. Now 



conse- 



f^nerMyfSdszz^^—Ji -^ Sy^Ss. This expression inb 
plies, when geometrically considered, that the vamtioQ of 
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the length of the curve, Ss, is expressed by the variation 
of the ordinate y at any given point, reduced to the direc- 
tion of the curve, and lessened by the length of a minute 
curve of equal angular extent to .the curve in question, 
HBd of which the radius of curvature is equal to the varia- 
tion Sy reduced to a direction perpendicular to the curve. 
Now, in order to determine the shortest distance, we must 

put &=:0, and -^ 8y=/3 JL gy. But at the beginning 

and at the end of the line in question Sy must be =0, both 

the points being fixed ; consequently the flnenty^ ^ Sy 

=:0, which can only happen, when d ;7^=0, since Sy is not 



zzO, and the fluent cannot have difierent values, destroying 
each other, in difierent parts of the line, because the value 
must vanish equally for all parts of the line, which must be 
always the shortest distance between their extremities: 

and the sine of the inclination -^ being constant, the curve 

QS 

moat become a right line. 
In the case of the present problem, we have 0=:S^= 

simplify by making SdynO and Sy=:0, confining the varia- 
tion to dx, according to the spirit of the preceding de- 

dorSdr 
monstration of the theorem; consequently odf= — , 

djc 

dSx; ^nd compiuring this equation with the 



a»yydz 
-^ dSy of the former example, we have in a similar nprnner 
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Stzzf — -—pdga— — — r- gar— d — — r 8x = 0. Hence 
^ a>Jydz as/ydz as/ydz 

dx dx 

Sai^d — -—J- S^, which vanishing for the whole 



a^/ydz a>s/ydz 

dy 
curve and for all its parts, as d -^ was shown tc vanish 

dx 
before, it follows tha t . ^ must be a constant quantity ; 

which is the property of the cycloid. 

290. Theorem. " 262.'' The time of 
vibration of a simple circular pendulum, in 
a small arc, is ultimately the same as that of 
a cycloidal pendulum of the same length; 
" but in larger arcs the times are greater/' 
(280). 

In small cycloidal arcs the radius of curvature is very 
nearly constant ; but at greater distances from the lowest 
point, the circular arc falls without the cycloidal, and is less 
inclined to the horizon, so that the fbrce is smaller, and 
consequently the velocity is smaller. - 

291. Theorem. " 263.'' If a body sus- 
pended by a thread revolve freely round 
the vertical line, the times of revolution wijl 
be the same, when the height of the point of 

, suspension above the plane of revolution, is 
the same, whatever be the length of the 
thread. 

For» by the resolution of forces, the force urging the body 
towards the vertical line is to that of gravity as the dis- 
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tance from that line to the vertical height ; the other part 
of the force being counteracted by the tension of the 
thread ; and when the forces are as the distances, tlie times 
mnst be equal. (261). 

Scholium. Thus, if a number of balls are fixed to 
threads, or rather wires, connected to the same point of 
an axis, which is made to retolve by means of the whirling 
table, they will so arrange themselves, as to remain very 
nearly in the same horizontal plane. 

292. Theorem. " 264/' The time of a 
revolution of a body, suspended by a thread, 
is equal to the time occupied by a cycloidal 
pendulum, of which the length is equal to the 
height of the point of suspension above the 
plane of revolution, in vibrating once forwards 
and once backwards to the point at which its 
motion began; and if the revolutions be 
small, and the thread nearly vertical, they 
will be very nearly isochronous, whatever be 
their extent. 

• For, supposing the distance to be eqnal to the height, 
the centrifugal force will be equal to the force of gravity, 
and while the body describes a distance equal to the 
radius, another body, actuated by the same force, would 
describe half that radius, (259) and the whole time of 
revolution is, therefore, to this time, as the circumference 
to the radius, and is consequently equal to the time of 
four semivibrations of a cycloidal penduluip, of which the 
length is equal to the given height (287). And since the 
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time varies, id the same revolving pendalum, only as tke 
square root of the cosine of the angle of inclination, it wiU 
be nearly constant for all small revolutions. 

Scholium. The near approach of these reyolatioiis 
to isochronism has sometimes been applied to the measare- 
ment of time, but more frequently, and more successfiiUy, 
to the regulation of the motions of machines. Thus, in 
Mr. Watt's steam engines, two balls are fixed at the 
ends of rods in continual revolution, and as soon as the 
motion becomes a little too rapid, the balls rise consider- 
ably, and turn a cock, which regulates the quantity of 
of steam admitted. 

293. Theorem. " 265.'' The vibrations 
of a cycloidal pendulum will be performed in 
the same time, whether they be without re- 
sistance, or retarded by a uniform force. 

Let the relative force of 
gravity, at the distance AB in 
the curve from its lowest point, 
be always represented by the 
ordinate AC ; then CB will be 
a right line : now the resistance may always be represented 
by the equal ordinates AD, BE ; and DC will express the 
remaining force, which becomes neutral at F, and fben 
negative : therefore the force is always the same, at equal 
distances on each side of F, as in the simple pendutum on 
each side of B, and the vibration will be perfectly similar 
to the vibration of the simple pendulum in a smaller ar6» 
but it will extend only to G, where the ordinate HI is 
equal to DC, and FH=FD. In the return of the body 
from 6, the neutral point will be determined by the inter- 
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section of KL, parallel to AB, and as mnoh below it, as 
JDE was above it ; OAs Tibration will terminate in a poipt 
as far on one side of K as I is on the other : so that the 
extent of each vibration will be less than that of the pre- 
ceding one, by twice th9 length of F£, until the whole 
force is exhausted, the time of each complete vibration 
remaining unaltered. 

294. Theorem. "A.^' (Nich. Journ. 1813.) 
If the point of suspension (A) of a pendulum 
( AB) be made to vibrate in a regular manner, 
that is, according to the law of cycloidal vibrar 
tions, the pendulum itself may also vibrate 
regularly in the same time, provided that the 
extent of its vibrations (BC) be to that of 
the vibrations of the point of suspension (AD) 
as the length of the thread (AE) supposed to 
carry this point as a pendulum, is to the dif- 
ference of the lengths of the two threads. 

In representing the vibrations, we may 
disregard the curvature of the paths, 
considering them as of evanescent ex- 
tent, the forces being however still sup- 
posed to depend on the inclination of the 
threads, which must be exaggerated in 
the figures employed. Let F be the in- 
tersection of AB with the vertical line 
EF; then, upon the conditions of the 
theorem, BF will be equal to AE ; that 
if, if BC : AD:=AE : AEco AB, since 





B C 
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by similar triangles BC : AD=BF : BFoo 
AB, it follows that AE = BF. Consequently 
the inclination of the thread AB will always 
be the same as if F were its fixed point of 
suspension, and the body B will begin and 
continue its vibrations like a simple penda- 
lum attached to that point, the true point 
of suspension accompanying it with a pro- 
portional velocity, so as to be always in the 
right line passing through it and through F. 
It is obvious, that when the thread supposed 
to suspend the moveable point of suspension is the longer 
of the two, the vibrations will be in the same direction ; 
when the shorter, in contrary directions. 

Scholium 1. The truth of this proposition majf 
easily be illustrated, by holding any pendulous body in the 
band,, and causing it to vibrate more or less rapidly, by 
moving the hand regularly backwards 'or forwards, in a 
longer or in a shorter time than that of the spontaneous 
vibrations. 

Scholium. 2. The same mode of reasoning is appli- 
cable to oscillations of any other kinds, which are governed 
by forces proportional to the distances of the bodies 
concerned, from a point of which the situation, either in a 
quiescent space, or with respect to another moveable 
point, varies according to the law of the cycloidal pendu- 
lum, or may be expressed by the sines of arcs varying 
with the time: such forces always producing periodical 
variations, of which the extent is to that of the excursions 
of the supposed point of suspension in the ratio of n to 
II— 1, n being to 1 as the square of the time of the forced 
to that of the time of the spontaneous vibration; and 
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and when n — 1 is negative, the displacement being in a 
direction opposite to that of the supposed point of sus- 
pension. Consequently, ^hen a body is performiug oscil- 
lations by the operation of any force, and is subjected to 
the action of any other periodical forces, we have only to 
inquire at what distance a moveable point must be situated 
before or behind it, in order to represent the actual mag- 
nitude of the periodical force by the relative situation, 
according to the law of the primary force concerned, and 
to find an expression for this distance in terms of the sines 
of arcs increasing equably, in order to obtain the situation 
and velocity of the body at any time, provided that we 
•appose it to have attained a permanent state of vibration. 

Scholium 3. We may easily express this reasoning in 

a form more strictly algebraical : thus the time, with respect 

to the forced vibration of the centre of suspension, being 

called t, the place of the vertical line passing through that 

point will be indicated by sin t, supposing t to begin from 

the middle of a vibration: now the force acting on the 

moving body will always be as its distance from this 

moveable vertical line, considered with relation to the 

length of the true pendulum m ; that is, it will be expressed 

I?— 'Sin t 

bjy== , the unit of m being the length of the imagi- 

m 

nary pendulum carrying the point of suspension, since when 
*=0 and sin ^=1, the force must be=l 0Tz=g. Now we 
may satisfy this equation by the particular solution s — sin t 
=a sin f, which represents a vibration either correspond- 
ing in its direction with the former, or in an opposite 
direction, accordingly as a is positive or negative ; and s, 
the space actually described, will be the sum or difference 
of the spaces belonging to the separate vibrations so 
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combined : then since vzz—ffAt, and s zzfvAt, we have 

/asm t ^ o t ^ • M . A 
d^= — cos t+c, and«= — sm t -^ctzza 
mm fn 

sin t + sin f, and czzO, — = a + 1, « = 1 : ( 1 }= 

m ^m ^ 

•, or if nzz — , 7, as before. 



— m m w— I 

Scholium 4. If the oscillating body be initially in 
any other condition, its subsequent motion may be deter- 
mined, by considering it as performing a secondary vibr»* 
tiou with respect to a point vibrating in the manner here 
supposed, which will consequently represent its mean 
place ; but if there be no resistance, the body will have 
no tendency to assume the form of a regular simple vibra- 
tion^ rather than any other. Supposing, for example, that 
the point had been initially at rest in the middle vertical line^ 
when the centre of suspension passed that line ; it will then 
agree in situation with the point representing its mean 
place, but not in velocity ; and it will return to its mean 
place after every interval equal to a complete single spon- 
taneous vibration of the true pendulum ; and when this 
coincidence happens in the middle vertical line as at first, 
the whole cycle of motions will begin again, after a period 
depending on the comparative lengths of the . supposed 
pendulums : and at some intermediate time the coincidence 
will in most cases occur near the extremity of the vibra* 
tion representing the mean place, and the excarsion wiO 
be much greater than that of this vibration, while at ano- 
ther part of the cycle it may be almost obliterated. Saoh 
a succession of cycles may be often observed in the actual 
vibrations of elastic bodies of irregular forms, the excur- 
sions being alternately greater and smaller withoat aay 
interference of external causes. 
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ScHOlilUM 5. A more general analytical solution of 
the problem may be obtained by making 5= ft sinf +c sin 

(et + h) whence v:^^jydtzz^Jn^ (6—1) sin * + c sin (et 

-I- A) ?df=»< (6—1) cos *-|;-cos («^+A) J ^t^ since d cos 

(«e + A)=;^sln(ct+A)6d*; and 5==/ud^=:«^(6— 1) sin t 

+ — sin («^+A) J +i^-}-ib=:6 sin *+c sin («<+A); whence 

itc 6 

n(5 — 1)=6, — =c, i— and it=0; consequently n=:£ — y 

1 A 

and 6= ., ..~=:1, and e= \/fi, A and c remaining alto- 
n — 1 «e 

gether undetermined. We may, therefore, accommodate 

this expression to any relatiTe values of the supposed vi- 

brationsy or of the forces belonging to them, and to any 

conditions of motion or rest in the initial state of the moving 

body^ Thus, if we suppose it initially at rest, so that «=:0 

and 17:7=0 when ^=0, the length n being given, we have 

«=6 sin ^+c sin (6^+A)=0, and consequently A=:0, and 

v'sz.n (6 — 1) cos t-\ — pos el=:6+-=0, and -= — 6=3— 

^ 6 6 n-^\ 

, — « \/» J 1 sinf . Jn 

WB«ieec=:— --7=--l— , and we have *= ., + -i—- wii 

n— 1 I— » n — 1 n — 1 

>Jnt. 

StQo. Theorem. " B." If the resistance 
be simply proportional to the velocity, a pen- 
dulum with a vibrating point of suspension 
may perform regular vibrations, isochronous 
with those of the point of suspension, provided 

M 
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that, at the middle of a vibration, the point of 
suspension (A) be so situated, as to cause a 
propelling force equal to the actual resists 
ance, the extent of the vibrations being re- 
duced, in the ratio of the whole excursion rf 
the point of suspension (6C) to its distance 
from the middle, at the beginning of the mo- 
tion of the pendulous body (DC) : and it will 
ultimately acquire this mode of vibration, 
whatever may have been its initial condition. 
Let FG be the sapposed leogtb of the thread canyiof 
the point of suspeDsioD, and draw FE passing through D 
instead of B ; then if HC,=EG, be the extent of the ribn< 
tioD, it will be maintained according to the law of ths 
cycloidal pendnlnm. Draw the concentric circles BI, 
I)K, HL : then tlie initial force may be represented by 
)■ HD, which determinM 

the greatest inclination of 
the thread; and at any 
subsequent part of ths 
vibration, if the point of 
suspension be advanced 
from D to M, the ti|H 
elapsed will b0 cxpreHed 
by the arc IN. DI nl 
MN being perpendicobi 
to AB, and taking QL 
similar to IN, the per* 
pendicular LP will show 
the place of tin pwlnloH 
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I3tf 




body, and . PM the 
force, which may be di- 
vided or resolved into 
two parts, PQ and 
QM. But PQ is to 
LK, or HD, as PC to 
LC, or HC; conse- 
qaently this part of the 
force will always be 
employ edin generating 
the regular velocity; 
and QM is equal to 
KR, which is the^ine 
of the angle KNR or BCL to the radius KN=:DI=:AC, 
each of these lines being equal to the sihe of BI ; the line QM 
therefore varies as the velocity, and will always be equiva* 
lent to the friction, provided that it be once equivalent to 
it, as it is supposed to be at A ; the ratio of the forces con- 
cerned, in any two succeeding instants, being always such 
as to maintain a regular vibration. 

If the pendulum be initially in any other situation than 
that which is here supposed, its subsequent motion may be 
determined by comparison with that of a point so vibrating, 
and its progress may be estimated, with tolerable accuracy, 
while this deviation exists, by supposing it to perform 
small vibrations with respect to its mean place, in which 
the immediate effect of resistance may be neglected: but 
since these vibrations are not supported by any new sus- 
taining force, they will evidently be rendered by degrees 
smaller and smaller, so that the pendulum will ultimately 
approach infinitely near to the regular state of vibration 
here described, which may, therefore, be cpnsider«d as 
affording a stable equilibrium cf motion. 

M t 



164 OF DEFL^CTIVB FORCEft. 

Scholium I. Supposing the relation of the resistaiiGfi 
to the velocity to be altered, the relation of the sine AC to 
the cosine CD must be similarly altered, the force equiva- 
lent to the resistance varying as the sine, and the extent 
of the vibrations, and consequently the velocity, a^ the co- 
sine of the displacement BI : but the relation of the sine 
to the cosine is that of the tangent to the radius : so that 
the tangent of the displacement will be as the mean resist- 
ance: and the sine of the displacement, AC, is to the ra- 
dius BC, as the greatest resistance is to the greatest forco 
which would operate on the pendulous body if it remained 
at rest at 6: the displacement at th^ extremity of the 
vibration having the same angular measure, but becoming, 
with respect to the place of the body, the verse sine only, 
instead of the sine. 

Scholium 2. It is obvious, from the figures, that the 
body G will always be behind the place S, which it would 
have occupied without the resistance, when the vibration is 
direct, but before it when inverted. 

Scholium 3. When the resistance is very small, a 
pimple pendulum with a similar resistance may be coneeived 
to vibrate nearly in a similar manner: and if we neglect the 
diminution of the velocity in the consideration of the re- 
sistance, and call rzzmv^m cos t, we have vrz^-ff^tzz 
— ;/'(si» t'\-m cos Od^=cos t — m sin ^, and 5=/vd^i=:sin i 
r^m cos t — a=: v^(l4-»*^ sin (f +6) — a, b being the angle 
pf which the tangent is m (216), and a=:y^(l -{•m^ sin &= 

V(lti-«|2) -r— r=»i, consequently *=:v^(l+«i*) sin 

v(l-f-»im) 

(t+b) — m, which implies a vibration observing the period 

of t, but beginning at a point at the distance b further back 

in the circle, so that the time of ascent will be dimifiished 

land that of descent increased yery nearly ip w eqnal dt- 
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greei as may be inferred from Laplace's formula (282) tang 
rTzz — , whence cotyTir^, y^beingl — 2~';and ultimately 

cot 3^=—: the value of m in this scholium being equal to 

m 

-^f Iurticl6 282, since here the greatest velocity in the 

pendulum^ due to a height equal to half its length, is made 
the unit of v and of r, instead of a more direct comparison 
the value otg the force of gravity. ] 



CHAPTER III. 



op THE EQUILIBRIUM OF A SYSTEM OF 

BODIES. 



§. 13. [IntroductioTi]. Conditions of the equilibrium 
of two sy sterns of points ^ ineeting each other p with veloci- 
ties directly contrary. Definition of the quantity of mo- 
tion, and of similar moveable points. P. 36. 

[296. Definition. " 266." A moveable 
body is to be imagined as a point, composed 
of single points or particles equally moveable, 
which, as they differ in number, constitute the 
proportionally different mass or bulk of the 
body. 

297. Definition. " 267/' A reciprocal 
action between two bodies is an action which 
affects the single particles of both equally, 
increasing or diminishing their distance. 

298. Definition. " 268.'' The centre 
of inertia of two bodies is that point, in the 
right line joining them, which divides it reci- 
procally in the ratio of their magnitudes. 
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299. Theorem. " 269/' The centre of 
inertia of two bodies, initially at rest in any 
space, remains at rest, notwithstanding any 
reciprocal action of the bodies. 

Suppose the bodies equal ^ 
and consisting each of a single - ""^jj — fT''^-^"-— — ,-._G r 
particle, then it is obvious that 
both will be equally moved by 
any reciprocal action, and the centre of inertia will still 
bisect their distance (217). Again, let one body A be 
double the other B, and suppose A to be divided into two 
points placed very near each other, as C, D. Join BC, 
BD, take any equal distances CE, DF, BG, BH, and 
they will represent the mutual actions of B on C and D, 
and of C and D on B, and the motions produced by these 
equal actions; complete the parallelogram BGIH, and 
the diagonal BI will be the joint result of the motions of B; 
which, when G and D coincide in A and K, becomes 
equal to 2BG, 2CE, or 2AK ; but L being the centre of 
inertia, BL=2AL (298) therefore IL remains equal to 
2KL (15), and L is still the centre of inertia. And in the 
same manner the theorem may be proved when the bodies 
are in any other proportion. 

Scholium. This important theorem is capable of an 
easy experimental illustration; first observing, that all 
known forces are reciprocal, and among the rest the action 
of a spring: we place two unequal bodies so as to be 
separated when a spring is set at liberty, and we find that 
they describe, in any given interval of time, distances 
which are inversely as their weights ; and that consequently 
the place of the centre of in«rtia remains unaltered. They 
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may either be made to float on water, or may be suspended 
by long threads: the spring may be detached by burning 
a thread that confines it, and it may be observed whether 
or DO they strike at the same instant two obstacles, placed 
at such distances as the theory requires ; or, if they are 
suspended as pendulums, the arcs which they describe may 
be measured, the velocities being always nearly propor- 
tional to these arcs, and accurately so to the chords, which 
are as the square roots of the verse sines, representing the 
heights of ascent. 

300. Definition. "270." The joint 
ratio of the masses and velocities of any two 
bodies is the ratio of their momenta. 

301. Theorem. "271/' The momentum 
of any body is the true measure of the quan- 
tity of its motion. 

For the same reciprocal action produces in a double 
body half Uie velocity, the common centre of inertia remain- 
ing at rest; and, the cause being the same, the effects 
must be considered as equal : and when the reciprocal 
force varies, the velocity of both bodies varies in the same 
ratio. 

Scholium 1. We may also demonstrate experi- 
mentally, by means of Mr. Atwood's machme, that the 
same momentum is generated, in a given time, by the same 
preponderating force, whatever may be the quantity of 
matter moved. Thus if the preponderating weight be 
one sixteenth of the whole weight of the boxes, it will fall 
one foot in a second, instead of 16, and a velocity of two 
feet will be acquired by the' whole mass, instead of a 
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velocity of 32 feet, which the preponde^rating weight alone 
would have acquired. And when we compare the centri- 
fugal forces of bodies revolving in the same time, at 
different distances from the centre of motion, we find that 
a greater quantity of matter compensates for a smaller 
force ; so that two balls, connected by a wire, with liberty 
to slide either way, will retain each other in their respective 
situations, when their common centre of inertia coincides 
with the centre of motion; the centrifugal force of each 
- particle of the one being as much greater than that of an 
equal particle of the other, as its weight, or the number of 
the particles, is smaller. 

802. Scholium 2, A.] The simplest case of the 
equilibrium of several bodies is that of two material points 
meeting each other with equal and directly contrary velo- 
cities ; their mutual impenetrability must evidently annihi- 
late their motion, and reduce them to a state of rest. 

[B.] Let us now suppose a number m of contiguous 
material points, arranged in a right line, and moving in its 
direction with the velocity te: and again another number 
m' of contiguous points, disposed in the same line, and 
moving with the velocity t/ in a contrary direction, so that 
the two systems meet each other; there must exist a 
relation between u and ti^, such that the systems may both 
remain at rest after the shock. 

[C] In order to determine this condition, we may 
observe that the system m, moving with the velocity ii, 
would destroy the motion of a single point, moving with 
the velocity mu, for every point in the system would 
destroy, in this last point, a velocity equal to ti, and conse- 
quently the m points would destroy the whole velocity mu: 
we niay therefore substitute for this system a single point. 
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moying with the Telocity mu. In the same manner we 
may substitute for the system tn! a single point moving 
with the velocity mV; but the two systems being supposed 
'Capable of destroying each other's motion^ the two points, 
possessing respectively equal quantities of motion, must 
remain at rest after meeting, consequently their velocities 
must be equal (A); we have therefore, for the condition of 
the equilibrium of the two systems, muzz.nivC. 

[D.] The mass of a body consists in the number of its 
material points, and the product of the mass by the velocity 
is called the quantity of motion of a body: and this product 
is also [sometimes] considered as the force of a body in 
motion. In order that two bodies meeting may destroy 
each other's motion, the quantities of motion in opposite 
directions must be equal, and consequently the velocities 
must be inversely as the masses. 

[E.] The density of a body depends on the number of 
material points which it contains within a given volume or 
bulk. In order to ascertain its absolute density, it would 
be necessary to compare it with a body having no pores : 
but since we know of no such body, we can only compare 
any given substance with some other as a standard with 
respect to density. It is obvious that the mass of a body 
is in the joint proportion of the volume and the density, 
so that calling the mass JIf , the bulk 11^ and the*density 1>, 
we have in general M=:DU; the quantities M, 2>, and U, 
relating to different units, each of its own species. 

[F.] In this reasoning wb suppose that bodies are formed 
of similar material points, and that they only differ in the 
relative situation of the atoms composing them. But the 
intimate nature of matter being unknown, this assumption 
is at least hypothetical, and it is perfectly possible thai 
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there may be a difference in the elementary particles of 
matter. Fortunately^ however, the truth of the hypothesis 
is of no consequence to the science of mechanics, and we 
may adopt it without any danger of error, provided that, 
by similar material points, we understand points, which, 
, when they meet with equal velocities, destroy each other^s 
motion, whatever their nature may be. 

§.14. Of th% reciprocal tuition of material points. 
Heaction is always equal and contrary to action. Equor 
tion of the equilibrivm of a system of bodies, giving the 
law of virtual velocities. Method of determining the 
pressure of bodies on the surfaces or the curves to which 
they are confined. P. 37. 

303. Theorem. Action and reaction are 
always equal and contrary. 

Two material points, of which the masses are m and m\ 
can only act on each other in the direction of the right 
line joining them. If, indeed, they are united by a thread 
passing over a pulley, their reciprocal action may be other- 
wise directed : but in this case the fixed pulley may be 
considered as having at its centre a body of infinite den- 
sity, which reacts on the two bodies m and m\ so as to 
make their mutual action indirect only. 

If the action of m on an', exerted by means of an in- 
flexible line, without inertia, uniting them» be called p, 
and if it be met by a contrary force, expres^d by -— p, 
this force will destroy in the body m a force equal to p, 
and the force p in the right line will be communicated 
entirely to m'. This loss of force in m, occasioned by its 
action on m\ is called the reaction of tn^ ; so that, in the 
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commaDicatioD of motion, *' reaction is always equal and 
contrary to action." And it is found by observation that 
this principle holds good with respect to all foree»iii 
nature. 

[Scholium 1. All the forces in nature, with which we 
are acquainted, act reciprocally between different masses 
of matter, so that any two bodies, repelling or attracting 
each other, a^e made to recede or approach with equal 
momenta. This circumstance is generally expressed by 
the third law of motion, that action and reaction are eqaaL 
There would be something peculiar, and almost inconceiv- 
able, in a force which could affect unequally the similar 
particles of matter; or in the particles themselves, if they 
could be possessed of such different degrees of mobility» 
as to be equally moveable with respect to one force, and 
unequally with respect to another. For instance, a 
magnet and a piece of iron, each weighing a pound, will 
remain in equilibrium when their weights are opposed to 
each other by means of a balance ; they will be separated 
witk equal velocities, if impelled by the unbending of a 
spring placed between them ; and it is difficult to conceive 
that they could approach each other with unequal veloci* 
ties in consequence of magnetic attraction, or of any other 
natural force. The reciprocality of force is, therefore, a 
necessary law in the mathematical consideration of mecha- 
nics, and it is also perfectly warranted by experience. 
Tlie contrary supposition is so highly improbable, that the 
principle may almost as justly be termed a necessary axiom^ 
as a phenomenon collected from observation. 

Scholium 2. Sir Isaac Newton observes, in his third 
law of motion, that ** reaction is always contrary and equal 
to action, or, that the mutual actions of two bodies ar» 
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always eqnal, and directed contrary ways.'' He proceeds, 
** if any body draws or presses another, it is itself as much 
clrawn or pressed. If any one presses a stone with bis 
fiiiger, his finger is also pressed by the stone. If a horse 
is drawing a weight tied to a rope, the horse is also equally 
drawn backwards towards the weight ; for the rope, being 
distended throughout its length, will, in the same en- 
deavour to contract, urge the horse towards the weight, 
and the weight towards the horse, and will impede the pro- 
gress of the one as much as it promotes the advance of 
the other." Now, although Newton has always applied 
this law in the most unexceptionable manner, yet it mus^ 
be confessed that the illustrations here quoted are clothed 
in ^uch language as to. have too much the appearance of 
paradox. When we say that a thing presses another, we 
conmionly mean, that the thing pressing has a tendency to 
move forwards into the place of the thing pressed : but the 
ston* would not sensibly advance into the place of the 
finger, if it were removed ; and in the same manner we 
understand, that a thing pulling another l^as a tendency 
to recede further from the thing pulled, and to draw this 
after it : but it is obvious that the weight, which the horse 
is drawing, would not return towards its first situation, 
with the horse in its train, although the exertion of the 
horse should entirely cease ; in these senses, therefore, we 
cannot say, that the stone presses, or that the weight 
pulls ; and we have no reason to ofiend the natural pre- 
judices of a beginner, by introducing paradoxical expres- 
sions without necessity. Yet it is true in both cases, that 
if all fiiction, and all connexion with the surrounding 
bodies, could be instantaneously destroyed, the point of 
the finger and the stone would recede firom each other. 
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and the horse and the weight would approach each other, 
with equal quantities of motion. And this is what we 
mean by the reciprocality of forces, or the equality of 
action and reaction. 

304. Theorem. " 285.'' If two gravi- 
tating bodies be suspended at constant dis- 
tances from each other and from a given 
point, they will be at rest when their centre of 
inertia is in the vertical line passing through 
the point of suspension : and the equilibrium 
will be stable when the centre of inertia would 
ascend in quitting the vertical line, tottering 
when it would descend, and neutral when it 
cannot quit it. 

jy Suppose the bodies A and B, of which 

^^<c;^|n\ C is the centre of inertia, to be sue- 

C\\ pended from D by the threads AD, BD, 
B and to be retained at the distance AB by 
the rod AB, and let C be in the vertical line DC. Let the 
force of gravity be represented by DC, then AD will 
represent the action of the thread, and AC the pressure 
exerted by A on any obstacle at C (241); and in the same 
manner BC will represent the. pressure of B in thfr 
direction BC, supposing the weights A and B equal, and 
each represented by DC ; but since they are unequal, the 
ratio of their masses must be compounded with that of 
the relative forces, and A. AC will represent the aotoal 
force of A, and B.BC that of B ; but these products, by 
the supposition, are equal, since A : BsBC : AC<296); 



OF THS EQUILIBRIUM OF A SYSTEM. 175 

therefore the pressures are equal, and the bodies will 
remain in equilibrium. If now the centre of inertia 
aspended towards either weight, as A, the segment AC, 
which determines the action of A, would be increased, 
and BC lessened ; therefore the weight of A would pre- 
vail, and the centre would return to the vertical line. But, 
supposing C above D, the rod and threads must change 
places, and the same demonstration will hold good; and 
since in this case the weights pull against each other, the 
prevalence of A, if the centre of inertia descended 
towards its place, would draw it still further from the 
vertical line, and the equilibrium would be lost. 

Now the magnitude of the . _^,,«— .^-~____^ -o 

distance of C above or below , c 

^ . ^ , 4 S B 

D is of no consequence to the ' c 

existence of the equilibrium ; therefore when that dis- 
tance vanishes, and the thread and rod are united into one 
inflexible right line or lever, those points will coincide, and 
there will still be an equilibrium ; which may properly be 
termed neutral, since no change of the position of the 
bodies will create a tendency either to return to their 
places, or to proceed further from them. But the case 
of an inflexible right line is perfectly out of the reach of 
experiment, since the strength, necessary for the inflexi- 
bility of a mathematical line, becomes infinite, and that, in 
jan infinitely small quantity of matter. 

Scholium. The demonstrations of the ftindamental 
property of the lever have been very various. Archimedes 
himself has given us two. Huygens, Newton, Maclaurin, 
Dr. Hamilton, and Mr. Vince, have elucidated the same 
subject by different methods of considering it. The 
demonstration of Archimedes, as improved by Mr. Vince, 



176 C£L£STIAJL MECHANICS. I., ill. 14. 

is ingenious and elegant; but it is neither so general and 
natural as one of Dr. Hamilton's, wliich is here adopted, 
nor so simple and convincing as Maclaurin's^ which it may 
a{so be worth our while to notice. Supposing two equal 
weights, of an ounce each, to be fixed at the ends of the 
equal arms of a lever; in this case it is obvious that there 
will be an equilibrium, since there is no reason why either 
weight should preponderate. It is also evident, that the 
fulcrum supports the whole weight of two ounces, neg- 
lecting that of the lever ; consequently we may substitute 
for the fulcrum a force equivalent to two ounces, drawing 
the lever upwards ; and instead of one of the weights, we 
may place the end of the lever under a firm obstacle, and 
this equilibrium will still remain, the lever being now of 
the description which is called the second kind, the fixed 
point being at one end. Here, therefore, the weight re- 
maining at the other end of the lever counterbalances a 
force of two ounces, acting at half the distance fi'om the 
new fulcrum ; and we may substitute for this force a 
weight of two ounces, acting at an equal distance on the 
other side of that fulcrum, supposing the lever to be suf- 
ficiently lengthened ; and there will still be an equilibrium. 
In this case the fulcrum will sustain a weight of three 
ounces; and we may substitute for it a force of three 
ounces, acting upwards, and proceed as before. In a 
similar manner the demonstration may be extended to any 
commensurable proportion of the arms; and it is easy to 
show that the same law must be true of all ratios whateyer» 
even if they happen to be incommensurable (120, SchO* 
the forces remaining always in equilibrium, when they are 
to each other inversely as the distances at which they are 
applied. Lagrange, in his M^canique ADalytique« hai 
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entered very fnlly and clearly into the history of this pro-* 
position* 

305. Theorem. If a system of bodies be 
in equilibrium, the sum of the products of the 
forces, acting on the several bodies, into the 
infinitely small variations of their places, in the 
directions of the forces, the variations being so 
taken as to be subjected to the conditions of 
the system, must be equal to nothing. Or, if 
p be the force acting on each body, and 8/" the 
variation of the place of the body in its direc- 
tion, 0=2psf ; which is the Law of virtual velo- 
cities. 

Let as first suppose two heavy bodies, m and m\ fixed 
to the extremities of a horizontal line, supposed to be in- 
flexible and without weight, being at liberty to turn round 
a fixed point within its length. In order to conceive the 
motion of these bodies on each other when they are in equi* 
librium, we must suppose the right line to be infinitely little 
bent at the fixed point, so as to be formed of two right 
lines, making at that point an angle which differs but infi- 
nitely little from two right angles ; and this difference we 
may call tf • Let f and f be the distances of m and mf 
from the fixed point ; if we decompose the weight of m 
into two parts, the one acting on the fixed point, in the 
direction of the bent line, the other directed towards m\ 

this last will be ^^ , , mg being the weight of the 

body : [for since AB : sin ADB=DB : sin BAC, (P. 175) 
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I. • T^An DB.sinADB f(A , ^^^ 

we have sm D AC= ^-^ = ^ and DC = 8in 

DAC.AD : but if D6 represent the weight mg, AC or 
AD will be the pressure in the direction AB, which will 

beiiMr.=r7==:-T-wrT^^»'lfl'*^-r:7^-] For the game reason the 
^ DC sin DAC ^ ^ « 

action of mf on m will be fra^cr*^ — ^, and since these two 

forces must be equal, in the case of equilibrium, we shall 
have jnfzzmy, which is the well known law of the action 
of a lever, and whieh explains how two forces, acting in a 
parallel direction, may cause reciprocal effects, and ba- 
lance each other [that is, by calling into action a third 
force equal to their sum, and acting in a contrary direc- 
tion]. 

We may next consider the equilibrium of a system of 
points, m, m\ m^\ . . , actuated by any number of forces, 
and reacting on each other. Let /be the distance of » 
from m\f' that oim from m'\ and/'^ the distance of wl 
from w!'; \eip be the reciprocal action of m on »*', p that 
of m on m'\ p" that of m on wl''^ and lastly, let m S, m' S^, 
ni' S'\ . . , be the forces acting on 2», rd^ and m'\ and *, /, 
5", the distances of any fixed points, in the directions of 
those forces, from the bodies to which they belong. We 
may consider the point m either as being perfectly at 
liberty, but held in equilibrium by means of its own force 
iThS^, and the action of the other bodies wi', «»".•., or as 
subject, besides these forces, to the reaction of a sor&ce 
or a curve to which it may be confined. Now, if Sff be the 
variation of «, and I J that of/ taken with regard to thi» 
variation only, supposing ni to be fixed ; and if S^/ be 
the variation of/', supposing ni* to be fixed ; JZ and JZ' 
being the reaction of the two surfaces, forming, by their 
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intersection^ the curve to which the motion of m is con- 
finedy and r, r^ the lines perpendicular to these surfaces, 
we shall have, from the equation 0=2iS8« + jR8r + If Sr' 
(d) (263), 0=zmSSs'^pSJ+p%f'^... + Rir+mr\ In 
tbe same manner m' may be considered as a point held in 
equilibrium by means of the force m'S', together with the 
actions of the bodies m, ni\ . . • , and the reactions of the 
surfaces, which may be called. If' and if". If, then, the 
variation of 5' be called S/, that of/, taken with regard to 
this vitriation, aud supposing m to be fixed, S^,/, that of 
f'\ supposing ml' fixed, 8,/", and the variations in the 
directions of /J" and K" be 8/' and Sr'", \ve shall have, 
for the equilibrium of ni, 0=m'iS'&'+l>S,/+/'8/" + .. . 
+ JR"8/'4-i2'"8/": and the rest of Ihe points will afford 
similar variations, which we may add together, observing 
that for the total variations, 8/= 8/+ 8,/, 8/'=8/' + 8,, 
/'., . . ; each distance being liable to two partial variations, 
one at each end. We shall thus obtain 

0=2iWiS8« + 2jp§^+2fi8r. (*) 
In estimating the forces acting on each point m^ m'. . . , it 
is obvious that we may either consider any member of dif- 
ferent forces separately multiplied by the respective varia- 
tions of their distances, or consider the whole as combined, 
for each body, into a single result, by the equation (a) 
Yluz=,^Shs (250). 

If the bodies are united at fixed distances from each 
other, the lines /,/',/''..., becoming constant, tliis con- 
dition may be expressed by making 8/=0, 8/"=:0, 8/*" ' 
=0 • • . The variations of the coordinates, comprehended 
in the equation (it), may be subjected to this condition, and 
then the forces jp, expressing the reciprocal actions of the 
bodies, will no longer be concerned in it : we may als6 

N 3 
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omit the terms RSr, R^r\ . . , if we limit the variations to 
the surfaces in which the bodies are compelled to move. 
The equation (Jk) will then become 

O^ilmSSs. (Z) 

Hence it follows that^ in the case of equilibrium, the 
sum of the products of the forces, into the elementary va- 
riations of their directions, will be equal to nothing, pro- 
vided that the conditions of the connexion of the system be 
observed in those variations. 

It may be further shown that this theorem, which is here 
demonstrated upon the supposition that the bodies are 
united at invariable distances, is true in general, for all 
conditions of the connexion of the different parts of the 
system. In order to prove this, it will be sufficient to 
show, that, observing these conditions, we 'have, in the 
equation (i), OzzZpS/'+SfiSr, since it will then follow 
that 2!7n4SS«=0 also. But it is clear that Sr, S/. .^will 
necessarily vanish when the variations are confined to the 
given surfaces, and we have only to show that ^pSfizO 
under the same circumstances. 

Let us, therefore, conceive the system to be subjected 
only to the forces p, p\ p'\ . . . , and suppose the bodies to 
be at liberty to move in obedience to them upon the given 
surfaces : these forces may be resolved into others, some 
of which 5, j', jjr", ..., will act in the directions of /,/', 
f\. . • ; which will destroy each other [as the forces p in 
the former supposition, in virtue of the equality of action 
and reaction], without producing any motion in the cnmB 
in question ; others T, T', T"^ • • ., will be perpendicnbr 
to the curves described ; and others again will be in th6 
directions of the tangents of those curves, and capable sepa- 
rately of giving motion to the system : bat it is easy to see 
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that tibe sum of these last forces must be equal to nothing, 
since the system is at liberty to move in the respective di- 
rections, [unless each point were held at rest by equal and 
opposite forces, so that the sums of the opposite forces 
must be equal for all the points, and all these forces will 
vanish,] producing neither pressure on the given curves, 
nor reaction between the bodies, so that they may be ex- 
cluded from the equation, and the forces p, p', p" must be 
in equilibrium without them, or in other words — p, — p', 
•-y'', . . . together with j, g', q'\ . . . , must afford an equi- 
librium among themselves. Now, if St, Si', • . • be the va- 
riations of the lines of direction of the forces T, T', 2^^•.•, 
wo shall have, from the equation (it),0= S (q'—p) 8/*+ STSi; 
but the system being supposed to remain at rest in conse- 
quence of the forces g, g', • • • , without any action upon 
the curves or surfaces, the equation (1:) gives us also 0=: 
2gS^: consequently 0=:2pS^— rSTSt. But in the condi- 
tions of the problem St=:0, Si'=:0, ... , the variations be- 
ing confined to the curves, so that we have finally 0=2jpS/*, 
whence it follows, that with the conditions of the connexion 
of the system, ^mS^ziO, as before. 

[Scholium. The object of the second part of the de» 
monstration is to prove that ifp, p'j p", • • • , represent not 
llie reciprocal actions, but the total forces exerted on each 
body, exclusive of the pressure of the surfaces, these 
forces may be decomposed so as to afford forces equivalent 
to the reciprocal actions of the respective bodies, and that 
the remaining portions of the forces, as well as these reci- 
procal actions, will balance each other, in the case of equi- 
librium, according to the terms of the proposition]. 

306. Corollary. The converse of this 
proposition is equally true, and whenever the 



183 CELESTIAL MECHANICS. I. iii. 14. 

law of virtual velocities is observed, the sys-^ 
tem must remain in equilibrium. 

For if it were otherwise, and the points an, m^ . . . , acr 
quired the increments of velocity v, v', . . . , while 2iit«SSf 
remained=0, the system would be held in equilibrium by 
the forces mS, m'S\ diminished by the forces expended on 
the velocities, which may be called mVf mv\ • . . [making 
the increment of time unity]; and if we call the variations 
in the directions of these forces 8v, 8v', . . . , we shall have, 
by the proposition, 0= SmS&— SwivSt? : and since SanSSf 
=0, we have also 0=S»ii;8i;. But as the variations 8r^ 
St/, must be subject to the conditions of the system^ w^ 
may suppose tbem equal to vdf, or to t?, and we have then 
0=S»it?^, which can only happen when vrzO, i/=0, ... 
since all squares are positive : it follows, therefore, that the 
system must remain at rest in consequence of the forces 
mS, w!S'f . . . , alone. 

Scholium. The conditions of the connexion of the 
different parts of a system with each other may always be 
reduced to equations between the coordinates of the diffe- 
rent bodies concerned. Suppose these equations to be 
t«=0, u(z^Qy m"=:0, we may always add to the equation 
0=227/SS^ if) the quantity SxSti, the functions ^Si«, A^Sf^,... 
of which it is the sum, being dependent on the coordinates* 
[and of such a nature as to substitute an expression de- 
rived from them for the variations of the perpendiculars to 
the surfaces and for tho3e of the distances of the bodies (245^ 
Sch. 3)]; the equation will then become 0=:2m5S«+2^^ 
In this case the variations of all the coordinates will be 
arbitrary,andthehr coefficients maybe separately made equal 
to nothing, which will give as many different equations for 
tbe determination of a and A^ If we compare this eqas; 
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tian with the equation (1:), we shall have 2AStf=2p^+ 
SRSr ; whence it will be easy to infer the reciprocal ac- 
tions of the bodies m, m^ • . . , as well a3 the pressures 
— jR, — Rf . . . , which they exert on the surfaces to which 
they are confined. 

§ 15. Conditions of equilibrium for a system, of which 
all the points are united in an invariable manner. Centre 
of gravity : mode of determining its position with respect 
to three planes or three given points. P. 42. 

307. Theorem. The forces acting on any 
system of bodies in equilibrium being referred 
to three orthogonal directions, the sum of all the 
forces acting in each direction must vanish, as 
well as the sum of the rotatory pressures with 
respect to axes in each of the three directions- 

If all the bodies of a given system be invariably united 
to each other, its position will be determined by that of 
any three points belonging to it, which are not in a right 
line : now the position of each of these points depends on 
three coordinates, so that nine different distances are 
comprehended in their eqnations: but since the three 
distances of the points are given, they reduce the number 
of independent quantities to six, which will afibrd as many 
arbitrary variations : and by supposing the coefficients of 
these to vanish, we shall obtain six equations, which will 
include all the conditions of the equilibrium. 

For this purpose, we may suppose x, y, z^ to be the 
coordinates of m; sf, y, /, those of ni, and 3l\ }/', ii\ 
those of wi\ . • . ; we shall then have 
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and if we suppose Saf^Sa/zr&r^'r: . . • , SyrzSyrsSy^'rs •••9 
and 8z=:8^=:8^'= . . ., we shaU have 8/=0, Sf'=0, Sf" 
=0, •••; and the distances will be invariable, accord* 
ing to the conditions of the system. We may then infer, 
from the equation Ozz^mSSs, (/)> 

OsSffuS^; 0=S«iS|i; 0=S»iiS^. (») 

For since Sr=:S/=: ... the quantity IZmS^s, which is the 
sum of the partial differences with respect to x, x,.. ., must 
be divisible by dx; and the same is true with respect to y 
and z. It is obvious that these equations constitute the 
first part of the proposition. 

It will still be consistent with the conditions S/=:0, 
^^^0, • • ., to suppose z, zfp z", • . ., invariable, and to 
make ZxzzySw, Sa/zryg^*, . . , ; 8y =: — arSw, 8y=a?'8«r, . . , ; 
S'zr being any variation at pleasure [for example, that of an 
angle described round an axis parallel to z] : and snbsti^ 
tuting their values in two of the equations Ozz'^mSS^s, we 

have, since 2mi9 j-&r=:2aiiiSy-^yS«, and SteS ^. dg 

7;z'SmS'j^ (— <rS«r), adding these together, and |.diri* 

ding them by 8«, 0=2a»S (yJ^—ar^^; [the third eqoft* 

tion disappearing, becM^e Sz is supposed to vanish, u 
ivhen the variation takes place in a circle described on tlw 
a:iJ8 parallel to zJ] Fojr the same reasons^ we may ohtip 
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similar equations for x and z, omitting y, and for y and z, 
omitting ar» so that 

0=S«.S(yg-.xg);0=S«5(.g-xg); 
0=S«5(yg-.g). , in) 

Nov the quantity ^mSy^- is the rotatory pressure of all 

the forces reduced to a direction parallel to x, with regard 
to an axis parallel to z {256, 204). In the same maimer 

the quantity 2m5x^is the sum of the rotatory pressures 

of all the forces parallel to y, tending to turn the system 
round the axis of z, but in a direction contrary to the 
former: it follows therefore from the first of the equations. 
(»), tibat the whole rotatory pressure must vanish witjb 
respect to the axis parallel to z. The second and third 
equations indicate, in a similar manner, that the sum of 
the rotatory pressures is nothing with respect to axes 
parallel to y and to x: and these six equations complete the 
conditions of equilibrium expressed in the proposition. 

308. Corollary. If any point in the 
system* invariably connected with the whole, 
teper«a«nUyaire.t,it»ustbemco™K 
quence of a force equal and opposite to the 
result of the three forces acting in the three 
^ven directions ; and the conditions of equi- 
librium will then be reduced to the equality 
of the rotatory pressures with respect to the 
three orthogonal axes. 



(»), becomes S TyL-Swy— |~s»ix)> since the quantity _ 
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Supposing the bodies 171, fh\ fn'\ to be subject to the 
force of gravitation only, its action and direetion being 
the same with respect to the whole system, we shall have 

^Swy— K-S»»x)> sittce the quantity _ 
8a; 8y -^ Sx 

is the same for all the bodies concerned, as well as the 

force S: and the conditions of tlie equations^ thus trans- 

formed, may be fulfilled, by putting 

SwurrzO, SwyrzO, and ^mz^O, ^ (p) 

The three forces '2mS r^,'SimS -^9 and SmS',-=r- parallel 

ex Sy cz 

the three axes, which are destroyed by the reaction of the 

8** ^s 
fixed point, become, for a similar reason, iS-=^ ^m,S^'2m, 

ox by 

and 5 7- 2m; and these forces compose a force S2m, 

— p+ 

(^j^ + f^j^are always=l, and the resulting force is 

expressed by fhe diagonal of the parallelepiped. 

Scholium 1 . The origin of the coordinates, thus con* 
sidered as the fixed point of the system, is very remarkable 
for the property of affording an equilibrium of the weight 
of the whole system, whenever it is simply supported, 
whatever the angular situation of the system may be^ 
Hence it is called the centre of gravity of the system. Its 
place is determined by the property, that if we suppose 
any plane to pass through this point, the som of the 
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products of all the separate bodies, into their- distances 
from this plane, is equal to nothing: for the distances must 
be in some given proportion to all the coordinates x^ y, 
and z, [depending on the properties of similar triangles 
(117) and therefore " linear functions", not ^involving their 
squares; for example nx, nfy, or nf^z: but when SmjrzzO, 
it is obvious that 2)iitnx=:0, since n is constant;] whence 
the property of the plane passing through the centre of 
gravity is evident. 

In order to determine the position of tlie centre of 
gravity of any body, we may suppose X, Y, and Z to be 
its coordinates with respect to any given origin, or, y, andz 
being those ^f m, a/, t/, and af o{m\. *., with respect to 
the same point. We shall then have, from the equations 
(o), 0=2ift (x— oX) [the X of those equations being supposed 
to begin at the centre of gravity, and therefore answering 
to jr— Xhere]; now ^mXzzX^m, 2m being the mass of 

the system; we have therefore X=:--: — ; and in the same 

manner 1^=:-=--^, and Z=:— — • It is also evident that 

the coordinates X, Y, and Z, being thus completely deter- 
mined by the magnitude and position of the separate bodies 
of the system, they can only belong to a single point for 
any one system of bodies at the same time. For the direct 
distance of the centre of gravity we have the equation 

X«+l^+Z^=^^ y 2 ^? which may be 

transformed into 
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The finite integral being understood as comprehending all 
the combinations of the different bodies in pairs* [Thus for 
two bodies, m and m\ £m being m+m\ Xmx:=:niX+m'a^, 
and ':Zmm'zzmm% wehave(2iiix)*=:m*ac^-hm'V*+2iii»i'apa^= 

9^ -{-Zmm'xsf I and adding a third body, if 2anx be wr+ 
»V+«iV, we have (Swa:) «=i»2j;«+m'V«+i»''«j/'+2»w' 
sxf '{•2mwl'xaf' '\-2m'm*'afxf'zz {mx^^m'af^ + »y«) (» + •^ 

+¥0-»««»'(«'—«y— »»''(«*'— ^y--««'«^'(*^—«7; and a 
similar proof may be extended to any number of bodies.] 

By this mode of computation, we may determine the 
distance of the centre of gravity from any fixed point, when 
we know the distances of the different bodies of the system 
firom this point and from each other : and when the distance 
of the centre of gra^ty from any three points is thus 
fpund, its situation is in all respects completely ascertained. 

Scholium 2. The denomination of ** centre of gra- 
vity" has [sometimes] been extended to any system of bodies 
with or without weight, as determined by the three coor- 
dinates X, y> and Zf thus computed [,but it is more 
correct to employ, in this sense, the term ** centre of 
inertia" (298)]. 

§ 16. Conditions of the equilibrium^ of a solid of OMg 
figffiTs fohatever. P. 46. 

309. Theorem. For a single solid body, 
whatever its figure may be, we have the same 
conditions of equilibrimn as for a system of 
bodies, substituting fluxions nnd fluents for 
single bodies and finite integrals : tbat is 
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0=/Pdm, 0=/Qdm, 0=/Edm ; Ozzf{Py-Qx) 
dm, 0=:f{Pz-Rx) dm, 0=:f{Ry-Qz) dm. 

In fact wo have only to conceive the solid as a system of 
an inJSnite number of points, united in an invariable man- 
ner. If, then, we suppose ai» to be an infinitely small 
point or atom of the body, of which or, y, and z are the or- 
thogonal coordinates, and P, Qp R, the forces acting on 
the particle in the directions of x, y, and 2, the equations 
(m) and (n) will only require the substitution of P for S 

^, Q for S ^, and jR for S «~, to which fhey are respeo- 

lively equal, and we shall have 2PAm=:0, • • ., and conse- 
quentIyy!Pdi7»=0 ; [for since the fluxions are always in a 
constant ratio to the evanescent increments, whenever 
SPAmzzO, we may makeyjPdan^O also; and in the same 
manner the substitutions in all the six equations niay be 
shown to be admissible: the character of integration y* 
being understood as extending to the whole solid, in all its 
dimensions* 

Scholium. If the body is only at- liberty to move round 
a given point, at which the coordinates begin, the latter 
three equations are sufficient to determine the conditions 
of its equilibrium. 



CHAPTER IV. 



OF THE EQUILIBRIUM OF FLUIDS. 



§ 17. ^Introduction]. General equations of this equHi" 
brium. Application to the equilibrium of a homogeneous 
fluid, of which the surface is at liberty, and which covers a 
solid nucleus of any figure, P. 47. 

[310. Definition. " 367/' A fluid is a 
collection of particles considered as infinitely 
small spheres, moving freely on each other 
without friction. 

311. Theorem. " 368.'' The surface of 
a gravitating fluid, at rest, is horizontal. 

If the surface were in the least inclined to the horizon, 
the particles found in it could not remain in equilibrium^ 
but would descend, in virtue of their power of perfect free- 
dom of motion, until the level were restored. But it is 
more satisfactory to consider the immediate action of the 
particles concerned: and we may suppose two minute 
straight tubes, differently inclined to the horizon, and joined 
at the bottom by a curved portion, to be filled with eva-. 

nascent spherules: then the relative 
force of gravity is inversely as the 
length, when the height is the same 







> 
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(283), and the number of particles is directly as the length: 
consequently the absolute pressure will be equals and there 
will be an equilibrium ; and if the fluid in either arm be 
higher, it will preponderate. The pressure on the tube at 
any part is only the effect of the particle immediately in 
contact with it, and acts in the direction perpendicular to 
the tube, therefore if another similar row of particles in 
equilibrium were placed on the first, this pressure, acting 
in the same direction, would not disturb the equilibrium 
of the particles among themselves, however they might be 
situated with respect to the first. And conceiving any 
fluid to be divided into an infinite number of tubes, bent 
or straight, in which the particles form a continuous series, 
there can be no force to preserve the equilibrium in each 
of them, unless the height of each portion be equal. 

312. Theorem. "370.'' The pressure 
of a fluid on every particle of the vessel con- 
taining it, or of any other surface, real or 
imaginary, in contact with it, is equal to the 
weight of a column of the fluid, of which the 
base is equal to that particle, and the height 
to its depth below the surface of the fluid. 

Imagine an equable tube to be so bent, 
that one of its arms may be vertical, and the 
other perpendicular to the given surface: 
then drawing a horizontal line AB, the fluid 
in the portion of the tube AB will remain in 
equilibrium, and will only transmit the pres- 
sure of BC to the surface at A, and this will be true 
whatever be the position of the imaginary tube; and sinc^ 




\ 
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some particles of ihe flaid may be so arranged as to be no 
more disturbed in their initial tendency to motion than the 
fluid in such a tube would be, the equilibrium can never 
be permanent, unless the pressures be such as are here 
assigned. 

Scholium 1. If therefore any portion of the superior 
part of a fluid be replaced by a part of the vessel, the 
pressure against this from below will be the same which 
before supported the weight of the fluid removed, and, 
every part remaining in equilibrium, the pressure on Hie 
bottom will be the same as if the horizontal section of the 
vessel were every where of equal dimensions. In this 
manner the smallest given quantity of a fluid may be made 
to produce a pressure capable of sustaining a weight of 
any magnitude, either by diminishing the diameter of Hie 
column and increasing its height, or by increasing the 
surface which supports the weight: a property which has 
been called the hydrostatic paradox, and which is the 
foundation of the construction of Bramah's powerful 
presses. 

Scholium 2. These properties may be still further 
illustrated by imagining a vessel to be made of ice, and to 
be immersed in a larger reservoir of water^ and then 
thawed : in this case the water will make a part of the 
general contents of the reservoir, and consequently will 
remain at rest, if its surfaces are level with that of the 
reservoir : and it is obvious that the vessel has acquired no 
new power of supporting the pressure from being thawed: 
consequently the water will stand at the same height in 
every part of the vessel of ice as if it had remained water; 
exerting the same pressure on the sides of the vessel, as if 
it had to reaot against the weight of a fluid column imme- ' 
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tnbes or braiic{^es belonging to it, tlie water will stand at 
the same height in all* 

313. Lemma A. The partial variations 

8y (8xw) and K (8yw) are equal. 

For^ when the variation of u is taken with respect to a:, 
the quantities depending on y remain unaltered, and the 
process leads to the same result, when the variation is 
afterwards taken with respect to y, as if it had been in- 
verted. For example^ liwzix^y**, S;^u=:mx"^^ Sx.y^, and 
8y {SxU)=:mnX'^^ y'^-^SxSyzzSx (Syw): again, if 14=00:2 + 
btf^, S^u=:2axSx, 8y (8;.m)=0; SyU=2bySy, K (Syu)=0: 
and ifu^od^y^tP, the same results will be obtained, for the 
variations with respect to x and y, as if z were a constant 
qoantity. * 

314. Lemma B. If 8w=JV&r+M8y+jL8j2?, 
we have -^--^^ IT = ^T' ^^^ 1^ =-^- 

For 8;r«=iVJx, and S,ti=3f8y, and 8^ (8;ri«)=8y (Mx)= 

qaently -^=:-r— : and m the same manner the other 

equations are obtained, by comparing the variations in 
pairs. 

315. Corollary. An exact variation, 
containing two or more variable quantities, 
must always be conformable to the condition 
of this proposition. 

Scholium. This condition of integrability was first 
kiid down by Nicolas Bemonlli, in 1728.] 
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316. Theorem. ITie surfaces, dividing 
the diflferent strata of a fluid of different den- 
sities, must be perpendicular to £he results of 
tiie forces acting on them. 

If we wished to determiDe the laws of the equiUbiimii 
and motion of the separate particles of fluids^ it would be 
necessary that we should ascertain their precise form^ 
which IS totally unknown to us : but in fact we have only 
occasion to obtain such laws as are applicable to fluids 
considered as masses^ or assemblages of particles, and for 
this purpose the knowledge of the figures of the particles 
is superfluous. Whatever these figures may be, and what- 
ever may be the affections of the separate particles as de« 
pending on them^ all fluids, taken as aggregates, must 
afibrd the same phenomena in their equilibrium and their 
motions, so that the observation of the phenomena can lead 
us to no conclusions respecting the forms of the particles. 
These general phenomena depend on the perfect mobihty 
of the particles, which may be displaced by the slightest 
force: and it is by this mobility that fluids are distin- 
guished from solids. It is the necessary consequence of 
this mobility, that every particle of a fluid must be held in 
equilibrium by means of the forces acting on it, together 
with the pressures to which it is subjected, and which are 
transmitted by the surrounding particles. We must now 
examine the equations which may be deduced firom tbifl 
constitution of a fluid. 

We may, therefore, consider a system of elementary par- 
ticles, forming an infinitely small rectangular parallele- 
piped ; and we may suppose the coordinates, x, y, and z, to 
belong to the angle nearest to their commoo origin. Let 
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the infinitely small differences ax, ty, Az, be the sides of 
the parallelepiped: let p be the mean pressure on the dif- 
ferent points of the sur&pe ^y^, which is perpendicalar 
to X, and p' the same quantity belonging to its opposite 
surface : the parallelepiped will be urged in the direction 
of r by a force equal fo (jp— |>0 AyAz. Now (^ — p) is the 
difference of p, taken on the supposition that x alone is 
variable; for though jp' is supposed to act in the direction 
contrary to that o(p, yet the pressure, that a point of a 
fluid undergoes, being the same in all directions, we may 
consider !>' — p as the difference of the two forces, acting 
in the same direction, at an infinitely small distance from 
each other : so that we hayep'—p=:Aa:pp and (j)-—p')Ay^ 

=: — AxpAyAzzz — AXAyAz. Let P, Q, and R be the three 

accelerating forces which act on the fluid particles, inde- 
pendently of their connexions, in directions parallel to x, 
y, and z: if we call the density of the parallelepiped f, its 
mass will be gAXAyAz, and the product of the force P by 
this mass will represent the whole motive force derived 
from it; consequently the whole force, acting in the direc- 
tion of ;r, will be (gP — ^) AXAyAz. For similar rea- 
sons, the elementary system will be solicited, in directions 
parallel to y and z, by the forces (g Q — ^ j AXAyAz, and 

(R — ij AXAyAz, We shall therefore have, for the 
conditions of equilibrium (b) (251) 

33p==f(Pir-hQ*y+iJ&)[:since^=t?,and3jp==t^ + 

o 2 
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yp yp 

—^y + -5^8»]. Now » being a possible and consistent quan- 

oy az 

tity^ its variations, and consequently its fluxion, must be 

exact (315): we have therefore (314), £^)=:4!^\ 

ay ax 

d'(fP) d'(ffi) d'(pO) d'(fiJ) „ r • jv nx 

V ^ = --T— ; — ^f-^=-^^— ; consequently [, since d (pP) 
dz ax az ay 

= ^'P + Pd'f , •. ., we have, by combining the three last equa- 
tions, multiplied by P, Q, and fi, 0= P (^ 1^ + Q ^ - f 

le -T-* + P ■—-*• p —r^ — Q -T^\ : and since the terms con- 
V* dy ay ax ax/ 

taining i'f obviously destroy each other, we obtain, firom 

those which are multiplied by g, the equation] 

o=P £«-Q^+jjd:^-pd:^+Q^-B^. 

az az ay ay ax ox 

And this equation expresses the relation between the 
forces P, Q, and jR, which is required in order that tha 
equilibrium may be possible. 

If the surface of the fluid, or any part of the surface, is 
at liberty, the value of ^ must be evanescent at that point, 
since there is no pressure that could be measured hyp; 
we have therefore for the direction of the surface 3]p=0, 
the variations h:, iy^ ^z, being so related as to belong to it 
The independent forces must therefore balance each other 
with respect to any motion in the direction of the'snrface, 
and 0=:P3ir+Q3y + U&: but this can only happen when 
the result of these forces is perpendicular to the surface, 
the general equation S«S& + " R" 3>'=:0(c) (252) becoming 
here Ph: + Qiy H- fife + " ii" J^= 0, and Plx + Qiy H- Rii 
:r — *' 12" it, indicating a result in the direction of r, Ae 
perpendicular to the surface. 
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Supposing the variation P3^ + Q3y -f 123^ to be exact, 
which must be the case whenever it arises from any attrac- 
tive forces that can be combined in nature, and calling ttiis 
variation if, we shall have ^pzz^ifi consequently ^ must 
depend on p and/; and^ince the fluent of this equation 
gives us/in terms oip^ we shall have j? determinable from 
f, so that the pressure J9 must be the same wherever the 
density f is the same, and dp or Ap must vanish with re- 
spect to those strata of the fluid, in the direction of which 
the density is constant : we have therefore, with regard to 
these surfaces, 0= PJUr 4- Q3y -f jRJz, consequently the re- 
sult of the forces, acting at any such surface, must be per- 
pendicular to it : and such strata are called level strata [,at 
least with respect to the force of gravity]. This condition 
is always satisfied throughout the fluid, when it b homo- 
geneous and incompressible, since then the strata, to which 
the result is perpendicular, are always of the same density. 

For the equilibrium of a homogeneous fluid, of which 
the upper surface is at liberty, it is necessary, and it is 
sufficient, first that tbe quantity Ph: 4- Qiy + Riz be an 
exact yariation, and secondly, that the result of these 
foi^es, at the exterior surface, be directed perpendicularly 
towards that surface.. 



CHAPTER V. 



GENERAL PRINCIPLES OF THE MOTION OF 

A SYSTEM OF BODIES- 



§ 18. General equeUion of the motion of a system. P. 50. 

317. Theorem. If we have any number 
of bodies, w, m\ rw^ . . . , the places of which 
are denoted by the coordinates x^ y , %^ x\ y'^ 7i^ 
. . , , and which are subject to the forces P, Q, 
H, P^, Q', H', • . . , respectively, we shall have, 

supposing df constant, ^zzz\mlx{^^ — ^P)+ 

w8y(j^| — ^)+^M"dF — ■^)}^ ^^ characte- 
ristic 2 implying the sum of all the quantities 
of the same ^ form, belonging to each of the 
bodies respectively. 

The laws of the motion of a point have been compared 
with those of its equilibrium, by [conceiving the motion 
created or destroyed in each instant to form an equilibriuD 
with the force or forces producing the change, or, in oflier 
words, by] decomposing its momentary motion into two 
parts, one of which it retains in the next instant, while the 
other is destroyed by the effect of the forces to which it if 
6nbjected. The same method may be employed in order 
to determine the motfon of a system of bodies, m, m'^m^i 



OF THE MOTION OF A SYSTEM. 199 

. . . ThuSy let mP, mQ, mR^ be the motive forces which 

impel the body m in directions parallel to the orthogonal 

coordinates x, y,z; let m' R, ml Q^ vi R\ be the forces 

belonging to m'\ and let the time be t. The momentum 

of m, reduced to the respective directions, vi^ill be m 

ox dt/ djz 

-T~»^j > and m -p- : to this the force P, so far as it is not 

Cit Qt ot 

otherwise compensated, will add a momentum, which may 

be expressed by m * P* Lt, and which is obviously equal 

dj? 
to m Arr-, since in the time Af the momentum becomes m 
dt 

Ax n, i? dx 

j^+mA -rj ; and m * P^ d^nawd-rr : consequently the un- 
compensated force in the direction of x will be »» P 

,^ ddx - , «, ddx . 

dt -77- L^r more properly mP '^ -775- ; lor it is un- 
necessary to combine the idea of time with that offeree in 
estimating its comparative magnitude] ; and the same may 
be shown with respect to the other forces concerned. We 
have, therefore, from the principle of virtual velocities, 

that is 0= 2m5& (Z) (305), 0=m8x (^— P) + «» 8 y 

(^f-«')+"'S''(^-«)- <« 

From this general equation we may eliminate, by means 
of the particular conditions of the system, as many of the 
variations as there are of these conditions ; and then by 
making the coefficients of the remaining variations vanish 
separately, we shall obtain all the equations necessary for 
determining the motion of the different bodies of the 
system. 
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§ 19. Of the principle of living farce* It is only 
true where the motions change by imperceptible degrees. 
Mode of estimating the alteration of the Hiring force in 
the abrupt changes of the motions of a system. P. 51. 

[318. Definition. The product of the 
mass of any body, into the square of its 
velocity, is called its impetus or energy. 

319. Theorem. The joint impetus of any 
system of bodies is equally increased or di- 
minished by the action of any combination 
of forces, provided that the initial and final 
places of the system are the same, whatever 
may have been the intermediate paths de- 
scribed by the different bodies.] 

We may derive from the equation (F) of the last pro- 
position several general principles of motion, which it will 
be proper to examine in detail. The variations Sx, ^, 
Sz, Sj/, . . . , will obviously be subjected to all the condi- 
tions of the connexion of the system, if they be supposed 
proportional to the fluxions dx, dy, dz, dx', . . . , which 
represent the actual motion; we may, -therefore, make 
this substitution in the equation (P) and it will then 

becomeO= S \ mdx {.,^ — -P ) + ^^y{'A^~ Q ) + «» *^ 
(-T^ ^) V ^^®"^® ^® ^^^^ OzzIot OA2 — 

- Ifm iPdx + Qdy + Riz) and Im ^^' + 4i^t ^^ 

dt^ 

= C+22j»/(Pdx+Qdy+JRdz), C being a constant 
quantity. (Q) 
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If the forces P, Qy R, are the results of attractions 
directed to fixed points, and of attractions of the bodies 
to each other, the quantity Xm (Pdx -{- Qdy '\' Riz) is an 
exact fluxion. For the part which depends on the attrac- 
tion to fixed points is an exact fluxion, because the forces 
in the three directions are obtained by the resolution of 
single forces acting in given lines, each of which must 
afibrd a true or exact variation when resolved, so that their 
sum, however combined, must still be an exact variation. 
And with respect to the parts depending on the mutual 
attractions of the bodies of the system, if we call the dis- 
tance of m from m', f, and the attraction of m' for m, m'F^ 
the part of m (Pdx + Qdy -\- Rdz) that relates to this 
attraction will be mm'Fd*f, the fluxion dy* relating to the 
change of the coordinates of m only ; but since reaction 
is alway equal and contrary to action, the part of w' (P'djf 
+ Qdi/ H- Kdzf) depending on the action of m or m' is 
equal to — mniFdy^ supposing dy to relate to the change 
of the coordinates of ml only : consequently the whole 
effect of the reciprocal action of m and m' is represented 
by the product — mm'Fdfy df being the total variation of 
/: and Fdf is an exact fluxion whenever JF is a function of 
/, or when the attraction is dependent on the distance, as 
we suppose to be the case with respect to attractive forces 
in general. Consequently the sum of all such actions 
must be expressed by an exact fluxion, whenever the 
forces concerned depend on the attraction of the bodies 
of the system for each other, or for any fixed points. If 
then we suppose this fluxion to be d^, and if we call the 
velocity of m, v, that of m\ v',. •, fWe shall have 

Xm^zzc^2p («) 
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This eqaation is analogous to the simpler equation ffizz 
^+2^(y) (264)^ and expresses algebraically the law of 
living forces [or energies. Dr. WoUaston has g^ven to 
this function of a moving body the very appropriate name 
of impetus ; a short time before, the term energy had been 
proposed, and either or both of these words may be em- 
ployed with advantage : energy is perhaps more likely to 
be misconstrued in a moral sense, but it is more convenient 
when a plural is wanted]. • 

320. Scholium 1. This principle is, 
however, only applicable when the motions 
of the bodies concerned are changed by im- 
perceptible degrees. 

For if the motions undergo abrupt changes, the impetus 
is diminished in a manner which may be thus determined. 
We may employ, in this case, the character A (317) as 
denoting a finite variation of the velocity, and we shall 
have for the part of the force P not accelerating m, m 

(P — A-j-j, and the equation (P) will become 0=:£iii 

In this equation we may substitute for Sx, dx+Adar, for 
Sy, dy + Ady, and for Sz, dz+Adz, since it is perfectly 
consistent with the conditions of the system, to make the 
arbitrary variations such as actually happen, the variations 
preserving the proportions of these fluxions though they 
remain infinitely small. The equation will then become 



{ 
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Adz)|, 

The sum or integral of this expression^ considered with 
regard to the finite differences, may be denoted by S^, the 
sum of the similar expressions, derived firom the separate 
bodies of the system, being still distinguished by £. Now 
S^ m P(dx+Adjr) is evidently equal to JmPdj:: and we 

A^) ^—2:^Jm{Pix + Qdy+Rdz): [for, if Aw be the 

finite difference of «, A (u^=:(u+Auf—t^zz2u^u + Am*, 
and A(u^ + Atf<=: 2ttAtf +2AttS consequently u^+i:, Au^ 
=22^ (tf At«+Att^, and, in the present case do:* +2^ (Ada:)* 
=22^ (djp+Adx) Adx: and .with respect to the integral of 
mP (dx+ Adjr) it is evident that the expression being only 
of one dimension, the product mPdx will remain unaltered, 
whether it be supposed to vary by finite or by infinitely 
small differences, provided that the same value of P be 
always attributed to the same value of x, so that the dif- 
ference of the values ofJmPdx for any two values of x , 
will be equal to the difference of the values of X/n (Pdx+ 
Adr); that fluent may, therefore, be considered as the 
integral represented by the character 2^ .] If, tiierefore, 
we denote by v, t/, t/', • . . , the velocities of m, m', m'\ . . ., 

shall have W= ^^-^^^^H^'if+i^^Y^ 



we 



fir 

(A^)^+22/wi(Pdx+ Qdy + JBdx). Now the quantity 

under the sign 2^ being necessarily positive, we see that 
the impetus of the system is diminished by the mutual 
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action of the bodies concerned, whenever, in the coarse of 
the motion, any of the variations ^ jT*^ jT> • • • > ^^® imite : 

and the preceding equation affords a very easy method of 
determining this diminution. 

At every abrupt variation of the motion of the system, 
we may conceive the velocity of m to be divided into two 
portions, the one v, which it retains, the other F, destroyed 
by the actions of the other bodies [, for, even if the velocity 
be increased, we have only to suppose that a negative 
portion of it has been destroyed, in order to justify this 
expression of Dalembert, which is so often used by 

Laplace] : now the velocity of m being V J[^ , 

before this decomposition, and afterwards 

(dx + Adx)2 + (dy-f Adv)^-f(djz-f Adz)2 . . 
^' ' ^ , ■ — -^ -, it IS easy to see 

that F«= (a ^Y+ (a ^y+ (a ^y [since the diagonal 

of a parallelepiped, of which the square is equal to the sum 
of the squares of its sides, may be divided into two portions 
of which the squares must be respectively equal to the 
sums of the squares of the parts of those sides : in fact 
± V must be simply equal to the square root of this 
quantity ; since the sum of the squares of the finite dif- 
ferences of the velocities, in the three orthogonal direc-^ 
tions, must necessarily give the square of the difference 
of the actual velocity :] and the preceding eqoation may be 
expressed in this form, 2mv*= C-^X^lmV^ + 22/f»(Pdjr 
+ Qdy+jRdjj). i 

[Scholium 2. It is Terjr doubtful whether an abrtipt 
change of velocity ever takes place in nature,, though the 
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loss of force by friction, and by the change of the form 
of aggregation may sometimes produce almost the same 
phenomena : but the investigation of such cases scarcely 
requires to be conducted in a very general manner, or in 
great detail. It may be of more utility to insert here a 
geometrical demonstration, subservient to the illustration 
of the principle of the preservation of impetus or living 
force, though it might, without impropriety, have been 
introduced somewhat earlier, since it relates to a single 
moving point only. 

321. Corollary. "245.'' Two bodies 
being attracted towards a given centre, with 
equal forces at equal distances, if their velo- 
cities be once equal at equal distances, they 
will always remain equal at equal distances, 
whatever their direction may be. 

Let one of the bodies descend in the A 
right line AB towards C, and let the other 
describe the curve AD, and let the velocities ^ 
at B and D be equal ; let DE, in the tangent K 
of AD, be the space which would be de- 
scribed in an evanescent portion of time by 
the velocity at D, F6 the arc of a circle of 
which the centre is C, and GE its tangent ; 
and while BF would be described by the 
velocity at B, let FH be added to it by the 
attractive force; draw the arc HI and its 
tangent IK, and EL parallel to DC, and KL perpendi- 
cular to DK, then DG : DE::GI : EK::EK : EL, by 
similar triangles ; therefore GI is to EL in the duplicate 
ratio of DG to DE, or as the square of DG to the 
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square of D£ (194): consequently EL will be tlie spaoe 
described by the attractive force, while DE would have 
been described by the velocity at D ; for the force may be 
considered as uniform during the evanescent increments, 
and the spaces described by such a force are as the 
squares of the times : hence the joint result will be DL, 
which is ultimately equal to DK, and the whole velocity 
will be increased in the ratio of DK to DE, or DI to 
DG, or BH to BF ; consequently, since H, I, and K are 
ultimately equidistant from C^ the velocities in AB and 
AD, being always equally increased at equal distances, 
will therefore always remain equal at equal distances. 

Scholium 3. We may observe that every known force 
in nature acts in conformity with this condition, and 
operates always equally at equal distances from its origin: 
as Laplace has himself remarked in this article, asserting 
that jP is always a function of f\ and if the case were 
otherwise, with respect to gravitation or magnetism, for 
example, we might easily obtain a source of perpetual 
motion, by causing a body to describe, in its descent, a 
path in which the force is greater, and to ascend by one 
in which it is smaller at the same distance. There is 
indeed a supposed exception, in the hypothesis, which 
Laplace has elsewhere adopted, respecting the extraordi- 
nary refraction of crystallized bodies : but the exception is 
by far too paradoxical, to be admitted by any person, not 
previously determined to deduce the motions of light 
from the laws of attractive and repulsive forces : for here 
it is assumed that the force depends, not on the distance 
of the attracting substance, but on the direction of fhe 
motion, with which it varies perpetually. The New- 
tonian demonstration of the laws of ordinary refraction 
had the advantage, on the other hand, of simplifying their 
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supposed cause, since it shows that the phenomena may 
be deduced from the operation of a constant force, acting 
equally upon the moving body, whatever its direction 
might be, and fulfilling the condition, that ** Fattraction 
est comme une fonction de la distance, ainsi que nous le 
supposerons toujaursJ* P. 58.] 

§ 20. Of the principle of the preservation of the motion 
of the centre of grq,vity: which is true even when the 
bodies exert abrupt actions on each other. P. 54. 

322. Theorem. The centre of gravity of 
any system of bodies perseveres in its state of 
rest or uniform rectilinear motion, notwith- 
standing any reciprocal action between ihe 
bodies. 

If we substitute, for the variations of the places of aQ 
the bodies m\ m'\ • . ., the variations of the place of m 
augmented by the difference of the variations, and make 

&r'=&r+8x', 8/=8y+V/ 82'=8«+8z', 

substituting these values in the expressions for the varia- 
tions of/,/', . . . , the distances of the bodies (307); it is 
obvious that Sor, Sy, Sz will disappear from these expres- 

sions[; thus 8,/==?^5^=^^>^^ 

/ f 

Now if the system is at liberty, none of its parts being con- 
nected with any foreign bodies, the conditions, relating to 
their mutual connexion, depending only on their distances 
from each other, the variations Sx, Sy, S2, which relate to 
a quiescent point, will be independent of these conditions; 
whence it follows, that if we substitute these values of 
the variations in the equation (F) (317), we may suppose 
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either Sx, Sy, or S2 to subsist alone, so that its coefficients 
will vanish: we have thus the three equations Ozz^m 

(^-P),0=r»,(^^-Q),0=X„(^'-R). N....P. 

posing X, Y, and Z to be the three coordinates of the centre 

of gravity of the systen.. we have X=^;Y=^; Z= 

Ymz ,, . ,,,t^ Smddo? , ^ ddX 

--; — : consequently, since dd-Xiz— — , we haveOiz , ^ 

2m 2m dr 

— SmP ^ ddF 2mQ , ^ ddZ Xmfi ,. , 

-— ; 0--- — , and 0=-^:-- =— ; so that 

2m at^ Urn dt^ 2m 

the motion of the centre of gravity of the system is the 

same, as if all the bodies, and all the forces acting on them, 

were united in it. (264). 

If the system is only subjected to the mutual actions of 
the bodies composing it, we shall have 

0=2mP; 0=2mQ; 0=2mE; 
For if we express the mutual action of m and m' hy p, and 
their distance by /, we shall have, as far as this action 
alone is concerned, 

mP^P^^; mQ=P^^; mR=P^^ 

^^p^^P^). ^q^m^y), m'R=P^. 

Hence mP+m'P'=0; fnQ-hm'QzzO; mB+m'jR'=0: 
the mutual actions of the bodies in the respective directions 
obviously destroying each other : and it is manifest that 
these equations would be equally true if jp represented any 
finite and instantaneous action. We have also, in the ab- 
sence of any foreign force, 

0=— — ,0=-^,0=:-— ; and by taking the fluent 
twice, X-a+bt, Yzzei-k-Vt, and Z=ar' + 6% the as and 
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6s being coDStanl quantities. These equations will give 
us linear relations between X, V, and Z, if we extermi- 
nate t ; whence it follows that the motion of the centre of 
gravity is rectilinear : and its velocity being equal to V 

{©*+©'+(l7)'}' «' '» <'(^+»-+»"-). " « 

always constant, and the motion is uniform. 

Scholium. It is obvious from this analysis that the 
invariability of the motion of the centre of gravity of a 
system of bodies, whatever their mutual actions may be, 
holds good even in the case of an instantaneous loss of a 
finite quantity of motion in the separate bodies, by means 
of their mutual action. 

§ 21. Of the principle of the constancy of areas, tt 
subsists notwithstanding the abruptness of any changes in 
the system. .Determination of a system of coordinates, for 
which the sum of the areas described by the projections of 
the revoking radii vanishes for two of the planes of the 
ordinates, the sum being a maximum on the third, and 
vanishing for every plane perpendicular to it, P. 56. 
[General properties of projections,'] 

323. Theorem. The sum of the areas 
described by the projections of the revolving 
radii of any system of bodies, upon any given 
plane, multiplied respectively by their masses, 
is proportional to the time, supposing the 
bodies subject only to their reciprocal actions, 
and to a force directed to the origin of the 
radii. 
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We may obtain from the equation (P) (317) the particu- 
lar value 0=S»i ^ ^^Tj ^ -t-Sgit (Py— Qx), if we cause 
the rariation 9^ to disappear from the expression ^^»J 
|(^— xy+(y— yy4-(2'— «y} by making Jir^=2L- + ii/^; 

y y y 

=: HSy^'^; .«•; [thepartof each of these expressions, 

that involves 3^, belonging to a supposed revolution of the 
body round the axis parallel to z : for if the distance of m 
from this axis be s^ and that of m\ 8\ the elementary arc 

described by m will be — he, and the arc described by 

y 

m\ — . — &»?=: — 8t, whence the variation oi if will be -^. 

9 y y i 

— Sx=:^Sa;]. This substitution gives us the value of ^, 

y y ^ 

Sf, ^f, ... » independently of h:, [as it must necessarily do 
from the agreement of the variations substituted with a 
rotatory motion] : we are therefore at liberty to assign any 
value to Sx at pleasure, while we observe these conditions, 
and its coefficients may be made to vanish, [as they most 
obviously do if Sx be infinitely greater than the other varia- 
tions concerned]. In making this substitution for &/, . . . , 

in the equation (10 (317), thatis,0=m8r (^r""^) -+, 

, ■ f J ... we are only required to employ for &/; 

^-**-, since ax\ is supposed to vanish in comparison witk 

y 
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ir,andwehayeO=m(^-P) +m'X(^^-F). or 
Py) and in the same manner the substitution of ~ ,..., 

' y 

for h/, iy\... , gives us, for mly (^- Q) -h m'Jy 

( dF~^)* ' ' • ~^'^ ^~Ai^~^) ' ^**^°^® ^®. ob^'» 
^ x y^y ^ ■f2m(Py-~ar)=zO; and by taking the 
fluent, we have c-Xm ^ ^~^ ^ + Ijm {Py—Qx)dt, 

[since d(xdy)=:a:d2y + dxdy, and d(yd:r)=yd«x + dxdy]; c 
being a constant quantity. By employing the same mode 
of reasoning with respect to the variations of a: and z, and 
of y and z, compared together, we obtain two other similar 
equations; consequently 

c zzlm ^fcy^+2> (Py-Qx) df, 
d-zi^m ^^^~^^'^ + £> (Pz—Rx) it, and 

i/'=zlm yi^^+2/m (Qz—Ry) dt. 

Let us now suppose that the different bodies are only 
subjected to each other^s reciprocal actions, and to a force 
directed to the origin of the coordinates. Calling the 
reciprocal action of m and m\ jp, we shall have, as far as 
this action is concerned, 0=iw(Py — Qx)+«i'(Py — Cto^); 

[for «P=fcf}, «,'P'=^^>. mQ=P^.m'Q'= 

J J %f 

t^:Z^, as in article 322, and f»Py+m'P'y'=5fcf^ y 

p e 



H19, 
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+ P^-A y. and ^Qx+fn'Q^=P^ x - ?^ 

x' ; but these two sums being equal, their difference 2m 
(Py — Q;x) vanishes:] and the same is, therefore, true re- 
specting all the other reciprocal actions of the system, and 
with respect to all these the sum ILm {Py — Qx) vanishes. 
Again, if S be the force which urges m towards the origin 
of the coordinates, we shall have, as far as this force alone 

Sx 

is concerned, Pz: — ^^ ■ ; — 7, and Q= 



-Sm 



: consequently Py=: Qx, and their diffe- 

rence vanishes. AVhen, therefore, the bodies are only sub- 
jected to their mutual action, and to the forces directed 
to the origin of the coordinates, we have 

^ xdy — ydx , ^ xdz — zdx 

cnSw — '-^-T^ ; c— Swi-- 

d^ 



d^ 



d^ 



(Z) 




If we suppose the place of 
the body m to be projected on 
the common plane of x andy, 
the fluxion i (jrdy — ydx) will 
represent the area traced by 
the radius drawn, from the on* 
gin of the coordinates, to the 
projection of m: it follows, 
therefore, that the sum of the areas described by the radii, 
belonging to the different bodies of the system, multiplied 
by their masses, is proportional to the fluxion of the time, 
and, for any finite interval, proportional to the time itself. 
This constitutes the principle of the constancy of areas, 
which is obviously true for any plane whatever, since ibe 



or 
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motion of the bodies bears no determinate relation to x, y, 
and z ; and, if the attractive force vanishes, the principle 
is also true with respect to any point whatever : nor is the 
demonstration limited to changes produced by insensible 
degrees. 

324. Lemma- If we have two systems 
of orthogonal coordinates, a?, y^ z^ and x,,,^ y,,^ 
z,„j originating from the same point : if a be 
the inclination of the plane of w,„ and y„, to 
that of X and y, [its positive values implying 
that z^„ inclines towards the same side of x 
with +3/], and if + be the angular distance of 
X from the intersection of these planes, and -p 
that of x,„^ the equations between the coor- 
dinates will be 

x=x,„ (cos $ sin + sin ^ + cos + cos f>) 

+y,y, (cos 6 sin + cos ^ — cos + sin <f>) 

-^z,,, sin 9 sin + 
y:=^x,,, (cos d cos + sin p — sin + cos (f>) 

+y,„{cos 6 cos ^ cos ^-f- sin + sin p) 

+z,„ sin 9 cos + 
z-z,„ cos 9—y,„ sin 9 cos (p — x,„ sin 6 sin f. 

In order to assist the imagination, we may suppose the 
origin of the coordinates to be at the centre of the earth, 
the plane of x and y to be the ecliptic, and z to be directed 
to its north pole [x being considered as positive when it 
lends moi'e or less to approach the vernal equinox on, and 
y when it tends towards the sign 23, and negative on the 
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opposite side of the centre] : then if the plane of x,,, and y^, 
be that of the equator, we shall have z^^^ parallel to the 
earth's axis, pointing to the north pole [» and inclining 
towards the sign S5, towards which y is positive]; the 
obliquity of the ecliptic will then be [ + ] d» and ^ will be 
the longitude of the axis x with respect to the Temal 
equinox, which is the intersection of the two planes on the 
side of +^; the distance of a:,^, and y^^, from the same line 

will be ^ and ^+5- respectively, these angles varying with 

the rotation of the earth. 

Now if x^, y^, and z^, be an intermediate system of 
orthogonal coordinates, x^ being the line of the vernal 
equinox, y^ the projection of the earth's axis on the plane 
of the ecliptic, and 2, coinciding with the axis of the 

ecliptic z ; the ordi- 
nates x^y^ x^ and y, 
being in the same 
plane, we have 
xzzx^ cos ^'^-y, «in +J 
y^Vi ^^^'^ — aF^8in+; 




T ..«. 



z=z,. 



In the next place, let x^,, y,, and z^^ be another system 
of coordinates, of which x,, is parallel to the line of the 
vernal equinox, and «,, to the earth's axis, y^ being conse- 
quently in the plane of the 
equator : we have then y^ and 
z,^ in the plane passing throiij^ 
y^ and jT^ while «^ andx^con- 
cide: conseqnently 




x.zzx 



u^ 



y,=y^co8fi+«^8in^; 

Jf,=:x^co8^-y,,8]nl. 
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Lastly^ while z^,, is substituted for its equal s^^ with 
which it is identical, we shall have x^^^ and y,^ in the same 
plane with x^^ and y,> 
which is that of the equa- \ p 
tor : we have thus 
*//=^.//COSf — y,,,sin^; 
y//=y///Cos^ +ar,,,8in^; 

[The second sign in the value of x^^ is here negative, 
because the axis x,^ is not between «,,, and y,^^ while y,^ is 
between y^^^ and j:^^^.] By substituting successively the 
values thus obtained, we have [first 

*/=^///COS^— y,,,sin^; 

Vr^Vm ^^^ f cos9+x,^, sin f cos d + ib,,, sin 9; 

j^=z^^, cos 9 — y^,^ cos ^ sin 9 — x,,, sin ^ sin d; then 

xzzx,^, COS ^ cos +— y,„ sin ^ cos 4^ + y,„ cos ^ cos d sin 4" + a?,^ 

sin ^ cos $ sin >f'+z^^^ sin sin 4^ ; 
y = y,,^ cos f cos d cos + + j;^,, sin f cos 9 cos + + z,^, sin d cos + 

— X,,, cos ^ sin ++yy,, sin ^ sin 4^ ; 
z=z,^, cos d— y^^, cos ^ sind — x,„ sin f sin d; or, collecting 

the coefficients] 
x:=zx„, (cos p cos 4^4- sin f cos 9 sin4')+y^^^(cos f cos ^ sin 4^ 

— sin f cos +) +9^, sin ^ sin 4^ ; 
y:^x,,, (sin f cos d cos 4^— cos^ sin ^d+Vm (^^^ ^ ®^ ^ ®®* ^ 

+ sin f sin 4^) -^z,,, sin ^ cos 4^ ; 
zzz — x^,, sin f sin ft— y,,, cos f sin 9+z,„ cos ft. 

Corollary 1. We find also 
x^^,= j: (cos sin 4^ sin ^ -h cos 4^ cos f) 

4-y (cosft cos 4^ sin^ — sin 4'Cosf)— z sin ft sin f; 
y,„'=-x (cos ^ sin 4" cos f — cos 4^ sin ^) 

-hy (cosft cos4' cos ^-f- sin 4^ sin ^) — ^zsinft cosf ; 
z^=x sinft sin4'-f y «int cos4'4-< cosft. 
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These values are obtained by multiplying each of the 
former equiations by the respective coeflScients of x^,^^ and 
adding the three products together; and by repeating the 
operation fory^^^ and s^^, in the same manner [: or, much 
more simply, by merely substituting — 5, ^, and ^ for d, ^^ 
and ^, jr^^^, y^^^, and z,,,, for x, y, and z, and the reverse, 
according to the terms of the proposition]. 

Scholium. These different transformations of the co- 
ordinates will be very useful hereafter. We may distin- 
guish those which belong to the bodies m', ni\ . . . , by 
adding accents above the respective characters, as x\ 



11, > '*'/// 



.!> « . . • ( M'.,, f '^ All 9 * * * 



[Corollary 2. Putting y,/,=0, and z^^^:=.0, we have 
xzzx^^^ (cos 9 sin >f^ sin ^-f-cos ^ cos ^) and in this case 



X 

m 



is the cosine of the angle formed by x and x^^^, or of the arc 
intercepted between them: while d is the spherical angle op- 
posite to that arc or side, and >f^ and <p the two sides including 

it. We have also — == — sin 6 sin ^, for the cosine of the 

X 

I /I 
angle formed by z and x^,^, which is equivalent to sin 

Latzzsin Obi Eel x sin Long. ] 

[325. Lemma A. If a perpendicular be 
let fall from the vertex of a triangle on the 
base, the difference of the segments will be a 
fourth proportional to the base and to the 
sum and difference of the two sides. 

The segments of the base being d and cC^ the diffe- 
rence of their squares is d^ — d*^\ but the difference of 
their squares is equal to the difference of the squares 
of the two sides, since the perpenidicnlar is the timie 
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for both the right angled triangles formed by the divi- 
sion of the base: we have therefore a'*— a"*=6* — c*: 
but a'«-a"2- (a'— a") (a'+a")=(«'— «") «. and ¥—c^- 

{b + c) (ft— c) : consequently a'— a" = (*±£)(*z:£.\ 

326. Lemma B. If an anglfe of a rectan-' 
gular parallelepiped be cut off by a plane 
passing through three of its diagonals, the 
three planes perpendicular to the section, and 
passing through the edges meeting in the 
angle, will be perpendicular to the opposite 
sides of the section. 

For the perpendicular falling from the solid angle on the 
diagonal between the sides or edges a and b will divide 
that diagonal into two segments, of which the difference is 

equal to ---, (325), and the perpendicular from the 

^/(aa^-66) 

opposite angle of the section will fall on the sanie point, for 

in this case the difference of the squares of the sides is a^ + c* 

— (b^ + c% which is equal to a^—b^, and the diagonal is 

common to both triangles; but both the perpendiculars 

being perpendicular to the same line, the plane in which 

they lie will be perpendicular to this 

line and to the section; and this 

plane passes through the edge in 

question. 

327- Lemma C. If an angle of a parallele- 
piped be cut off by a plane, the square of the 
area of the section will be equal to the sum of 
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the squares of the areas of the three trian- 
gular faces of the soUd angle. 

The area of the face between a and 6 is -J- ab, and the 
perpendicular falling on its base from the solid angle is 

— : but this perpendicular must be perpendicular 

to the third side c, and the square of the hypotenuse of the 

/irthh 

triangle lying between them must be c^-i —, which 

aa + ob 

multiplied by the square of the side to which it is perpen- 

dicular, or a^-\-b^, must be the square of twice the area; 

consequently the square of the area is ^ j (a^ + 6*) c* + o^b^ f 

=ia26^+J^aV+i6%% which is the sum of the squares of 
the areas of the three faces. 

328. Lemma D. The sum of the squares 

of the projections of any area, on three ortho- 

I 

gonal planes, is equal to the square of the 
area itself. 

For the projection of the area on each plane is to the 
original in the same proportion^ as the whole face of the 
parallelepiped is to the whole oblique section: the pro- 
portion of the areas being determined by the inclination of 
the planes, whatever the form of the area projected 
may be. 

329* Lemma E. The cosine of the incli- 
nation of the section to either of the faces 
will be expressed by the area of that face di- 
vided by the area of the section. 
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For if the area be resolved into elementary rectangles, 
the breadth of each, parallel to the common section of the 
planes, being the same in the projection as in the original, 
the length of the projection will be to that of the original 
as the cosine of the inclination to the radios; and the 
whole areas will be in the same constant ratio as their 
elements. 

Corollary. Hence the sum of the squares of the 
sines of the angles, formed by> the three faces of the 
paraUelepiped with the section, is equal to the square of 
the radius, or unity.] 

330. Theorem. For every independent 
system of bodies, a fixed plane may be deter- 
mined, with respect to which the sum of the 
projections of all the areas, described by the 
revolving radii, multiplied by the masses of 
the respective bodies, is the greatest possible ; 
and for every plane perpendicular to which, 
the sum of the projections vanishes. 

** By taking the fluxions of the equations for the values 
oix^,^ y^^^ and z^^J* [, the angles remaining constant], '' and 
Bubstituting c, ^, and c'\ for 

- xdy — ydx ^ ardr — zAx . « yAz — ;rdy 
^"> d/ ' ^^ x d^ > ^^ ^"* dT '"'^ 
obtain 

2^ ^imJLiLlpi^Lii^ c cos 9^c' sin 9 cos^. + c?^ sin ^ sia 4.; 
at 

J:m ^"'^^"~^'^ ^'^< zzc sin OcoBf + c'(sin4^8in^ + oo80 

at 

cos 4^008^) + (fX'00%^ sin f — coi9 
sin 4" cos f) ; 
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X,^ V'" ^'"'^^'" ^'" ^ —c sin 9sm(p + c'(sin + cos ^— cos § 

cos 4. sin ^) -I- c" (cos 4^ cos ^ 4- cos d 
sin ^ sin ^). 
'^ If we determine ^ and d in such a manner, that sin 6 

sinx^z:— 7;; — ; — ,-7-; — 17-7^$ and sin 6 cos 4^ 



s/(cc^dd^d'd')' " ^^(c2 + c'« + c''«). 



c 



whence cos dz: . . » ■; — tt-; — jii,^ ; we shall have 
2^ " ^"^^^"^"^"^^^"^ ^ n/(c2 4-c'« + c"2) ; 

consequently the values of c' and c" will vanish when the 

plane of x,,, and y^^^ is thus determined. And there is 

only one plane which possesses this property : for if there 

were any other, and x and y were the coordinates, and ^ 

and <p the angles belonging to it, we should have 

X dz — z dx 
2w '" '" ^^'" "' -c sin d cos ^, and 

2m y^'^'^"^^" ^J'* =—c sin e sin ^ ; 

but since c' and c"i=0, bythe supposition, for the supposed 
plane; and since these quantities have been shown to be 
=0, for the planes of x,/^, z^^^, and y,^^, z,,^, we have sin d=0, 
and the two planes must coincide. The value of Im 

^"'^^"''^^"' ^'" being equal to v(c« + c'«+c"«) whatever 

be the plane of x and y from which it is derived, it follows 
that this quantity may be deduced equally well from any 
other system of coordinates, and that the plane of x^ and 
y^^,, determined by it, will always be that which makes this 

« * 

elementary area a maximum; and since the angle f re- 
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mains undetermined, it follows that, whatever may be its 
value, the projections of the areas on the planes perpen- 
dicular to this plane will vanish. Hence we may at any 
time find the situation of this plane, in the same way as 
the centre of gravity may at any time be found, notwith- 
standing any mutual actions of the system, and for this 
reason, it is as natural to suppose the coordinates x and 
y to be situated in this plane, as to make them begin at the 
centre of gravity." 

[This proposition may be much more simply and intel- 
ligibly demonstrated by means of Lemma D ; for if c^,^, 
c',^,, and c"^^, be the sums of the products of the masses by 
the projections of the areas described by the revolving 
radii of the different bodies of the system on the three 
planes belonging to the system of ordinates x,^^, y^^^ 
and z^,^, the sum of the squares of c,,,, c',„, and c\^ will-be 
equal to the sum of the squares of c, c , and c" : and 
since this sum is a constant quantity for all systems of 
planes, it is obvious that when the portion belonging to 
any one plane is equal to the whole, there can be none 
left for any plane or planes perpendicular to it. We 
have, therefore, only to determine the inclination of the 
section of the parallelepiped to either of its faces, and 
we shall have the angle 0, the cosine of which will be ex- 

pressed by ^ ,g ,,g^ for the plane of x and y (329) : 

and since >f^ is the distance of x from the intersection of 

the planes (324), that is, the angle of the face c adjoining to 

y c" 
Xp its tangent will be — =-7, since the areas of the faces 

X c 

d and d' are to each other as the 
sides X and y to which they are ad- 
jacent, the side z being common to 
both triangles.] 
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§ 22. The principles of the preservation of impetus 
and of areas will still hold good, if the origin of the 
coordinates be supposed to have a uniform rectilinear 
motion. In this case, the plane passing through this 
point, on which the sum of the areas described is a maxi- 
mum, remains always parallel to itself. These properties 
may be referred to the relations of the coordinates of the 
mutual distances of the bodies of the system. The planes 
which pass throuqh the centre of gravity of each body of 
the system, parallel to the general mean plane of revolu- 
tion, are possessed of similar properties^ P. 61 . 

331. Theorem. The constancy of the 
impetus and of the areas described is ob- 
served by a system of bodies, referred to a 
common origin, which moves miiformly in a 
right line. 

If we call the coordinates of the moveable origin of the 
ordinates of the system X, Y, and Z, and suppose 

x^zuX+x'; y'zuY+y/y zfzuZ+z'/y the coordinates 
of m, m', . , . , referred to the moveable origin, will be 
x^, y^, z^, x\, . . . , and since by the properties of the centre 
of gravity (322), we have for any detached system of 

-— -. — p ),..., we obtain, by sobstitution 
dt^ / • 

0=2« (d^X + d^x)—lmPdt^ ; 

0= Sm (d2 r + d^y) — SmQd^^ ; 

0=zXm(d'^Z+d^zJ) — i:mRdt^; consequently Tiwd^Jt— 
XmPdt^:=LO, since d^X=0 by the supposition, and in tbe 
same manner, Xmd^y^ — 2)wiGd**=iO, and Ilmd% — XmRit^ 

=0. Then in the equation (P), 0=Si«&r/-r- P )• • v 
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substituting SJT-h&r, for &r, we have.[0 = Iwi (8-Y+8j,) 
(^- P)+ ... but XmiX[^ — P) = 0, because 

_- — P\zzO, iX being the same for all the quanti* 
ties of which the sum is denoted by £ ; consequently 0= 
Xm ^,\rT^ — P) ... f or, d*j? being equal to d*xj 0=2m 

an equation which is exactly of the same form with the 
equation {P), ^supposing the forces P, Q, R, to depend 

only on the coordinates x^ y^ z,^ af, If, therefore, 

we apply to it the same reasoning, as was grounded on that 
equation, we may derive from it the same conclusions, with 
respect to the preservation of the impetus, aud t^e de- 
scription of areas, relative to the moveable origin of the 
coordinates. 

If the system is not subjected to the action of any ex- 
traneous force, its centre of gravity will have a rectilinear 
and uniform motion (322) : so that if we suppose the or- 
dinates x, y, and z to begin at the centre of gravity, the 
laws in question will always we observed : and X, Y*, and 
Z being the coordinates of the centre of gravity, we shall 
have, by the nature of this point, 0=:Zmj7^ 0=:2)my^, and 

0=2mjr,; whence we have 2m — "^-rr — = .^ -.2m 

Qt at 

^2:^£%2^; and 2m ^jt±M±^^ 

jp 2m + 2m — '- -^ ^[, for dX and 

dY being common to all the system, we have 2mdX=: 
dA'2m, 2mdF=dY2m; and the sums of the squares of 
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(dX-^-dx) (dX' +dar',). . . must be equal to the sums of 
the squares of dX, dX', . . . , dx^, dx\f . . . , since (dX-i- 
dx/=dX2 + dx/-f2dXdx,, and SwidXdx^=dX2mdx,= 
0, since Swor^zzO, and d(2mx^)=0]. It appears^ therefore, 
that the quantities, concerned in the impetus and the areas, 
are composed, first, of the quantities which would have ex- 
isted, if all the bodies of the system had been united in their 
common centre of gravity ; and secondly, of the similar quan- 
tities derived from the centre of gravity, considered as im- 
moveable: and the first system of quantities being constant, 
it is easily understood that the second must be also constant. 
It follows, therefore, that if we fix the origin of the co* 
ordinates x, y, z, x\ . . . of the equations (Z) (323) at the 
centre of gravity, the conclusions derived from them will 
still hold good, and the angles of the planes concerned 
will remain unaltered ; whence it follows that the mean 
plane of revolution, which afibrds the maximum of pro- 
jected areas, must pass through the centre of gravity of 
the system, and remain always parallel to itself during the 
motion of the system; and that the sum of the areas, com- 
puted for any plane perpendicular to this plane, must always 
vanish. 

[Scholium. The whole of this elaborate demonstration 
is rendered perfectly superfluous, if we exclude the distinc- 
tion of absolute and relative motion from the definitions 
relating to it (218, 224) : but it is satisfactory to find that 
a complicated analysis is still true when applied to the test 
of demonstrating by it a very simple proposition.] 

332. Theorem. The sum of the projec- 
tions of the areas, described by the radii join- 
ing each body of a system with each of the 
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odier bodies, considered as at rest, on any 
given plane, multiplied by the products of the 
two masses respectively, is equal to the pro- 
duct of the mass of the whole system, into the 
sum of the projections of the areas described 
by the separate revolving radii round the com- 
mon centre of gravity on the same plane, mul- 
tiplied by the separate masses respectively. 

Since e=:Zm — ^x^ — ' ^® obtain, by proper substitu^^ 

Qt 

[For cSm=(j»+m'+m^ . .) (m ^ '^T*^ ^ +m' — ^7^ » 

at at 

+ • . •) ii^ which all the binary combinations of the different 

vidaes of m occar once witli each of the two corresponding 

fractions ; and taking the first two for example^ we have 

— {mm + mm')yix + (wim' + m'm')x'dy' — (mm' + m'm') yfAafp 
neglecting the divisor : but mm' (x' — x) (dy' — d^) — 
(y — if) {d3^'—dx)=mm^ (ar'd/ — aifdy — xd^+xdy — y'dx^ 
•fy'dx+yda/ — ydx), the difference of the two expressions 
being mmxdy—mmydx +m'm'x'dy' — niniyfdsl •\- mm' x'dy — 
mm't/dx-\-mm'xdy[ — mm'ydxf^ or m(iiur +«iV)dy — m(my + 
m't/)dx+m'(m'3/+mx)d^ — mXm'i/ +my)dx' : and if we 
added together any others of the bodies in pairs, it is ob« 
vious that the coefficients of the fluxions in this difference 
would make the series mx+m'af+m"x^'+$..zzXmx:^0, 
by the property of the centre of gravity ; consequently 

Q 
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the difference woald at last vanish^ and the two expres- 
sions vould be equals as was to be proved, though the 
transformation is by no means obvioas without a demon- 
stration.] 

For similar reasons we have 

at 
It is obvious that the sum, thus ascertained, will he liable 
to the same conditions of becoming a maximum and va* 
nishing, which have been demonstrated respecting the radii 
drawn to the common centre of gravity : and that the same 
mean plane of revolution, determined from it, will always 
remain parallel to itself. 

333. Theorem. The sum of the squares 
of the velocities of any system of bodies, 
taken in pairs, of which the one is considered 
as moving round the other at rest, and mul- 
tiplied by the products of the masses of the 
respective pairs, is expressed by a constant 
quantity lessened by twice the product of the 
smn of all the masses into the sum of the reci- 
procal forces between each pair, combined 
with the spaces through which they act, and 
multiplied by the products of the respective 

masses ; or imm' (^_=:^L±S^ML±^^£lM 
=C'—i^mzfmm'Fdf 
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For since 2m ^T^— = C —2J:fmm'Fdf, (319) 

dx^ + dt^+d z^ dx-^-fdy^ + dz-^ 
•-^ d^^ "^ d7« ^ • • * • multiply- 
ing by Z7yi=m + j»' + m" + . .., we have {m-{-m'+...) (m 

Tji |-i» ■■ ^^ h...)=C^— 22mS//wm 

l^d/"; but the first member of the equation of the propo- 
sition will be found to be equal, when expanded, to the first 
member of this last, the difference of each part becoming 
=0 : thns, taking m and m' for an example, the difference 
will be mm' (d3f—dxy—(m+m') (mdx^ + w'd/«) = mm'dx'^ 
-^mm dx^ — 2mm'dx'dx — mmdx^ — mmidcd^ — mm'dxi^ — m'm' 
ds/^ ^—^mnidsddx-^-mmdx'^ -^m'm'dx'^zz — {mdx-^-m'dxf-, 
and by the successive addition of the different pairs, this 
difference will become (^rndxy^zQ, since SwxrzO and 
SmdxnO, by the properties of the centre of gravity, con- 
sequently] the two expressions are equal for the whole 
system. 

§ 23. Principle of the least action. Combined with 
that of the preservation of impetus^ it gives the general 
equation of motion. P. 63. 

334. Th£oe£m. The momenta of a sys- 
tem of bodies being multiplied by the fluxions 
of the spaces respectively described, the sum 
of the fluents, taken, for the whole system, 
between any given points of space, is always 
a minimum. 

The equation (R) (319), Ijwv«=c+2^=:2Zm/'(Pda: + 
Qdy + i2dz), aSbrds us tbc variation l,mvivzzLm (/^Sjir + 
Qiy 4- KSz), and combining this with the equation (P)(317) 
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The preceding equations of the motion of a system of 
bodies have been derived from this law: but the same mode 
of investigation may be easily extended to all other rela- 
tions between force and velocity which are mathematically 
possible, and the principles of motion may thus be exhi- 
bited in a new point of view. 

For thfa purpose we may suppose F the force and v the 

dF 
velocity, putting F=^(t;)^ and let pX^)=— -'[or, more 

simply, let f denote f{v) or F, and ^'dt?, dp ]. If this 

force be reduced to the direction of a*, it will become 

d^ dj? djT 

p.^r- . and in the next instant it will be ^--i-^-^C^'T-^ o' 
d* ' d# Qsl 

ix tm dxx J , . 

d* ^ Vvd*'' 

Now if P, Q, and jR be the forces, acting on the body n^ 
in directions parallel to the respective coordinates, the 
system would remain in equilibrium in virtue of the action 
of all such forces combined with the elementary differences 

tk (. — •— ) considered as negative, since these differences 

are the effects of the results of the forces, and the floxions 
are their measures: we shall therefore have, instead of the 
equation (P) (317), 

0=S»i{&r(d(^.^)-PdO+8y(d(^.|-)- gdO+ &(d 

which only differs from it by the snbstitation of 
£«for •— or unity. This alteration would render its gene* 

ral application to mechanical problems very difficalt: wo 
may however derive from it some principles, analogoqs to 
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those of the preservation of impetus, the constancy of 
areas, and the motion of the centre of gravity. By sub- 
stituting dx, dy, and ds, for ix, ^y, and 2)r, we obtain 

dtpX^^mvdfdt: for, dxd (^l) = ^* d^ + t dxd ^J 

and the three parts together make — - d — + — d ^-r- 

= d (— • jt) ~ —vdvdt^ d ( ^ti«de) — tpdvdt = d 
^ V di ^ V ^ V ' 

fffvdt) — ^dt;d^=t;d^d<, and the integral is truly ex- 
pressed by I^mvdfdtJ] Hence, dividing by d#, and taking 
the fluents, ^/mvdpzzc + 2^ (Pdx + Qdy + Rdz); or, 
supposing the latter' member an exact fluxion, and equal 
to dx, we have the equation 
S/5iit?d?=c+x ^^ (!r) 

an equation resembling (JR) (319) and which is converted 
into it by making fzzv; consequently the principle of liv- 
ing force is maintained in this hypothesis, if we understand 
by living force the product of the mass into " twice" the 
fluent of the velocity multiplied by the fluxion of that 
function of the velocity, which expresses the force. 

336. Theorem. The sum of the finite 
forces of a system, reduced to any given di- 
rection, is constant, and vanishes in the case 
of equilibrium. 

If we substitute, in the equation (5), Sx+Soif, for hf, 
gy-fS/. for V» Sz+S/, for 8z; &€+daf\ for 8*^ , . . . ; we 
shall obtain, by making the three variations vanish sepa- 
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rately.O=Sm{ ^(^X) -Pdt};0 = Sm { 4 ( ^^J ) 

— Qdf |, and 0= Swif d (^^) - Ud#|, exactly in the 

same manner as similar eqaatioos have been dedaoed from 
(JP) in article 322; and as it was inferred in that case, that 
the motion of the centre of gravity must be uniform, so 
now. if the system be only subject to the mutual attractioo 
of the bodies comprehended in it, since SmP, 'S^Q, and 
XmR are evanescent, on account of the reciprocality of 

action and reaction, we have czz'Sm -t-»; €^=:£si-^- 

at V Qt V 

and d" = Im -r-.— ; but m -r- — = «»9 -r-* which is the 

at V at V as 

finite force of the ;body ft, reduced to the direction of x: 

consequently the sum of the fiuite forces of the system, 

reduced to the direction of any given a^^is, is constant, 

whatever may be the relation of the forc^ to the velodty; 

aud the state of rest is distinguished by the disf^ppeturance 

of that sum. This result is common to every hypothesis 

respecting the relation of force to motiop, but it is only 

in the natural state of this relation that the motion of the 

centre of gravity becomes uniform and rectilinear. 

337. Theorem, The sum of the finite 
forces, tending to turn the system round any 
given axis, is constant, and vanishes in tl^e case 
pfequUibrium. 

We may makp agfun, in tbe equation (iS), 
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SO that Sx may be made to disappear from the variatioDS 
of the matoal distances^ S*f %*-•, ^^ ^^ article 823, and 
from the values of the forces depending on these distanceSiP 
We shall then have, if the system is free from foreign in- 
terference, by making 8r =0, 0| = Sin. \ xd \— . ^— yd 

{ — • —^ > + "ZmiPy — Qx) dt ; and by taking the fluent, 

g::zXm — ^^^ — •— +S/ffi(Py — Qx)dt; and in the same 

manner, taking c' and cf' two other constant quantities, 

c'zz^M ^^^'Tf^ *—+^fm (Pz--^Rx) dt, and 
d* V ^ ^ 

c''= ZmiJ^i^fSy X + i/^Qz- By) d^ 

If the system is only subject to the mutual actions of its 
parts, we have Im (Py— ^x)=0; Sui (Par— Ux) = 0, and 
S»l (Qs— 12y)=:0, as has been shown in article 328: and 

M \x ^ — y -jj) — is the rotatory power of the finite force 

of the body m, reduced to the plane of x and y, and tend- 
ing to turn the system round the axis parallel to z ; conse- 
quently the integral £m ^L^j^LJ\S^ is the sum of the 

rotatory powers of all tl^e finite forces of the bodies of the 
system, with respect to the same axis ; and this sum is 
shown to be constant: and in the state of equilibrium it 
vanishes : so that there is here the same difierence, be- ' 
tween the conditiomi of niotion and of rest, as with respect 
to the forces parallel to any given axis* In tha case of 
the natural relation of the forces, this property implies the 
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constancy of the areas described by the revolving radii in 
given times ; but this constancy is not observed in the case 
of any other supposed relation. 

[Scholium. The definition of rotatory power ought 
properly to have been premised to this demonstration, bat 
its nature is so purely speculative, that it was thought un- 
necessary to anticipate any part of the important investi- 
gation of rotation on this occasion; it is already as intelli- 
gible as there is any reason to desire : especially consider- 
ing the unavoidable confusion attending the idea of a 
finite force as possessed by a moving body, which is almost 
incompatible with the true conception of force, as a caitse 
of a change of motion,'] 

338. Theorem. The sum of the fluents 
of the finite forces of a system, multiplied by 
the fluxions of the paths described, is always 
a minimum, and vanishes in the case of equi- 
librium. 

By taking the variation of the function 2/mpds, which is 
here considered, we have S^/mfdsizIl/mfdd8+'!E/mdsSf: 

now, 8d5= i— ^ =- I -— dSx +-r^ dSy + 

ds V \dt dt ^ 

^ dSz) (265); consequently S2>^d*=2: ^(^ &r+ ^^ 

■I) } *y>^' -^ '{'^iP,^*'lM>)} = 

— .-TT d8x+ Sard (_.---)... Now the terminations of 
V dt ^ V dt ^ 

the curves, described by the different bodies of the 
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system, being fixed, the part of the variation, not in- 
claded under the sign^ must vanish For the whole paths, 
so that we have from the equation (S), h^Jm^As-zilJmAsif 
—JfmAt (P8a:+Q8y + jR8z); but tho variation of the 
equation {T), multiplied by At, affords us iS2/5wrdifd^=:S/wi 
d# (P&r + Q8y+Ji8z); or, XfmvdtSpzzXjmSfdsizl/mdt 
(P3hr+ Q8y +JR8z) [since the variation of any quantity 
is always the same as its fluxion, with the substitution 
of the character of a variation for that of a fluxion : the 
steps, by which a variation and a fluxion are obtained, 
being always identical and imdistinguishable ; consequently 
S^finfdszzO^ This equation corresponds to the law of least 
action, in the natural relation of the force to the velocity, 
since m^ is the total force of the body m ; and the principle 
implies that the sum of the fluents of the finite forces of all 
the bodies of the system, combined with the elements of 
ihe spaces described, is a minimum ; and in this form the 
principle is applicable to any relation between the ibrce 
and the velocity, that can be supposed to be mathematically 
possible. In the state of equilibrium, the sum of the forces, 
multiplied by the elements of their lines of direction, disap- 
pears, in consequence of the principle of virtual velocities ; 
so that, in all cases, the same differential function, which 
disappears in the state of equilibrium, becomes, after 
taking tlie fluent, a minimum in the state of motion. 



CHAPTER VII. 



OF THE MOTIONS OF A SOLID BODY OF 
ANY GIVEN DIMENSIONS. 



§ 25, 36. llntroductionJ] Equations which defermim 
the progressive and rotatory motion of the body in 
question. 

[339. Theorem. " 349/' When a system 
of bodies has a rotatory motion round any 
centre, the effect of each body, in turning the 
system round a given point, must be esti- 
mated by the product of its momentum into 
the distance of the body from that point ; and 
the power of each body, with respect to the 
original centre of rotation, will be expressed 
by the product of the mass into the square of 
the distance. 

Suppose the bodies A and B, fixed to the ends of two 
equal levers, to meet each other, and simply to commnni- 
cate their motion, and let B be twice A, and moying with 
half its velocity, then the motion of A will exactly de- 
stroy the motion of B, and this efiect is therefore the mea- 
snre of the motion of A : but if the bodies A and B be oon- 



OF THE MOTIONS OP A SOLID BODT. 2S7 

• 

nected with the arms of an inflexible line, and move with 
equal velocities in the same direction, they will obviously 
be totally stopped by the application of a fulcrum at the 
centre of gravity ; for the propositions respecting equi- 
librium are as well deducible from the composition of mo- 
tion as from that of force, and the motion of A is here 
equivalent to the motion of B, which now moves with 
equal velocity at half the distance from the fulcrum, being 
still twice as large as A : but it was before shown to be. 
equal to the motion of B, when it moved with half the ve- 
locity at a distance equal to its own : consequently these 
two motions of B are equivalent, with respect to effect in 
producing rotatory motion : and the same may be shown 
when the bodies and their motions are in any other pro- 
portions. It is also obvious, that since the velocity is as 
the distance from the centre of rotation, the power, with 
respect to that centre, will be as the square of that dis- 
tance, or as the square of the velocity. 

Scholium. It is therefore of importance to bear in 
mind, that although the equilibrium of a system of bodies 
is determined by the equality of the product of their 
weight into their effective distances on each side of the cen- 
tre, yet the estimation of the mechanical power of each body, 
when once in motion, requires the mass to be multiplied 
by the square of the distance, or of the velocity* For this 
reason, and for some others, the square of the velocity has 
been considered by many persons as affording the true 
measure offeree; but the properties of motion, concerned 
in the determination of rotatory power, are in reality no 
more than necessary consequences of the simpler laws, on 
which the whole theory of mechanics is founded. It is 
only within about halfa century, that the mechanical philo- 
sophers of Oreat Britain have begun to entertain correct 
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notions on this sabject ; they had been perhaps in some 
degree misled by an accidental error committed by New- 
ton in computing the precession of the eqninoxes : the 
experiments of Smeaton served to set the question in a 
clearer point of view, and Dr. WoUaston has more lately 
removed every remaining obscurity from the subject, in 
one of his Bakerian Lectures, published in the Philoso- 
phical Transactions. Mr. Smeaton's apparatus consisted 
of a vertical axis, turned by a thread, passing over a pulley, 
and supporting a scale with weights ; the thread was ap- 
plied to different parts of the axis, having different dia- 
meters, and the axis supported two arms, on which two 
leaden weights were fixed, their distances being variable 
at pleasure. The experiment being thus arranged, the 
same force produces, in the same time, but half the velocity, 
in the same situation of the weights, when the thread is ap- 
plied to apart of the axis of half the diameter : and if the 
weights are removed to a double distance from the axis, 
a quadruple force will be required in order to produce an 
equal angular velocity in a given time. 

340. Definition. " 350.'' The centre 
of gyration is a point, into which if all the 
particles of a revolving body wete condensed, 
with its actual velocity, the body would retain 
the same quantity of rotatory power ; and 
the radius of gyration is the distance of this 
point from the axis of motion. 

341. Definition. The rotatory inertia 
of a body with respect to any given axis, is 
the sum of all the products of the elementary 
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particles, multiplied by the squares of their 
distances from that axis. 

Scholium 1. Consequently the rotatory inertia is 
equal to the masa multiplied by the square of the radius 
of gyration. This product is generally called on the con- 
tinent the " momentum of inertia/' but there is no reason 
for' abandoning the Newtonian acceptation of the word 
momentum. 

Scholium 2. The elements and the squares of the 
distances being always positive, the products must be al- 
ways positive, and any addition to the bulk of a body, 
wherever applied, will always increase the rotatory inertia. 

Scholium 3. . The rotatory inertia will generally be 
different with respect to different axes, but the various 
cases are often easily deduced from each other, especially 
when the axes are parallel.] 

342. Theorem. If a:, y^ and z be the co- 
ordinates of the centre of gravity of a body, 
of which the particles are subjected to the 
forces P, Q, and H, acting in the respective 
directions, the sum of the quantities relating 
to all the particles being denoted by the cha- 
racteristic S, m being the mass, and T>m the 

particle, we shall have the equations m -t^=^ 
SPvmj m j~^=SQDm, and m -^=SiiDm.(ii) 

The fluxional equations of the progressive and rotatory 
motions of a solid body may easily be deduced from those 
which have been demonstrated in the fifth chapter ; but 
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their importance in the system of the world makes it con* 
yenient to develope them somewhat more in detail. 

If the coordinates of the particle Dm, referred to the 
centre of gravity, be y, y^, aj', so that its whole mi>tioB is 
determined by the sums x+af, y+j/ andz+aj'; "the 
forces destroyed at each instant in the particle Dm, in the 
respective directions, considering the element of the time 
as constant, will be 
ddx+dda?' 



de 



Dm + PdfDm ; 



— — ^L y Dm + QdtDm ; and 

at 

ddx + dds' . -,,. 

— = Dm + KdtDm. 

dt 

It is therefore necessary'that all the forces thas destroyed 
shoald be in equilibriam with each other*' [that is, as 
causes and effects] : and that the snm of all the forces pa- 
rallel to any given axis, shoald vanish (307) : hence we 
have the three following equations 

« ddx+dda/ «„ ^ddy+ddy' o r\^ 

^ D»i=SPDm, S — 1^ — -^ vm^SQDm; 

dt dt 

and S Dm=Sl{Dm. Now since x, y, and £ 

are the same for all the particles^ they ^ may be excluded 
from the quantity under the sign S ; so that we have 

S — ^ Dmnm -7--: * - • • ; we have ' also, by the ^atore of 
d<* dt* 

the centre of gravity Sa/Dm=:0, • ...; conseqaently S 
^^D»i=0,S ^Dm-0, and S^^ Di»=0 : and lastly 

iii^=SPdiii, »i^=SgDm,and»*^ = S JBd«. 
These three equations determine the motion of the centre 
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of gravity of the body, and being analogous to the equa- 
tions of article 323 relatiug to a system of bodies. 

[Scholium. There can be no objection, in the strictest 
geometrical sense, to the employment of the character D 
to denote the element of a material body, as we have no 
evidence to make it necessary to suppose that the particles 
of matter are infinitely small, or that one material body is 
ever incommensurable to another : but then the particular 
character S must always be applied to the corresponding 
integral, which is here an actual sum.] 

343. Theorem. Retaining the same nota- 
tion, (342) and making t\ y\ and z the or- 
dinates of the particles with respect to the 
centre of gravky, we have also 

S y^Jg'-^dy D^_ S/Cfi/- Qz') dt vm=N". ( B) 

Since it is necessary for the equilibrium of a solid body, 
that the sum of the forces parallel to x multiplied by the dis- 
tances of their lines of direction from the axis parallel to z, 
diminished by the sum of the forces parallel to y multiplied 
by their distances from the same axis, should vanish : we 
shall have 

S I (x+x') Q^{y+^) P I Dm " (1)" : and since 

S (jrddy— yddx) Dm=:m (xddy — yddx), "[2J'; and 

S (Qx—Py) DmzzxSQDm—ySPDm, " [SJ : and lastly 

R 
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S (x'ddy+xddy — y'ddx — yddo:') Dm=ddy Sar'DWf — Adx 
Si/Dm+x S ddy'Dm—y Sddj/ vm ; each of the terms of 
the second member of this equation being equal to no- 
thing, by the properties of the centre of gravity, the 

equation "(1)" will become S ^ ^ j)mzzS{Qx 

— Pi/(jDm), since the parts [2] and [3] destroy each other 
in consequence of the equation (A) of the preceding pro- 
position ; and the fluent of this expression, considered with 

respect to the time if, gives us S — ■% — nm^iSj^ (Qa/ 

— Pi/) dtDm. 

Scholium 1. These three equations include the prin- 
ciple of the constancy of the areas described ; they are suf- 
ficient to determine the rotatory motion of the body, round 
its centre of gravity, and in combination with the three 
equations of the preceding proposition, they afford us the 
complete determination of the progressive and rotatory 
motion of the body. 

Scholium 2. If the body is attached to a fixed point 
with liberty to move round it, the motions may be deter- 
mined by means of this proposition, as is obvious firom 
article 308 ; but in that case the coordinates a/, t/, and z' 
must be supposed to originate at that point. 

344. Definition, ^fhe three principal 
axes of rotation of any body are those, witfi 
respect to which the three sums Sw'y'Bm^ S/ 
/Dm, and Sy'zi^m vanish, x\ y\ and z being 
axes moveable with the body. 

[Scholium 1. If the body revolve about a/', the simi 
Sj/'j/^Dtn will be the eflTect of the centrifugal force of bU 
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the particles Dm, tending to turn. the body about 2!\ since 
this force is simply as the distance from x" (261) or as V 
(y"^+2"^), but when reduced to the direction of y, as y" 
only, acting on the lever oi' ; and the same sum will ob- 
viously be the rotatory pressure with regard to the same 
axis, if y instead of x" be the axis of rotation. 

Scholium 2. The rotatory inertia, with respect to 
these three axes, is S (o/'^+yO ^mz: C, S (^al'^-^T!'^) Dm = 
B, and S(y*+j2;"^)D»i=-4 respectively. 

Scholium 3. The evanescence of Sx"i/'Dm and Sx" 
Tl'Dm determines only the position of the axis x" ; but when 
that of Sj/'2f'Dm is added, it obviously gives us the two 
necessary conditions with respect both to y" and to z", 
since we have for the former SyVomzzO and S^Vdwi 
=0, and for the latter SzfWvmziO, and SzY'dw=0.] 

345. Theorem. If o^", y\ and z\ parallel 

to the principal axes of rotation of a solid, be 

the coordinates of the particle Dm, A, JB, and 

C, the rotatory inertia with respect to these 

axes, 6 the angle made by the plane of a' and 

y with that of x and y^ <p the distance of x" 

from the intersection, and 4^ [that of a:, which 

is also] the complement of the angle made 

with x by the projection of z" on the same 

plane ; putting d^— d>^ cos d=pd?, dij. sin 6 sin 

^— dd cos <p=qdt^ and d>^ sin 6 cos ^H-dd sin ^= 

rd?, we shall have 

Aq sin q sin (p+Br sin 9 cos ^—Cp cos d=— N 

(Aq cos ^ sin ^-f Br cos & cos ^+Cjp sin o) cos 4^ 

R 2 
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+(Br sin (p—Aq cos <p) sin +=— N' 

{Br sin f—Aq cos ?) cos + — (-4y cos ^ sin ?+ 

Br cos d cos ^+Cp sin fl) sin 4^= — N' ; 

J^being=S/(Q^— Py)d?Dw,JV'=S/(ii^— P^) 
d^Dw, and N''=S/{Ry—Qz')dtDm, (343); and 
of, y\ and z' being the coordinates, referred to 
the centre of gravity, and parallel to a?, y, 
and z. (C) 

We have first, for x\ t/ and z', which are the x, y, and 
z of article 324, 
J'=Ldi* (cos d sin >|/ sin ^4-cof \ cos ^)4-y" (cos sin 4^ cos 

^— cos >|/ sin ^)+z" sin d sin >|/. 
y'r^.s!' (cos d cos >|/ sin ^ — sin >|/ cos 9)+y' cos 5 cos ^ cos 

^4-sin >)/ sin ^)+2'' sin d cos 4^* 
2' =2" cos d — y" sin d cos p — ^x" sin d sin ^ : [and if we sub- 
stitute for these equations, in order to shorten a very tedi- 
ous reduction, a:'=aa:"+ey"+yz",y'=8/'+£y"+fz"; and 
then, in order to obtain the value of ar'dy'— y'djc^ (343>^ 
make dy=aV'+jS'y" + yV', end dy'ziS'a-^' + ey + {'2", we 
may omit in the products all the terms containing yy, 
ar"z", or yV, since their sum vanishes for the whole body, 
and we shall obtain a result in the formjlV'2+^y''«+ CV*, 
which may be transformed into -J- (B'^- C — A) A'\-\{Jt'\' 
C— B')JB+i(4'+B'— C) C, for the whole body, since 
ul=S (y"«+ij"2)Df», JB=S (ar"2+«"*)D»i, and C=S (a:^'«+ 
%('^iim. Now for osfAy'—ifAxf^ we have e^sf'^+fi^Y*^ 
yiz"^'-cihf'^—ffsf^—y'iz''\ and ^'=a8'_a'8. ir=iS<'- 
0Bf and C=y{'— y'f. 

Again, 
a=:co8 ^ fin >)/ sin 9+CO8 4" cos ^ 



J 
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a = — d^. sin d sin 4^ sitf f -t-dif^^Ccos 6 cos ^ sin f — sin 4" 
cos f) 

+d^.(cos 6 sin 4^ cos f — cos 4^ sin ^) 
£=:cos 6 cos if' sin ^ — sin \p cos ^ 

S^= — dd. sin d cos ^ sin ^ — di)'.(oos B sin if^ sin ^ + cos 4^ 
cosf) 

+d^.(cos cos 4" cos ^ — sin 4^ sin ^) 
/9=cos ^ sin 4" cos ^ — cos 4^ sin p 

0ZZ — d^. sin 6 sin 4^ cos ^+d4'.(cos 6 cos 4" cos ^4-sin 4^ 
sin f) 

— d^. (cos 6 sin 4^ sin 9 + cos ^ cos f) 
ff =cos cos 4" cos ^ + sin 4^ sin ^ 

e'= — d9. sin d cos 4^ cos ^ — d4'. (cos 6 sin 4^ cos ^— «os >^ 
sin 9) 

— d^. (cos 6 cos 4^ sin p — sin ^ cos f) 
7=sin^sin4' 

yzzdB. cos 9 sin 4' + d4'. sin cos 4^ 
;=sin dcos 4" 

C'r: d6. cos d cos 4 — d4'« sin ^ sin 4^, Hence 
oS^z: — d^. (sin cos 9 sin cos 4^ sin ^ 9 + sin d cos ' 4^ sin cos ^) 
— d4'. (cos ^9 sin S^ sin ^^ + cos 9 sin cos 4^ sin cos ^ + 

cos 9 sin cos 4^ sin cos ^ + cos ^ cos ^^) 
+Af. (cos ^^ sin cos 4^ sin cos f + cos 9 sin '4" sin '^+ 
cos 9 cos ^ cos ^^ + sin cos 4^ sin cos f) 
e^S::z — d9, (sin cos 9 sin cos 4" sin ^^— sin d sin ^f^ sin cos f) 
-f-d4'. (cos ^9 cos ^ sin ^^ — cos 9 sin cos 4^ sin cos ^— 

cos d sin cos 4^ sin cos ^+sin ^ cos ^) 
+df. (cos ^9 sin cos 4^ sin cos f ^-cos 9 cos ^f^ sin '^— 
cos 9 sin ^4" cos V+sin cos 4^ sin cos f) 
oS' -»•«'$=: — d9. sin sin cos f 

— d4.. (cos ^9 sin ^f + cos «^) V — j ' 

•f d^. (cos sin *^ + cos 9 cos V) or • • -^ "" 
d^. cos 9 
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^Bzz — dd. (sin cos B sin cos 4^ cos ^^ — sin cos ^4^ sin cos^) 
— d^/. (cos 2d sin ^ij' cos ^^p— cos fi sin cos 4^ sin cos ^ 

— cos d sin cos 4^ sin cos ^+eos ^-^^ sin *^) 
— d^. (cos H sin cos -^ sin cos ^— cos d sin ^4^ cos *^ 
— cos Q cos ^4^ sin ^^H-sin cos 4^ sin cos ^) 
^e= — dd. (sin cos d sin cos 4^ cos ^^ -hsin d sin ^ sin cos ^) 
H-d4'. (cos H cos -4' cos 2^ + cos B sin cos 4^ sin cos ^ 

+ cos & sin cos 4^ sin cos q> + sin ^4^ sin ^q>) 
— d^. (cos H sin cos 4^ sin cos ^ + cos B cos ^4^ cos *^ 
+ C0S 5 sin 24. sin 2^4- sin cos 4' sin cos ^) 
&£ —0z:=.^L sin d sin cos <[> -v 

— d4/. (cos 20 cos «^ + sin -(p) > —B' 

+ d^. cos d (cos 2^ + sin ^(p) or . , + d^. cos B^ 
•y^zzdd. sin cos 5 sin cos 4' 

— d4'*sin « 5 sin 24. 
7'f IT dd. sin cos Q sin cos 4^ 

H-d4'. sin 2d cos ^4. 
7^— 7^=— d4' sin ^dzzC 

Combining these results, we have B'^C — ^'=2dd. sin 
d sin cos ^ — d4'(cos ^dcos ^^-f-sin 2^-1- sin ^B — cos «dsin «^ 
— cos ^(p) or . .d4' (cos ^B (1 — sin 2^— sin «^) + sin ^<p — 1 + 
sin 2(p + sin 2d)zzd4{co3 ^B—2 cos ^d sin «^ + 2 sin ^(p — 1 + 

sin2d)=zd4.|2sin2^(l — cos2d)|=2 d4.. sin 2^ sin «d, 

and \ {B-^-C-^A) J.=(dd. sin d sin cos <p — d4'. sin «d sin 

If we subtract this from C\ the remainder will be \ (A! 
H- C — J3)= — dd. sin B sin cos ^ + d4'. (sin ^B sin «^— sin *S) 
= — dd. sin B sin cos f — d4'. sin *^ cos *^, the coefficient 
of B. ^ 

Subtracting the same quantity from B', we obtain •|-(uf 
+ B'-^C0=d4'. (sin ^B sin 2^— cos ^B cos «^— sin ^p)+df. 

cos B = d+. < — cos ^B (sbx «^-f cos *^) > -f d^. cos fi=:— 
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dij^. COS *d + d^ cosd; which is the coeflSicient of C in the 
value otxfdy' — y'dx\ 

We have next to perform a similar computation for the 
areas o/dz' — zfdjt^, and j/dz' — zfdy' : and the same charac- 
ters may again be employed in each of these cases with 
their appropriate significations : half of them retaining the 
same values. 

a zz cos 9 sin >)/ sin ^ + cos 4^ cos ^ 
a = — do. sin Q sin 4^ sin ^ + d^J' (cos 9 cos ^ sin ^— sin 4^ 

cos ^) 
4- d^. (cos d sin + cos ^— cos ^ sin <p) 
J=z — sin d sin ^ 

y— — dd. cos d sin ^— d^. sin d cos ^ 
zz COS d sin 4" cos ^— cos 4' sin f 
0=1 — dd. sin 9 sin 4* cos ^ + d4' (cos 9 cos 4^ cos ^ + sin 4^ 

sin f) 

— d^ . (cos 9 sin 4' sin ^+cos 4^ cos ^) 
tzz — sin d cos ^ 

/= — dd. cos 9 cos ^ + d^. sin 9 sin ^ 
7 =: sin sin 4^ 

y = d9. cos d sin 4'+d4'- sin d cos 4^ 
C == cos d 
tfzz — dd. sin d 
a^iz — dd.(cos2d sin 4. sin ^-f cos 9 cos 4. sin cos f). 

— d^.(sin cos 9 sin 4^ sin cos ^+ sin 9 008 4^ cos ^f) 
a 8= dd. sin ^d sin 4' sin *^ — d4'. (sin cos 9 cos 4^ sin *^— 

sin 9 sin 4^ sin cos ^) — d^ (sin cos 9 sin 4^ sin cos f — 

sin 9 cos 4" sin ^f) 
aV-^ciZ:=, — d9. (sin 4^ sin V + cos 9 cos 4^ sin cos f) 

4- d4' (sin cos 9 cos 4^ sin ^p — sin d sin 4^ . _^ ., 

sin cos f) "" 

— d^. sin 9 cos 4^ 



s 
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0b' zz — dd. (cos ^ sin 4^ cos 2^— cos 9 cos 4. sin cos f) 

4- d^. (sin cos 9 sin 4^ sin cos ^— sin 6 cos tj' si"^ ^^) 
0ez=. dd. sin ^d sin 4^ cos ^(j>—d^ . (sin cos 6 cos 4^ cos V + 
sin sin 4^ sin cos ^) 
+ d^. (sin cos 9 sin 4. sin cos ^ 4- sin d cos 4^ cos *^) 
0/ — 0ezz — dd. (sin 4. cos^ (p — cos 9 cos 4^ sin cos ^) ^ 

-f d4. . (sin cos 9 cos 4. cos ^ip + sin d sin 4.^ _ p, 

sin cos ^) 
— d^. sin 9 cos 4^ 
y^ zz — d9. sin ^ sin 4^ 
y(zz d9. cos^d sin4' +d4'. sin cos 9 cos 4^ 
yf — y^(zz — dd . sin 4^ — d 4^ sin cos 9 cos 4^ = C 

Hence J3' + C — ul' = — d d. (sin 4^ (cos 2^— sin 2^)— 
2 cos d cos 4^ sin cos ^ 4- sin 4^) + ^4' . (sin cos 9 cos 4^ (cos* 
^ — sin 2^) + 2 sin d sin 4^ sin cos p — sin cos 9 cos +) = — 
d9 . (2 sin 4^ cos *^ — 2 cos d cos 4^ sin cos (p) — d4' (2 sin cos 9 
cos 4" sin 2 ^ — 2 sin d sin 4^ sin cos (p), half of which is in the 
coefficient of -4. in the value of — N\ 

For that of B, we subtract this half from C, and ob- 
tain — dd (sin + (1 — cos ^p) -h cos 9 cos 4' sin cos ^) + d 4^ (sin 
cos 9 cos 4^ (sin ^^ — 1) — sin 9 sin 4^ sin cos ^) =: — d9 (sin 
4^ sin ^(p + cos 9 cos 4^ sin cos ^) — d4' (sin cos 9 cos 4^ cos ^f 
+ sin 9 sin 4^ sin cos p) : and subtracting it from ff, we 
have d4'. sin cos 9 cos 4^ — dp. sin d cos 4^. 

It is easy to perceive that these are the coefficients al- 
ready assigned for the value of jV^, divided by d^ : for 
qdt being = — d9. cos p + d4^. sin 9 sin p, we have for q 
cos 9 sin 9 cos ^ — q cos p sin 4^, — dd . (cos 9 cos 4^ i»in cos 
f — sill 4^ cos 2^) -f d4'. (shi cos 9 cos 4^ sin ^f — sin sin 4 
sin cos p); and, since rd^:=dd. sin^ + d4'.sin 0cos^, forr 
cos 9 cos p cos 4" + ^ sin ^ sin 4^9 d9 . (cos 9 cos 4^ sin cos p 
+ sin 11^ sin 2^) +d4'. (sin cosd cos ^ cos^-fsjn d ain ^ sin 
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COS ^); and jpdf being r= — d^^ cos -f- d^, we obtain for jp 
sin 9 cos 4^, — d^'. sin cos d cos tf^+d^. sin d cos ^, In the 
last place, for N'\ 
azzcosG cos^l" sin <p — sin^*' cos^ 

a^=z — d$, sin cos 4^ sin ^ — d^^* (cos d sin i^ sin ^+co8 1^ 
cos ^) 
+d^. (cos B cos ^ cos ^-f sin ^ sin ^) 
8=: — sin 6 sin ^ 

S^= — dQ . cos 9 sin ^ — d^. sin cos ^ 
0=:cos cos 4^ cos ^+sin 4^ sin ^ 
^= — dd.sind cos 4" cos f — d^l^. (cos0 sin^ cos^--oos>^ sin^) 

— d^. (cos B cos 4^ sin f — sin ^ cos f) 
Bzz — sin 6 cos f 

b'z^ — dd. cos B cos ^'^-d^. sin d sin ^ 
yzz sin B cos ^ 

/= dB. cos B cos 4^-— d^'. sin d sin ^ 
izz cos ^ 
fzr — dd. sin fi 
aJ'z: — dd. (cos *d cos ^ sin V — cos d sin 4^ sin cos f) 

— d^. (sin cos B cos ^ sin cos f — ^sin sin 4^ cos'^) 
d^S= dd. sin ^ cos >|k sin ^^ + d^l^ (sin cos sin ^ sin^^ + sin 6 

cos 4" sin cos f) 
— d^.(sin cos B cos ^ sin cos ^+sin d sin 4^ sin^^) 
aV — a'J=: — dB. (cos 4' sin*^ — cos d sin 4^ sin cos f) 

— di^. (sin cos d sin 1^ sin ^^+8in B cos ^ f ., 

sin cos f) 
+ d^. sin d sin 4^ 

0/r: — dB. (cos ^d cos i^ cos ^9 + cos ^ sin 4^ sin cos p) 
+d^. (sin cos d cosi^ sin cos f + sin d sin 4^ sin '^) 

0^1=: dp. sin H cos 4^ cos ^^ + d4' (sin cos sin 4^ cos '( 
sin B cos 4^ sin cos f) 
-f d^.(8in oosd eos 1^ sin oos 9 — sin tf sin ^ 00s *^) 
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/Se' — g^tzz — dd. (cos + cos ^q> + cos 6 sin 4^ sin cos f 
— d^'. (sin cos d sin i^ cos ^^ — sin B cos >P sin 

cos ^) 
+ cl^. sin d sin ^ 

y(f-=i — dfi. sin "B cos + 
y'f = dd. cos *d cos tj. — d^'. sin cos fi sin + 
yf — 7'f 1= — dd. cos 4' 4- d^' sin cos sin 4^ = ^^ 

We liave here B + C — J'= — dd (cos ^ (cos ^^ — sin «? 
+ 1) +2 cos 5 sin 4^ sin cos (p) — d^ (sin cos d sin 4^ (cos *^ — 
gin 2^ — 1) — 2 sin B cos 4^ sin cos (p)zz — dd (2 cos 4^ cos *^+ 
2 cos d sin 4" sin cos ^) + d4'. (2 sin cos d sin 4^ sin ^^ 2 sio 
B cos 4^ sin cos p) twice the coefficient of A ; whence we 
obtain, as before, for the other coefficients, — AB^ (cos^ 
sin ^p — cos B sin 4^ sin cos ^)+d4'. (sin cos d sin ^ cos *f— 
sin B cos 4" sin cos ^), and — d4'« sin cos d sin 4^ + d^. sin B 
sin 4^ ; which we must compare with — q cos ^ cos 4^— J cos 
B sin ^ sin 4^* with r sin ^ cos 4- — r cos B cos ^ sin 4'» and 
with — p sin d sin 4^ respectively : of these the first becomes 
+ dd. (cos ^^ cos 4" + cos B sin cos ^ sin 4^) — d4'* (sin B sin cos 
^ cos 4'+sin cos B sin ^^ sin4')» the second AB. (sin ^^ cos 4 
— cos B sin cos ^ sin 4^) + d4'- (sin B sin cos ^ cos 4" — sin 
cos B cos ^ ^ sin 4^) and the third d4'. sin cos sin ^ — d^. 
sin d sin 4^ ; agreeing in each instance with the reduction 
here detailed, which is inserted more for the sake of pre- 
serving the uniformity of system, and of leaving nothing 
nndemonstrated, than for its immediate importance to a 
student.] 

346. Theorem. Retaining the notation 
of the last propositions, and making 4. infi- 
nitely small, or x infinitely near to the plane 
of X and y\ putting also Cp=:p^^ -^9= j^9 ^ 
Brzzr\ we obtain the equations 
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d/?'+-^ q'rdt-dN. cos o_d N\ sin o ; 

<i?'+-^^-rydf — ~(d^. sin fl+dN'cos b) sin^+ 

dN". cos p ; 
dr -h • An p qdt='-{dN. sin 9 + d^'. cos fi) cos ^— 

dJV''. sin ^. (D) 

The equations for 2V afford us, by taking their fluxions, 
when sin ^:=0, and cos ^^=:l, 

dd. cos 9 (Br cos ^ + -Ag sin (p) + sin d.d (Br cos ^ + ^g 
sin (p) — d (Cp cos fi) = — d^T; 

d>^. (Br sin ^ — -Agr cos ^)— dd. sin d (JBr cos ^+ ^gr sin 9) 
4- cos 9 d (Br cos ^ + -4g sin ^) + d (CJp sin 0)z= — dJV'; 
d (Br. sin p — Aq cos ^) — d^'. cos d (Br cos p+Aq sin ^) 
— Cpd4'sind = — d2V^". 

Hence we have [d N. cos fi= — dd. cos ^ (Br cos ^•\'Aq 
sin (p) — sin cos 9 . d (Br cos ^ + Aq sin ^) -f- cos 9.d(Cp cos d), 
and— d^'. sin 9=: — d9 . sin ^9 (Br cos ^ + Aq sin ^)+ sin 
cos 9 . d (J5r cos ^ + u^g sin ^)+sin 9 . d (Q) sin 9) + i-^. 
sin fl ( Br sin ^ — Aq cos ^), and adding these together, 
the sum will be — d9 (J5r cos p+Aq sin ^-|-d (Cp) +d\P. 
sin 9 (Br sin p-^Aq cos ?) + d (Cp)=:Br (sin d sin ^. d>|/ — 
cos ^. dd) — -4g (sin p .dd+sin dcos ^ . i'^)= Brqdt-^Aqrdt 
4- dp', and d/+ (JB— il) qrdtzz] d N. cos d - dJV. sin d 

r=dp'+ 5: — ---— V/df, In the next place [1— dJVl sin^ 
AB 

sin ^ndd . sin cos 9 sin ^ (Br cos p+Aq sin ^) + sin*d sin 

^ • d (Br cos ^ 4-ilg sin ^)— sin d sin ^ • d (Cp cos 9) ;— i^'. 

coft d sin pzz — d9 . sin cos d sin ^ (Br cos p+Aq sin ^) + 

d\p . cos 9 sin ^ (Br sin p — Aq cos ^) + cos ^ sin ^ . d (Br 

cos ^+ilgsin^)+cosd sin^.d (Cp sin d);+d2V" cos ^= 

d^' . cos 9 cos 9 (Br cos 9+^g sin 9)— -cos ^.d (Br sin 9 



£54 C£L£6TIAL MECHANICS. I. vii. 27- 

6« COS ^p — c^-\-2f sin cos 4d + (cos «d~sin ^). (jr sin 4- + A 

COS 4')* 

Now since the first members of each of these equations 
must vanish, the second will vanish also, and we have sin 

< (a^ — l^ sin 4^ cos i^+ZCcos ^^ — sin24.)ii:cos d (/* sin 4'— ^r 

cos 4^), consequently z=. 

^ ^ -^ cos d 

h sin 4* — a cos 4^ i r • • a 
: : . ^ ^ — I ; and fsince sm cos B 



{a^—b'^) sin cos 4. +/(cos24.— 8^24,) 

(a2 sin 24,+6« cos 24,— c« + ^sin cos 4.) r= sin »d— cos «d 

(<7 sin 4^+^ cos 4^), whence 

a^siw^-^+l^ cos -4^— c*+2/'sin 4^ cos 4'— sin d cos fl 



^ sin 4'+/* cos 4^ cos d sin d' 



or 



* I 1 

substitu ting M for tanff4'=^ r, having divided by = 

cos4' 003 4- 

cos 4. a« sin « 4. + 6» cos « 4/— c* + 2/* sin 4. cos 4. _ 

cos 24.' gu-j-h ^ 

hu— g _{ (a2— 62)^4-/(1— 1/2) | cos«4. 

(a2sin24. + 62cos24, — c2+2/*sincos4.)^ (a«— 62)114-/(1^ 

cos 24. {gu-\'h) ; or Ozz(gt^+A). (Am— g)«— | (a*— J2)w4/ 
(1— M«) j ( J (a2— &2)tt+/(l_ti2)|cos 24'(5rti+ A) + (fl« 

sin 24. 4- i* cos»+— c2 4-2/* sin cos 4')< Am— y ^ )» "* ^'"^ 

the latter part becomes — c* (liu — g')4-a2 (^ cos 24^ (ow+i) 
4- sin 24. (Am— g)— 52 (^ COS 2^ (5rM4-A)— cos 24. (Am— ^) 4-/ 

^ (1 — ^m2) cos«4<5fM4- A)"f 2 sin cos 4^(Am— g) > = ^(^(kur-g) 
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■ 

+ a* {gu^ cos *>|/ -f hu cos ^ij. + hu sin ^4^— jr sin ^iJ^)-:^-6* ( jw' 
cos *+ + A«« cos *\P — Au cos *4'+ ^ cos 24.) -{-/{gu cos *4^ 
— gii* cos ^4^'\-h cos ^4^ — hu ^cos ^4^ +2 /*« sin cos 4^ — 2 g 
sin cos 4.)= — c^ (Am— jr) + a« (Aw)— &* (^) ^ y(_gi4^^)^ 

whence the whole equation will be] = (gu+h). (Jiu—gY 
+ I (a«— 6«). tt + / (1— M^) I . I (Ac«— Aa^ + /y) u + g b* 

By solving this cubic equation, we may always find a 
value of tt, such that both cos (p Sx'V'dw — sin ^ SyV'Dm 
and sin p Sx'V'Dm + cos p Sy Vdwi may vanish ; conse- 
quently their squares and the sum of their squares (Sa/V 
Dfnf +(SyVDw)^ will vanish, and each of these integrals 
must vanish separately. 

Having found the angles 4^ and 6 from this computation, 
we may determine ^ by means of the value of Sj/y Dm, 
which may be obtained in terms of the angles 6 and 4^9 and 
of a^, b^y c^ /, g and A, and making this expression vanish, 

we shall have the value of r^-— =4 tang 2o[, since 

cos 2^— sm2 (p ^ o ^ L 

2 sin cos ^=sin 2^, and (1 — 4sin * cos*^)=cos^2^=2 (1 — 4 
sin V (1— sin«?) = 1—4 sin «^+4 sin *p=z (1—2 sin*^)^ = 
(cos *^ — sin^^y]. 

By these means we may find the angles d, 4^9 and ^, such 
as to make Sa/y'Dm=0, Sa<V'DW2=0, and SyVDw=0. 
It might indeed be expected that the equation of the third 
degree would afford three values of u, and three systems of 
axes ; [since in general the equation {x — a).(x — b).(x — c) 
=0 must vanish when x is equal to a, to 6 or c;] but we 
must observe that u is the tangent of the angle 4^ formed by 
X with the intersection of the two first planes, and as there 
ia no condition to distinguish the plane of x'' and j/^ from 
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the planes oi x'' and z" and of y and z", the solution must 
be equally applicable to the three intersections formed by 
the plane of x and y with the three principal planes of the 
body respectively : hence it follows that all the three rooti 
of the equation are possible, and that they determine in all 
cases the same system of three axes in the body : [although, 
asEuler observes, it would be difficult to demonstrate, from 
a direct consideration of the equation, that all its roots must 
necessarily be possible.] 

348. Corollary. If O be the rotatory 
inertia with respect to the axis z\ we shall 
find C'= ^ sin*0 sinV+ B sin*d cos'^ + C 
cos*0. 

This may be shown by substituting the values of a:^ and / 
in the expression C'=S(y« +y'*)Dm[ ; or rather in C=:S 

I (^'* 4-y"* +2^'*)— z'* I Dm, which is equal to it, 7^* being 

z=.2!'* COS *d+y"« sin «6 cos «^+jr"« sin «d sin «^; since 
all the products of the cross multiplications vanish in the 

integral, and C=^&^xf'^ (1— sin ^& sin «^)+y"« (1— sin«d 

cos *^) + ^'* (1 — cos ^d)>D»i, whence, by adding to- 
gether two of the coefficients, and subtracting the third, 
as in article 345, we have sin «fi(sin ^^ — cos <^)+sin *d=: 
sin H (2 sin ^^ — 1 -f-1) and half this, or sin ^p sin H, is the 
coefficient of A ; hence we have, secondly, sin H — sin ^ 
sin *d=:sin*d cos *^; and thirdly, 1 — sin H cos ^f — sin ^ 
sin *f =1 — sin *d=cos H for the coefficient of C]. 

Scholium. The quantities sin H sin ^^, sin ^6 cos % 
and cos ^d, are the squares of the oosines of the angles mado 
by ii with x^, y^', and aif' : [for with respect to ^\ it is ob- 
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vious that the angle 6 is 
equal to the angle formed 
by the two axes perpendicu- 
lar to the planes of which it 
is the inclination; and the 
projection of s^ on the equa- 
torial plane of the body, or 
on that of x" and y", being zf 
sin 6, and the perpendiculars falling from its extremity, on 
y and on y", z' sin 6 sin p and zf sin 9 cos ^ respectively, 
these perpendiculars will be the cosines of the angles 
formed with zf, when s^ is the radius. ] 

Scholium 2. Hence it follows in general, that if we 
multiply the rotatory inertia belonging to each principal 
axis by the square of the cosine of the angle which it 
makes with any other axis, the sum of the three pro- 
ducts will be the rotatory inertia with respect to this axis. 

349. CoHroLLAEY 2. The greatest and 
the least rotatory inertia belong to two of the 
principal axes of rotation. 

For the quantity C is always less than the greatest of 
the three quantities A, JB, and C, [, because their joint co- 
efficients are always equal to unity] ; it is also greater than 
the smallest, for a similar reason. 

350. Corollary 3. The minimum of 
rotatory inertia belongs to one of the principal 
axes passing through the centre of gravity. 

Let the coordinates of the centre of gravity, reckoned 
from the common origin at the centre of motion be X, Y, 
and Z, then the coordinates of the partiole Dm as referred 



J 
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to the centre of gravity, will be x' — X, %f — Y", and z! — Z\ 
consequently the rotatory inertia with respect to an axif 
parallel to aif^ and passing through the centre of gravity, 

willbeS |(a:'— X)*+(y'— IT|.d»»; now, by the pro- 
perties of the centre of gravity we have S/Dm=:mJr, and 
S j/vm=imY; consequently S(a?'2-2a:^X + X2+y'«— 2y'r 
— r2).Dw=:— m(X2+r2)+S(y2+3^2).Dm[, Xand Fbc- 
ing invariable in the integration]. We may thus obtain 
the rotatory inertia of the solid with regard to an axis pas- 
sing through any point whatever, when it is known with 
regard to the axes passing through the centre of gravity: 
and it is obvious that [when X and Y vanish, and the 
centres of motion and of gravity coincide, the rotatory 
inertia with respect to the centre of motion is only equal 
to that which belongs to the centre of gravity, exceeding it 
in other cases by m (X^H- Y*), so that] the minimum of the 
rotatory inertia takes place with respect to one of the prin- 
cipal axes passing through the centre of gravity. 

351. Theorem. If the rotatory inertia 
with respect to two of the principal axes of a 
solid is of equal magnitude,, it will also be the 
same for any other axis situated in the same 
plane with them. 

If AzzB, we have CzzJ sin ^9 sin ^^+B sin Heos^ 
-^C cos^fzuj sin ^9+C cos ^6; and whenever the new 
axis 2f is in the plane of of' and y\ it forms a right angle 
with xf't and C:=lA. 

It is easy to understand that in this case, for the axis i 
and for any two a/, and y, that are perpendioolar to it, we 
havt S dryDm=:0, S o/^^'diiizzO, and S j^ii^'pMSiO, fa 
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taking af' end y" for the two given principal axes, we have 
by the sup,)osition S(x"«-f«"2)Dm=:S(y''«H-z"«)Dm, whence 
Sar"*D»»=Sy*Dm: now if e be the angle made by a/ and 
of', we shall have^ as in article 324, a/=a/' cos e-\-y'' sin t, 
y'=y" cos e -a/' sin £, whence Sj/y'vm = Sx''t/'Dm (cos*£ 
— sin*£) + S(y"* — a/'*)Dm sin cos £=0. And in the same 
manner it may be shown thatjSa?VDwi=:0, andSy^z'^DrnzzO; 
so that all the axes perpendicular to 2'^ will be principal 
axes ; and their number will be unlimited. 

352. Corollary. If ^=J3=C, we have 
in general C'=:j4, and the rotatory inertia is 
equal for every axis. 

We have here S o/y^DmnO, Sa:VDm=:0, S yVomziO 
whatever may be the position of the axes x' and t/, so that 
all the lines passing through the centre of gravity are 
principal axes. This is the case with the sphere^ and we 
shall hereafter find that the property belongs to an infinite 
number of other solids, of which the general equation will 
be demonstrated. 

§ 28. Investigation of the momentary axis of rotation of 
a body : the quantities^ which determine its position with 
respect to the principal axes, give at the same time the 
vehcity of rotation^ P. 79. 

353. Theorem. There is always one axis 
at rest, in eveiy body of which any point is at 
rest, although the same axis may only be at 

jest for a moment. 

[We may readily conceive the nature of a momentary 
axis, by considering tliat a rolling cylinder revolves round 

• 2 
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every line of its surface in succession as an axis ; bat in 
more complicated cases it is not so obidous, without a de- 
monstration, that the whole of some one line must neces- 
sarily be at rest at each instant. Now] the quantities p, 
q, r, which have been introduced into the equations (C) 
(345), are remarkable for affording the situation of the true 
momentary axis of rotation with regard to the principal 
axes. For if we take the fluxions of the values of a/, ]/, 
and 2f (345 or 324) and make them vanish, and afterwards 
take also 4^=0, which is always allowable, since the posi- 
tion of the fixed ordinates is wholly arbitrary, we shall 
have, [retaining the notation of article 345, AafizJsf'+0if' 

+yV', and d/ng^x^'+cyH- fV, or dx^= a?"J— dd.sind 

sin 4" sin ^+d4'.(cos 9 cos t|r sin f — sin 4^ cos ^)+df.(cos 6 

sin 4^ cos p— cos ^ sin ^) > 4-y" < — dd . sin 9 sin t^ cos ^+ 

dtfr . (cos 9 cos 4/ cos ^ +sin 4" sin f) — d^ • (cos 9 sin 4^ sin f 

+COS 4" cos f) > +2fXd9 . cos 9 sin 4'+d4' . sin 9 cos 4^); or 

putting +=0,] dx'=:x"(d4' . cos 9 sin f — d^ . sin ?)4-y"(d4" 
cos 9 cos f — d^. cos p, +s^Xd-^ . sin d)=iO. In the sapie 
manner we obtain d^=: 

y( — d9 . sin 9 sin f — d4' . cos ^ +dp . cos 9 cos ^ +y^( — i^* 
sin 9 cos f + d4' . sin p — d^ . cos 9 sin f)+2*'dtf. 
cos 9=0; and dzf=: 

jc^(— dd . cos 9 sin f-^dp . sin 9 cos p)'\-yf{'-d9 . cos oosf 
+d^ . sin 5 sin ?)+«"( — dd. sin d)=0. 
If we multiply the. first of these equations by — sin f, the 

second by cos 9 cos ^, and the third by — sin 9 cos f , and 

then add them together^ we obtain 

[«^ j — dd.(sin cos 9 sin cos p— sin cos 9 sin cos p) 
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— d^^^cos 9 sin '^+008 9 cos *f ) 

H-dp.(sin •p+cos *d cos V+sin *d cos *p) > + 

y" < — d^.(siD cos 6 cos *^ — sin cos cos •^) 
— d4^.(cos d sin cos ^ — cos fi sin cos f) 
•f d^.(8in cos f — cos *d sin cos 9 — sin*d sin cos ^) J H- 

3^' < d0.(cos ^9 cos ^+8in ^9 cos ^) 

— d^ . sin 9 siu ^ >zz 
^( — d+ . cos d+df )+«''(ddxos p — d4. sin 9 sin f)=idt.Xp^' 

Secondly, multiplying the first equation by cos p, the 
second by cos 9 sin f^ and the third by — sin 9 sin p, we 
have ^ 

[p/'} dd.( — sin cos dsin V+sin cos 9 sin ^f) 

+d4'.(cos 9 sin cos ^ — cos sin cos f) 

+ d^.( — sin cos p -f- cos *9 sin cos ^ + sin ^9 sin cos ?) ^ "f 

y^ < dd.(— sin cos 9 sin cos ^+ sin cos ^sin cos^) 
4-diKcos 9 cos '^+008 9 sin *^) 
4.d^— cos *^ — cos ^d sin ^^— sin *9 sin *^) > + 

ii" ^ dP.(cos ^9 sin 9+ sin *d sin f) 

•fd^' .sindcos 9 > = 
y"(d4' • cos d— d^)+a''(^fi.8in ^ dij. sin fi cos ^)=:(— pj^+ 

Lastly) if we multiply the second equation by sin 9, and 
the third by cos 9, and add them together, or more simply. 
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[if we multiply psf'—qz" by r, and pf—rz!' by g, we have 
prxf'—qrz"z=.Q and pqr{' —qr7!'-=i^\ whence, by subtrac- 
tion,] jy"— rj/^=0. Thu8 the evanescence of the three 
fluxions is reduced to the two conditions px^'zuqsi'^ bd^ 
/)y"=rz", which belong to a right line, forming angles with 

x'\ y*\ and z" of which the cosines are ,, o . « . .^ » 

// %1 2_L_ £V ^"^ // g r g L^N i consequently this line 
is at rest, and forms the true momentary axis of rotatioD, 

since the equations hold good equally with respect to all 
its points, whatever may be the actual magnitude of their 
coordinates of, y, and z'. 

354. Theorem. Retaining the notation 
of article 345< the angular velocity of rotation 
is ^ (p^+j^+r*). 

We may consider the motion of a point so situated, 
that z" may be 1, y=0, and y"=0; we shall then have 
the velocity of this point, in the directions of x\ y, and t', 
by dividing the respective fluxions by d^, and we shall thus 

. . . dj' . - dd . — dd 

obtam-j — sm d, —r— cos d, and-^ — sm d respectively; con- 
sequently the whole velocity of the point in question will 

- >/(dd2H-d4^. sin«d) ,, ^ ^- . J* J,- A-. 

be-^--^^ — 1^ ^ = >/(3*+»^f smce qatz=:a^m dsin 

^ — dd cos ^, and rdf =d4/ sin d cos f + dd sin f]. Nov 
dividing this velocity by the distance of the point in ques- 
tion from the momentary axis of rotation, which is evi- 
dently the sine of the angle made by that axis with x"^ of 

^•^icb w /! a . flv is the cosine, that is, by J ■ , j; , 
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we shall have ^/(Jc^+9*-fr*) for the angular velocity of 
rotation. 

Scholium. It is obvious that the quantities jy» j, and 
r, of which the determination is extremely important in all 
inquiries respecting rotatory motion, are independent of 
the situation of the plane of of and y^, and that they are 
sufficient to express the relation of the momentary axis of 
rotation to the principal axes of the body, being however 
themselves susceptible of perpetual variation at succes- 
sive times. 

§ 29. Equation$ for determining the position of the 
momentary axis, and of the principal axes, in terms of the 
time. Case of rotation derived from an impulse not passing 
through the centre of gravity. Formula for determining 
the direction of the primitive impulse. Example of the 
rotation of the planets and of the earth in particular. 
P. 80. 

355. Theorem. When the body revolves 
freely, without any forejgn disturbance, we 
have, with respect to the plane of greatest ro- 
tatory power, cos d = y, ta ^ =:^ and A^ = 

~*l'^(';;^^r ' ^ being=p'« +?"+»-., and H 
being a constant quantity ; d^ being also in 
general = 

ABCAp' 

V { (-4Cifc«-ir«+(-4B--4C)p'«) . (jBP-J3Cifc«-(i4B-fiQp'«)^ 

The equations (D) |(346), afford us, by making the 
fluxions iiNt dN', and dN'', which depend on the forces^ 
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^'anish, and mnltiplying them respectively by jl, q, and t', 
p'Ap'zz^^.p'qVAt; 9'dj'=^^ jV/df, and /d/ = 

^tl£. i^p'q'^t ; hMt B C-AC + J C—JB+AB—BC= 0, 

and the sum of the three equations becomes Onjp'dp' 4- 9'dj' 
+/dr'; or taking the fluent, />'« +}'« +/«=:ifc«, * being a 
constant quantity, to be determined by the conditions of 
the motion. 

Again, if we multiply the three equations by ABp', 
BCq\ and ACr\ and add them together, we obtain^ by 
taking the fluent, ^JB/^^BCj'^H- JCV^zzJ/', an equa- 
tion which includes the condition of the preservation of 
the impetus of the system, [being equivalent to ABC{p* + 
q2 ^r^):zzH^, which implies that the square of the angu- 
lar velocity of rotation is constant ; and H^zz A BCltf ^9 if 
k' be the angular velocity.] 

Now since ^C(p'«4-5'«+/«)=:^C*2, we have -4Cit« 

— m - AC (i>'« + q'^) — ABp'^ — BCq'\ and q'^ = 

AC¥—m^-{AB—AC)p'^ , . ,, 

' ^ ^-^-- ; and m the same manner we 

« A .2^h^-BCk^±{BC—AB)p'\ , . , 

find r*=: ^ ^ ^ ^*--. whence we may find 

q' and / from p' if H and k are known. Now the first 

ABdp' 
of the equations (JD) gives in this case df = — ^-^J 

and by substituting for q^ and / we obtain the equation of 
the theorem, which, however, can only be integrated when 
to of the three quantities. A, jB, and C, are equal. 

The determination of j/, q\ and / from t includes there- 
fore that of three independent quantities H, k, and the 
constant quantity to be introduced in the fluent of t. But 
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this determination relates only to the situation of the mo- 
mentary axis of rotation with regard to the principal axes» 
and to the angular velocity of rotation. In order to ascer- 
tain the true motion of the body with respect to a quies- 
cent space, the position of the principal axes, with regard 
to that space must be known ; and for this purpose three 
new independent quantities are required, and three more 
integrations, which united to the former, afford the com- 
plete solution of the problem. The equations (C), of article 
345, include three independent quantities, N, N', and N", 
but they are not altogether distinct from H and k, for if 
we add together the squares of the first members of the 
equations (C), we havejp'«+j'«+A=iV*4-N'« + N"2=fifc«. 
[For these equations are q^ sin 6 sin ^ -f- r^ sin B cos f-^-p' 
cos 6zz — N; (f' cos d sin ^4-^ cos cos f-^p' sin 6) cos ^ 
+(/ sin f—q' cos f) sin 4^= — N', and — (gf cos d sin ^+/ 
cos 6 cos f + p' sin ff) sin >^+) t^sin f— ^cos f) cos 4^:^ — 
N'\ which may be called (a + /S— y), (J' +« 4-0 cos %^ -f n 
sin >^, and — (S+s+0 sin 4^4-19 cos ^ ; now the sum of the 
squares of the two latter quantities is (84-^4-0^ 4- iS and 
the whole becomes (a 4-/S — y)^4- (8 4-«4-f)*4-^S which, 
since here (a 4- j9) . y = (84-e) i, is equal to (a 4- j9)*4-y*4- 
(84-0*4-^*4-11* : now (a4-^ = ?'* sin «d sin *^ 4- r'* sin *d 
cos *^ 4- 2j^f^ sin *d sin cos f, and (84- e) *= q'^ co&^d sin ^ 
4-f^* cos H cos ^+2qV cos *d sin cos ^', their sum being ^* 
sin V 4- ^^ cos *^ 4- 29V sin cos f, to which adding y*4-^ 
4-11* ory* cos *P4- 4-y* sin *d4-y^ * sin *^4-?'* cos ^f—2gfr^ 
•in cos ^, we have finally p'*4-3'*4-r^=N*4-N'*4-N"«.] 
The constant quantities, N, N\ and N"', correspond 

to c, <^, and c^' of article 328 [c being there Zm — ^— ^^ — , 

and N here S rT'^ — dm] ; and the quantity \t >/(jp'*4- 

d^ 
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j^+/^ expresses the sum of the areas described in the 
time t by the projections of the revolving radii of ail the 
molecules on the plane with regard to which this sum is a 
maximum, and with respect to which N' and N*' vanish. 

For this plane we obtain, by making N* and N" =: 0, 0= 
Br sin o — jiq cos ^, For r' sin Ozzo' cos 0. and =:ta^ 

^■~/i *^^ ^9 ^^^ ^ ^*° ^ — ^^ ^^^ ^ ^^* ^ 4- Cjp sin ^=0, 

[or — p' sin 6 zz q' cos 6 sin ^ + / cos Q cos f, whence 

sin d . . o' . r . ^ taf 

^= —ta fl=:-ism ^H — ; cos o : now sm ^ = = 

cosd P P ^^ 

^— • ^/ "TS — :r= , , » and cos ^ = ,--7- — r-- oon- 

sequently - ta d = -^___- = ^ ^'^ M whence 

cos 5= --= -— -^1--- — -- r: XI, sin 6 sin f = 

seed v'CpHg^H*^*) * 

By means of these equations we obtain the values of 6 
and p for any given time with regard to the plane of 
greatest rotatory power. We have only further to deter- 
mine the angle 4^, made by x^ with the common intersec- 
tion of the fixed plane and that of the two principal axes 
af' and j/\ which requires a distinct integration. Now 
since qdtzzd^. sin sin ^ — dO . cos p, and rd^=:d4r . tin $ 

00s Pf -jr d$. sin p, we have qdt , sin d . sin f + rdt. sin Q 
cos ^ =; d4. . sin % apd d4. =: — qdt. , ^ , rdU 
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lf^T7* = ^TjvS • (r+ b) •■ bnt since 9'«+r'*=*«-p'«, 
and Bj'« + ^/« = 5Ib^££!!, we have d,^ = 
—Ut.{m—JBp'^ 

If we substitute in this equation the value of d^ already 
found, we shall ^e able to find 4^ in terms of jp' : and we shall 
thus obtain the three angles 6, 9, and ^ in terms of p\ q\ 
and /, which wiU also be derived from the time t. Hav- 
ing therefore computed in this manner the values of these 
angles, with regard to the plane of a/ and j/ which has 
been considered, it vnll be easy to deduce from them, by 
spherical trigonometry, the similar quantities which belong 
to any other plane, and of which the determination will 
introduce two new independent quantities, which, with 
the three already mentioned, and that which belongs to 
the fluent of 4^, will constitute the six independent quan- 
tities required in the complete solution of the problem : 
but the investigation is obviously simplified by referring 
it to the fixed plane of greatest rotatory power. 

Scholium. The position of the three principal axes 
with respect to the body being supposed to be known, if 
we are acquainted with that of the momentary axis of ro- 
tation for any instant, and with the angular velocity of ro- 
tation, we shall hare the yalues of p, q, and r, for the 
given time, since their values are equal to the products of 
the angular velocity into the cosines of the angles formed 
by the momentary axis with the principal axis : hence we 
shall obtain the values ofp', ^, and /, which are propor- 
tional to the sines of the angles formed by the principal 
axes with the plape of greatest rotatory power, which is 
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supposed in this proposition to be that of x' and j/, and 
with respect to which the sum of the projections of the 
areas described by the revolving radii, multiplied by the 
masses of the respective particles, is a maximum. We 
may therefore determine at every instant the intersection 
of the surface of the body with this plane, and may conse- 
qnently find its situation, by the actual conditions of the 
motion of the body. ♦ 

[356. Lemma. The square of the radius 

of gyration of a sphere is -g- of the square of 
the semidiameter. 

The fluxion of the surface of a sphere is as ix — .y zz 

T 

rdxt that of a great circle being do: — , where the sine is 

y 

X, and the cosine y : and at last, when xzzr, the surface 
of the hemisphere becomes equal to that of the cor- 
responding semicylinder (183): the fluxion of the rotatory 
inertia of the surface will be represented by rdx.y*r:(r*— 
j2) rdx=r'djp — i'X^dx, and the fluent by r*ar — ^rx^ or, 
for the hemisphere, by -| r* which, divided by r*, gives the 
square of the radius of gyration fr*, and the rotatory in- 
ertia f r^M, M being the content or mass of the sur&oe 
of which the radius is r. 

If the sphere be now supposed to increase by concen- 
tric surfaces, the fluxion of the mass will be as rMr.f» if f 
be the density, and that of the rotatory inertia as f rMr « f, 

fof^r 
and the square of the radius of gyration will be -f " ^ ■, 

which, when f=l, becomes f • |--; = f ^» ^^^ ^^^ '*^**" 
tory inertia of the homogeneous sphere will be f r^.] 
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357. Theorem* In a homogeneous 
sphere, the distance/, at which an impulse 
must have been given, in order to cause u re* 

volution and a rotation at once, must be f .— • -^ 

R being the radius of the sphere, r its dis- 
tance fronf the centre of revolution, p the 
angular velocity of rotation, and U that of 
revolution. 

An impulse acting on any part of the body will produce 
the same progressive motion as if it were immediately ap- 
plied to the centre of gravity itself (322, 331) and the 
same rotatory motion as if the centre of gravity were 
fixed. [Thus if we imagined the force to be communi- 
cated by a particle moving with a given velocity, and at- 
taching itself to the substance, it is evident, from the pro- 
perties of the centre of gravity, that the velocity of this 
point will be the same, whatever be the part of the body 
to which the particle attaches itself; and, with respect to 
the velocity of rotation round the centre, it is obvious that 
this velocity would not be affected by the subsequent appli- 
cation of any force to the centre of gravity capable of de- 
stroying the progressive motion, neither will it be affected 
by the interference of the obstacle, either immediately after, 
or at, the very beginning of the motion.] The sum of the 
areas described round the centre of gravity, by the projec- 
tions of the revolving radii of the different particles on a 
fixed plane, multiplied by their masses, will always be pro- 
portional to the rotatory power of the primitive force, pro- 
jected on the same plane ; and the plane, with respect to 
which the projection of the momentum is greatest, most 
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obviously be the plane in wbich the force itself acts, and 
which passes throagh the centre of gravity : this plane is 
therefore the invariable plane of rotation. Now calling 
the distance of the direction of the primitive impulse from 
the centre of gravity /, and v the velocity communicated 
to the centre of gravity, m being the mass of the body, 
the rotatory power of the impulse must have been mfv ; 
and multiplying this by ^t, the product will t)e equal to the 
sum of the areas described during the time /, which has 
already been found equal to its/{p'* + q^ + /*) (366); 
consequently >y (/>'* + j'* + f^^ = mfv. Hence if we know 
the origin of the motion, and the position of the principal 
axes of the body with regard to the invariable plane, as 
determining the angles 9 and f, we shall have the values of 
p\ ^, and / in the first instance, and consequently those of 
p, q, and r^ whence the values of the same quantities may 
be found for any other time. 

Now if we imagine any one of the planets to be a homo- 
geneous sphere,]deriving its rotation and its annual motion 
round the sun from a single impulse, the radius being R, 
and the angular velocity of revolution U; r being the dis- 
tance from the sun, we shall have vizrU: and if y be the 
distance of the direction of the impulse from the centre, it 
is plain that the planet will acquire a rotatory motion round 
an axis perpendicular to the invariable plane. If therefore 
we consider this axis as the third principal axis s^, we shall 
have d=:0, and consequently ^=0 and r^=:0, and pfzzmfv, 
or CpzzmfrU. Now, in the sphere, C:=:fmR* (356), con* 

seqaently /= j^— • ^ whence we have/, the 

of the direction of the impulse from the centre of the 
planet,' wliich oorresponds to the proportion between the 
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two velocities. With regard to the earth, -^ being 

=366-26638,and— , the sun's parallax, = .000042665, / 

is found very nearly y6o^» C^*' about 26 miles]. 

Scholium. The planets not being homogeneous, they 
may here be considered as formed of concentric spherical 
strata of different densities, and in this case we have Czi^ 

*» |mS' ^^> ^^''''' ^=^ Til' 1^= ""^ '^' "^ 

it is natural to suppose, the strata nearest the centre are 

the densest, the quantity ;. ,, , „ will be less than fR^, 

and the value of f will be less than for a homogeneous 
body. 

§ 30. Of the oseillations of a body which turns very 
nearly round one of the principal axes. Stability of the 
motion round the principal axes of which the rotatory in- 
ertia is the greatest and the least: instability with re- 
spect to the third axis. P. 85. 

[358. Lemma. The cosine of an imagi- 
nary arc may be expressed by a real expo- 
nential quantity : thus we have sin v"iri 4 = 

^—vt — e^^ , e—^^+e^^ 

^ ,-^^" ' and cos V— 1 vtzz 5 . 

If r = cos yt + ^"3 sin yt, iTzz —sin yt . ydt 4- i^Zi 
cos yt . yd* == r>/3 7^^ and — - = dhir = V~iyd'» 

whence r=:6 p it hU=:l. Again, if nr= eos yl — 



'^ 
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»y~i sinyd^dr=(— siny^ — v'"I.icosydOyd^= — V^Zi 

yd* and T = e "^ "" : consequently F — 1^= 2v'3 

sin y* = « — e , and F 4- r' = 2 cos yt = 

e "" +e"" "" . And if we substitute >/Ziv for 
the indeterminate quantity y, we have ^>J~^, sin s/~\vt 

=:« — « , and 2 cos >/ _ivf = c H-e .] 

359. Theorem. The permanency of ro- 
tation round two of the principal axes of 
every irregular body is stable, and round the 
third unstable. \ 

We might deduce the laws of the oscillations of a body 
turning round an axis very near to the third principal axis 
from the j9nents found in the preceding propositions ; but 
it is more simple to derive them at once from the differen- 
tial equations (X)) of article 346. The forces acting on 

the body being supposed to vanish, we have dj/=- 

yV'dfzzO, iq' + ^^ rydf=0, and dr'+^^ p'q'Ai = 

0; and substituting Cp^ Aq^ and Br^ (orp\ q', and r\ dp 

H — p7— qrdtzzO, dyH ^ — rpdtzzO, and drH — — - pg 

i^ A. B 

df=0. 

Now supposing the solid to perform its rotation reiy 
nearly round the third principal axis» so that q and r WKJ 
be very small, their squares and their products nmy ob- 
viously be neglected in comparison with the other quan- 
tities concerned; we shall therefore have dpzzQ, and if W€ 
substitute in the other equations the indeterminate valoes 
^=/A sin (/i< + y)» and vufi cos («f +y) [in order to obtaia 
a particular solution of the problem], we shall have ii=jp 
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^- 2'^ , arid /A = —A* >/^^—^, A* and y being 

two constant independent quantities ; and the angulat ve- 
locity of rotation, which is \/(/>^+j* + r2), will be reduced 
simply to p, by neglecting the squares of q and r, so that 
this velocity may be Qonsidered as constant, and the sine 
of the minute angle formed by the momentary asis of rota- 

tion with the third principal axis will be —^ i. [For 

P 
the value of iq, being, according to the substitution, /i cos 

(nt-^y)ndt, and that of dr= — // sin (nt'\-y)ndt, we bave/b» 

, ft JO fi n 

cos (nt-\-y)n+p// cos (nt + y) j. z=0, or im^p^A -^ 

I A A 

=0 and — iJL sin (n^-|-y)n+p/i sin (»f+y) — — -=0, or — 

A—C n u / ^ ^-^ 

lAH-Ypfi --—=0; whence A* =—/*n -— — ^—Pf^ —^ » 
-o PkL^—mS) no 

"*^ ^ (C^ns ^ ^ — S^' consequently n^ABzzp^ {C-^-A) 

iC-B); and ^=~.p s/ j^ 'c=-'b'="' ^ ^ 

-jj^ — jj-.] Now if, at the beginning of the motion, qzz 

0, and r=:0, that is, if the momentary axis of rotation coin- 
cides with the principal axis, we shall have a^=0, f^zzOt 
and q and r will always remain =0, the axis of rotation 
always coinciding with the third principal axis ; whence it 
follows that if the body begins to turn round one of the 
principal axes, it will continue to turn uniformly round the 
same axis. This remarkable property, belonging to the 
principal axes, has caused them to be denominated axes of 
permanent rotation, and it belongs to them exclusively ; 
for if the momcBtary axis of rotation be supposed invariable 

T 
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with respect to the body, we must have dpziO, dj^O, and 
ArzzOp whence, from the equations (JD) we have — 77-^^ 

r:0, — - — rp=0, and — ^— /)y=0: and, in the general 
extent of the theorem. A, B, and C being all unequal, it 

■ 

follows that two of the three quantities p, q, and r must 
vanish, which supposes the momentary axis of rotation to 
coincide with one of the principal axes. 

If two of the three quantities, A,B and C, are equal, 
for example i( A = B, these three equations only give us 
rp=0 and pq^O, which will be true if/? only be supposed 
to vanish, so that the axis of rotation may be perpendicular 
to the third principal axis, and it has been already shown 
that, in this case (351), all the axes so situated are principal 
axes. And again, if ^, B, and C are all equal, the three 
equations will be true, whatever may be the values ofp, q, 
and r ; but in this case all the axes are principal axes (352). 

Hence it follows that the principal axes only can be 
permanent axes of rotation : but they do not possess this 
property in the same manner: the rotation round that 
axis, with regard to which the rotatory inertia is inter- 
mediate between the two others, may be disturbed in a 
sensible degree by the slightest cause, so that such a mo- 
tion is possessed of no stability. 

Stability consists in such a state of a system, that when 
it is very slightly deranged, the derangement caii only re- 
main extremely slight, and the system will oscillate about 
the state of stability. Thus if we imagine the momentary 
axis of rotation to be infinitely little removed firom the 
third principal axis, in this case the values of q and r wiB 
always remain infinitely small, and the momentary axis wiD 
only make excursions of the same order about the ttird 
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Jpiincipal axis* Bat if the value of v? became negative^ 
and n were consequently imaginary^ the values of sin 
(n^ + 7) and cos (n^+r) would be changed into exponential 
or logarithmic quantities (358)> and the expressions for 
q and r might then increase indefinitely, and these quan- 
tities would no longer be infinitely small, so that the mo- 
tion would have no stability. Now the value of w is real if 
C is the greatest or the smallest of the three quantities 
A, B, and C, for then the product (C— ^) . (C— B) n 
positive, but this product is negative when C is of inter- 
mediate magnitude, and n then becomes imaginary. 

S60. Corollary. Retaining the same 
notation, if d be very small, we shall hare 

sin d sin ^=^ sin (p*+^) — ^ /* sin (wf 4-y), and 

sin d cos ^=^ cos (p<+^) — -q-i^ cos (nt^-y) ; ff 
and A being two new constant quantities. 

In order to determine the position of the axes with re^ 
gard to a quiescent space, we may suppose the third prin- 
cipal axis very nearly perpendicular to the plane of osf and 
y» so that we may be able to neglect the square of d, and 
to make cos 0=1, we shall then find for the value of jpd^^ 
instead of d^ — di^. cos 6, d^— d4^, whence 4^ = ^ — pt — h 
s being a constant quantity. We have then, since qdtzz, 
d«f^. sin 6 sin f — d^. cos f, and rdtzzd'^. sin 6 cos ^+d^. 
lin f, putting sin sin fzzs, and sin 6 cos f^u, d«=:cos 
sin^dd + sind cos ^d^=sin ^dd+sind cos ^f, pudtzz 
sind cos f {df — d4d»ds—pudtzzs\n ^dd+sin cos ^di)^=rd^ ; 
and dti=:cos fdO — sin 9 sin fdf,psdt=:sinO sin ^ (d^^dif^) 
and dii+p«d^=co8fdd — sin^d 8in^d4'= — qdL Now the 

T t 
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conditions of this fluxional equation are fulfilled by potting 

* = ff sin (pt+x) — — — /A sin (nt-^y) or == ff sin (pf +^) — 

Cp 

•TT Qp and uzzC cos( pt+x) — -— u,' cos (nt + y), or = C 
Cp * ^ Cp 

JO 

COS (pt-^x) — 77- y* [» since d* becomes =:ff cos (j[>t'^x)pdt 

A B 

— — . dg, andjpt«d^=ff cos (pt+x)pAt— -^ rdf : but since 

dq=i^^rpdt(360\ ^ ^q^^^ rAt, and d^— pttd/= 

{-^ 77") rd^=rd*, and dM= — € sin (p^+^)|Kl^— 

-r^ dr,psdtzzC sin {pt+\)pdt — -prqdtf wi 7^ dr=: — 77— 
Cp • C Cp c 

qdt, whence du psdt:=z — gd*]. 

In this manner the problem is coir p!etely resolved, since 
the values of s and u afford us 6 and f in terms of the 
time, and since 4^ is deduced from f and t. If the quan- 
tity ff _ 0, the plane of a/ and y becomes the invariable 
plane, to which the angles $, f, and ^ have been referred 
in the preceding section (355). 

§ 31. Of the motion of a solid body round a fixed axii. 
Determination of the simple pendulum oscillating in the 
same time with the body. P. 88. 

361. Theorem. The vibrations of a gravi- 
tating body, whatever may be its form, are 
sjmchronous with those of a simple pendulum 

of the length ^9 C being the rotatory inertia 

with respect to the axis of motion, or S (y**+ 
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z"") Dm, m the mass, and h the distance of 
the centre of gravity from the axis of motion. 

The preceding iDvestigations are sufficient for determin- 
ing the motion of a solid round its centre of gravity, when 
it is either at liberty, or fixed to a single point of suspen- 
sion only : it now remains for us to consider the motion of 
a solid round a fixed axis. 

We may call the axis of motion a^, and suppose its di- 
rection to be horizontal: the last of the equations (£) 
(343), will be sufficient to determine the motion ; that ia 

S y'^-^^j/ vmzzSf {Ri/'-Qzf) dtDm=N\ We may 

suppose 1/ to be also horizontal, and z' vertical, or per- 
pendicular to the horizon, the plane of j/ ^nd sf passing 
through the centre of gravity of the body, and a moveable 
axis being supposed to pass constantly through this centre 
and the origin of the coordinates. Now 6 being the angle 
which this new axis makes witfa /, and ^' and :if' being 
the coordinates perpendicular and parallel to this new axis 
ia the plane of 2^ and 2^, we 
have y'=y" cosd+z" sin d, 
and !i^=!i^^ cos — j/' sin 0, 
consequently [j/izf — s^it/^ 

d^{(y^co9^+3i^'8iii^.(— * 

«" SID fl— y cos «)—(«" cos B 
— y' sin fl). C— y siDd+«" 

cos«)| zzM^ -^if €0S^ 

W' 8iatf)M«" oosd-y' sin fly }:;:-dd|/<(cos«d+sin«) 

4- s''* (iin •« + cos •d) } and]S ^"^'^/^^ ^'^^'-^ » 
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(y"«+x"^) Dmn— ^ C-N"', and taking the flaxion, ^ 

= C, At being constant : and the body being sub- 

ject only to the force of gravitation, P and Q will be =0, 

and R will be constant ; therefore AN" = ASfRy'AtTim =: 

AN" 
SRy'AtDm ; -f— = SRyDm=:RSy'Dm = JB cos « SfDm 

+ 12 sin d Sz^'Dm : but since zf' passes through the centre 
of gravity of the body, we have Sy"Dm=0; and if A be 
the distance of the centre of gravity from the axis of mo- 
tion y, we have S2f'Dm:z:mh, m being the mass of the body, 

AN" ,7, . . jddd — mARsind 

whence --— - = mhR sm 9, and -—- = ^j — = — . 

at dt* C 

If we now consider a second body, of which all the atoms 

are united in a single point at the distance / from the axis 

^', we have in this case Czzm'l^, m' being the mass: and 

, , ^, ddd — m'hR s'mO R . ^ rw^^ 

A=:i; consequently -r-^= ns = -r- sm fl. Ihe 

d^* ml* I 

two bodies will therefore have exactly the same oscillatory 

motion, if their initial angular velocities, when their centres 

of gravity are in the vertical line, are equal, and if / = 

Q 

— ^* The second body here taken into consideration is the 

3imple pendulum, of which the oscillations have been de- 
termined in § 11 (280) ; and we may always assign, by 
means of lliis formula, the length I of the simple pendnlam, 
of which the oscillations are isochronous with that of the 
solid here considered, which cpnstitutes a compound p^i- 
dulum. It is thus that the length of the simple pendnlnmi 
vibrating in a second, ha^ been determined from obaerfSr 
|iqns on the vibrations of compound pendalamsy 
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CHAPTER VIIL 



OF THt MOTIONS OF FLUIDS 



§ 32. {_Introduction.'} Equations of the motion of 
fluids: condition relating to their continuity. ' 

[Introduction. The subject of this section being 
somewhat intricate, and involving a variety of connected 
quantities, it may probably be of advantage to premise, as 
a detached illustration of the mode of treating it,: the in- 
vestigation of Poisson, which is nearly similar, but reduced 
to more elem^tary principles, and in some instances more 
clearly expressed. Traits de M^canique, 1811, Vol. IL 
P. 472. 

** We are now about to consider the motion of fluids in 
the most general point of view, and to examine the condi- 
tions of the motion of the fluid mass, for which we have 
already investigated the laws of equilibrium. The fluid 
may be either homogeneous or heterogeneous, either incom- 
pressible or elastic ; all its particles are supposed to be ac- 
tuated by given forces, such as their mutual attractions, 
and other attractive forces durected either to fixed or to 
moveable centres. But all these forces we suppose to be 
reduced to three, parallel to three fixed orthogonal axes, 
and to the coordinates x, y, and z ; and we may oall theae 
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three forces X, Y, and Z. These forces are simply de- 
pendent on x\ y, and z, when their intensity is invariable 
in magnitude and direction ; but when they are directed to 
moveable centres of attraction, or are dependent on the 
mutual actionfl of the particles, their values will compre- 
hend the time that has elapsed : so that calling the time t, 
we may consider the forces X, Y, Z, in general as func- 
tions of X, y, z, and t, 

** Now if we call the velocity of the element, to which 
the ordinates x, y, and z belong, reduced to the direction 
of the axes, u, v, and w, these quantities will be unknown 
functions of jr, y, z, and t; they must depend on the ordi- 
nates X, y, z, because, at the same instant, or for the same 
value of t, the velocity may vary between one particle and 
another in magnitude and in direction : they must also de- 
pend on the time t^ because in the same place^ and for the 
same original values of x, y, z, the velocity may change, 
from one instant to another. If we wish to compare the 
velocities of any one particle in two consecutiva instants, 
we must suppose that the variable quantity t becomes <-f 
dt, [or rather f + A^]; and in the same time the coordi- 
nates of the particles x, y, and z, will become [x+u£it, 
y+vAtf and z + wAf]; for in virtue of the velocities ttyt;,w, 
the same particle which belonged to the coordinates x,y,z, 
at the end of the time^, will correspond to x-i-uAtpy-i-v^i, 
and z-j-wAtt at the end of the time t+At. It follows^ then, 
that in order to obtain the variation of the quantities Ut v, 
and w, with regard to the aaxae partiole at the difiPerent 
instants, we mast take the differences with regard to i, 
and with regard to x, y, and z, considering uAt, vAt, an4 
wAt as the elementary variations of these quantities. 'Ws 
have therefore 
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aii= -r-d^ + -J— «df H — r— VQt + --— M?d* ; 
d^ ax ay az 

dt?=: -r— d^+ -r—ttd^ + -r — vat +-r— wd/; and 
at ax ay az 

J d'wj^ d'li? J. . d'li? J. . d'w J. 
d«; = -; — d^ -f- -r— ttd^ H — ^^vde -f-r— tod^ 
d^ . dx dy dz 

" The flaid being supposed to be divided into infinitelj 
small rectangular parallelepipeds, of which the sides are 
parallel to the coordinates, we have» for the volume af the 
element corresponding to x, y, and z, [DxDyDz, using the 
characteristic D with regard to the variations of space for 
the same instant of time, while a and d are employed for 
the successive changes only.] The density of the fluid 
may be considered as constant throughout this space, and 
may be called f , so that the mass will be ^DxDyDz. We 
may also designate by p the pressure^ on each unit of the 
surface, es^erted by the fluid in contact with the difierent 
foces of tke parallelepiped, and whicb, ao<K>^ing to the 
fundamental property of fluids^ is the same ia «U dii^e- 
tions. The twe quaatitieaf g and jk, as weU a^ the veleei* 
ties II, V, Wi are unknown funclioBs of x, y, s, and t; Ae 
five quantities^ H» t;^ «^ f« and p, are requiired to be fowi4 
for the solution of the problem ; and when these have heoB 
obtainedf in terms pf Xp y, x^ aad i, the state of the fluid wJH 
be known for every ^tant» the velocity and directiea ef 
the motion of eaeb partiole heiiig determined, together 
with the density of the fluid and the 'pressure .exerted, 
whether at the surface or within the substance of the fluid. 
We must therefore proceed to seek for the equations exr 
pressing these five qimntitias. 
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*' Now three of these equations are immediately afforded 
us by the principle of Dalembert. The velocities " lost** 
during the instant At, by the particle subjected to the 
action of the forces X, Y, and Z, are X^t — Ati, YAt — At;, 
and ZAt — aw; for Au, Av, and aw, express the augmenta- 
tions of velocity which really take place in the given in« 
stant, and XAt, YAt, and ZAt, those which would be pro- 
duced by the forces X, Y, and Z, if the particle were free 
and insulated. These supposed velocities, divided by At, 
will. give the measures of the forces capable of producing 
them ; and calling the quotients X', Y', Z', we have 

y. Su Su d'tt Su _\^, 

d^ da: dy dz "" ' 

^r d'v d'v d'v d'r ^^, . 

Y—'j- —-«——-«■— —-ti; = F'. and 

d^ dx dy dz « 

^ d'w d'w Sw Sw __ ^, 

d^ dx dy dz "" * 

'^ Now, according to the principle in question, the fluid 
mass would be in equilibrium, if all the particles were actu- 
ated by forces capable of communicating to them the 
velocities lost or gained at each instant; [or in other words 
the unemployed forces of the whole system must hold each 
in equilibrium:] we may therefore satisfy the general con- 
ditions of equilibrium by considering X' Y' and Z' as the 
forces, parallel to the coordinates, acting on each particle» 
instead of X, Y, and JZ, which represent the whole forces 
in those directions. Hence we have 

tating for these quantities, and dividing by f ; 



i 
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£L- Z— — 

fdr"" d^ dx ** dy ^' dz 

** Each of the elemehts^ into which the fluid is supposed 
to be divided, will change its form dnring the instant Af, 
and it may also change its volume, if the fluid is compres- 
sible : but since the mass must always remain constant, it 
follows that if we find its volume and its density at the 
end of the time t-^-^ty their product must be the same as 
at the end of the time t : and by making the variation of 
this product vanish, we shall obtain a new equation for the 
motion^ 

** In order to form this equation, we may consider the 
rectangular parallelepiped, of which the volume was ex- 
pressed by DxDyDz at the end of the time t, and examine 
the form which it will assume at the end of the time t-\-At. 
supposing M to be the summit of the parallelepiped which 
corresponds to the coordinates or, y, 2, and MN, ML, MK, 
the three sides or edges which meet in it, and which are 
parallel to the axes Qz Qy and 0ar respectively, so that we 
have MN=:DZ, ML=DY, andMK=:DX: supposing 
also E,F,6, and H, tp be the foifr other angles of the pa- 
rallelepiped ; and the points M,N,L,K,E,F,6,H, to be 
removed, during the instant M, to M',N',L',K', F,F, G', 
H'. The new solid will still be a parallelepiped, as may 
be thus demopstratedf 
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'' The coordiJDateSy x^ y, s» of the point M^ become, at the 
cndof the instant zi^ii or -fud^ y+v^t, andx+tp^, whkh 
are therefore the coordinates of the point M^ and those of 
any other angular point may be found by substituting the 
corresponding variations : thus for the point N', the ordi« 
nates are at first x, y, and z + dz, and afterwards, u being 
changed to u + D t^in each instance, we bav« for the 

d'li d v 

new crdinates x + uAt 4-— r-i^^^^ ? y + ^^^ + — r- J)ziL 

dz -^ dz 

and {4-Dz+ioA<+ — r~ BZAt. The differences are -r-DZA/. 

dz dz 

-r^DZA^ and VZ+ -r—DzAf, and the sum of their 
dz dz 

squares will be the square of M' N' : but the two focmer 

being infinitely smaU in compansou with tbe latter^ their 

d'v 
sqvaves may be neglected, and MfTS'zuDz+'^D^Bt, 

^' The cooxdinatea of the point E" muet be dedmed 
firom those of M', and the ooordinates of V from tbose of 
N^ by substituting x+Dx and y + Dy in llie place of 4r and 
y : consequently the length of R F may be deduced in the 
pame manner from ihat of M'N'; hence we haye 
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az dzQX Lzdy 

which only differs from M'N' by quantities evanescent in 

comparison with itself; and in the same manner K'H' 

and L' G^ may be shown to be ultimately equal to M'N'. 

Precisely in the same manner, by substituting first y and 

v, and then x and u, for x and w, we obtain 

d'w d tt 

M'L'=Dy+-T- Di/A^andM'K'=Dr+-r- dxa^; and the 

dy "^ dap 

opposite sides of the parallelepiped, will be found to be 

respectively equal to them, so that the figure still remains 

that of a parallelepiped, although its angles are rendered 

oblique ; but the obliquity produced in the instant A^ is 

infinitely small, so that, without neglecting the cosine of 

the angles, their sines may still be considered as unity, and 

the volume of the solid will be expressed by the product of 

its three sides M'N'.MX'.M'K'.-^ This product, neglecting 

the terms involving the higher powers of the differences, 

which are comparatively evanescent, becomes DxDyDz(l + 

/-J- +-r- H — r— )^0' 2^Dd this is the volume of the element 
\QX dy az / 

which, at the end of the time #, was DxvyDz. Now the 

density ^ being a function of x, y, z, and #, it follows that 

when t becomes t*^st, and «, y^ and z are changed to r-f 

uAt, y-^vAt, and z-^wAt, it becomes f+j^^^+T^tf A t + 

-j^ vAt+-r-^ wAt: and if we multiply this density by the 
dy az 

corresponding volume, the product will express the mass 

at the end of the time : from which if we subtract f DxDyDz, 

the initial mass, the remainder will be the variatioii of 

the mass : and this must vanish. Hence, neglecting the 
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terms which coDtain the sqaare of At, and dividing by 

j)xDyDZAt, we obtain 

d'f . d'f dV . dV . /A*u , d*v , d'w \ ^ , . 

amountstothe8ame.??+^^+^+^?!^^=0." It« 

d^ QX ay Qz 

unnecessary to pnrsne Mr. Poisson's investigation any fbr' 
ther, since it is only introduced as an illustration of some of 
the less perspicuous parts of Laplace's mode of consider- 
ing the subject, to which we are now to return.] 

363. Theorem. The motions of fluids in 
general may be deduced from the equation 

8F hemg=PSa:+QSy+RSZj p the pressure, f 
the density, and P, Q, R the external forces 
acting in the directions of the coordinates a?, 
t/, and z. 

It will be convenient to deduce the laws of the motions 
of fluids from those of thair equilibrium, in the same man- 
ner as, in Chapter Y, the laws of the motions of a system 
of solid bodies have been deduced from those of the equi- 
librium of the system. For this purpose we may resume 
the equation ip=g {PSx+ QSy + Rh) from the demonstra- 
tion cxf article 316. 

Now when the fluid is in motion, the forces unemployed 
in generating motion are P — -r-^, Q— -j^, and R - ^ # 

which must hold each other in equilibrium : we must there- 
fore substitute these forces for the P, Q, and 12 of tlie 
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eqaatioD of equilibrium, and it will become Sp=f< SxlP — 
Phc+QSy-hRh: to be an exact variation, and equal to 

364. Corollary. Since the three varia- 
tions are independent, their coefficients may 
be made to vanish separately, and the theorem 
may be resolved into three distinct equations. 

365. Theorem. The condition of the 
continuity of the fluid is expressed by the 
equation f^=(f); (G) 
(f ) being the initial value of the density f , 

and ein—.^^ ^—^^.^.^+^ ^ ^ — ^,^ ^ 

da db dc da dc db db dc da * d6 da *dc 
. d'x d'y d*« d'x d'y d'z ., . . . . , , ^ 

"^d^df-dft~TcT6d5' the mitial values of x,y, 
and z being expressed by a, 6, and c, which 
are variable from particle to particle only. 

The coordinates, or, y, and z, are functions of the primi- 
tive coordinates a, b^ c, and of the time t : [it is evident, 
for example, in the propagation of a wave, that the motion 
of any particle, to which the ordinates x, y, and z belong, 
depends entirely on the initial state of other ordinates of 
the surface of the fluid, in combination with the time 
elapsed from the beginning of the motion :] consequently, 
[if the variations S be taken with respect to any one instant 
of time,] 
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da do dc 

By substitating these values in the equation (F) (363), 
we may obtain three separate equations of the coefficients 
of Sa, Sb, and Se, considered as vanishing separately ; these 
equations expressing the relations of the partial fluxions 
of the coordinates x, y, and z, the primitive ordinates a, 
b, and c, and the time t. 

We must next investigate the conditions required for 
the continuity of the fluid. For this purpose we may con- 
sider the elementary portion of the fluid, at the beginning 
of the motion, as a rectangular parallelepiped, of which 
the sides are Da, D&, and dc, and the mass (f) DaD&Dc. 
We may call this parallelepiped {A) : and it is easy to see 
that after the time t it will be changed into an oblique pa- 
rallelepiped ; for all the molecules at first situated in any 
face of the parallelepiped {A) will still be in the same plane, 
at least if we neglect the infinitely small efi^ect of curvature 
on the infinitely small faces ; and all the particles situated 
in the parallel «dges of (A) will be found in elementary 
right lines equal and parallel to each other. We may call 
this new parallelepiped (B), and we may conceive two 
planes, parallel to that of x and y, to pass through the ex- 
tremities of its edge formed by the particles which in (A) 
occupied the edge Dc. Then if all the edges of (JB) be 
prolonged, until they meet these two planes, they will form 
a new parallelepiped (C), equal to (£); for it is clear that 
as much as one of these planes cuts off from the parallele- 
piped (B)^ so much is added to it by the other* The 



OF THE MOTIONS OF FLUlDf. 



paraIleIepip©d(C) 
vill have its two 
bases parallel to 
the plane of J- and 
y: its height be- 
tween the bases 
will evidently be 
equal to the els- 
ment of z i and 
nnce in this point ' "" ^^^ 

of view X, y, and t may all be considered as constant, antf 
the same values only of a and b enter into the determina- 




the parallelepiped (C) will be found by observiog that it is 
eqaal to the section of (^ by a plane parallel to that of x 
and y ; and we may call this section (() : with respect to 
the particles situated iu it, the value of z will be the same 



da 



'db' 



dc 



Now if D^ cmd vq be two contiguous sides of the section 
(t), the first derived from the face answering to oboe of 
(A), the secoud from DaDc : if through the extremities of 
the side vp' we imagine two right lines to be drawn paral- 
lel to X, and the side opposite to Dp' to he produced so as 
to meet these lines, they will intercept a new parallel<^ram 
(a) equal to (t), having its base parallel to x. The side ap' 
is formed by some of the particles belonging to the face 
obDc, that is, by those particles with regard to vAich the 
value of zis invariable, and it is easy to seethatthe height 
of the parallelogram (a) is the element of y, taken on th« 
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supposition that b and c only vary, while a, t, and iE remain 

constant Hence 

d'y , d'y n ^'^ x . d'z 

Dy=-r7 D0+ -r^ DC; 0=---D6-h -r- DC. 

d6 dc d6 dc 

£f r d^yd^zl 

d6 , J Jd'y dc 'd6 

conseqaently d$zz — — - i>6, and Dy=Dol-7^ — -— — 

dc \ dc 

zzDb. -p • which is the height of the parat 

d7 
lelogram (x). Its base is equal to the section of the pa- 
rallelogram formed by a line parallel to Xp belonging to a 
plane in which those particles of the parallelepiped (A) are 
found 9 with respect to which z and y are constant: the 
length of this section is therefore equal to the element of 
X, supposing z, y, and t to be constant. ' 

We have therefore, for the element dx, the three equa- 
tions 

dx . d'jT . Ax 

da Qo dc 

A d'y . d'y • . d'y ^ d'z A'z , d'z 

0=^ Da+ -rf d6+ -3^ Dc; 0=— Da-H tt Dft-f -r- ^'^ 
da do dc da do dc 

[and multiplying the second hy -r-, and the third by--?,we 

have 

-, A'ySz . d'yd'z". d'yd'z d'yd'z , u_ 

da dc do dc dc da dc do 

, da dc dc da _ , . ... ... 

ay Az d y d 2 
dc 'di dS''dc 
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^ _da'd6 db'da ^ ., _ d'x ^^ , 

Dcr:— — _ — j)a:\ consequently Dx=~- .Da+ 

dyd^_d^yd'z ^ ^ ^ da 

db dc dc 'dft 

^ ^ ^ — 4f ^ £5 + ^ ^ £5—^ ^ ^ 

d6*dc*da dft'da'dc dc da 'dft dc .dft *da j 

• Da ; and 



d> d;z_dV d'z 
dft'dc dc 'dft 



Cdu 



Vxzzdy d'z^d'y d'z; which is the base of the parallelo- 
dft 'dc dc 'dft 

gpapft 
gram (a) ; and its height being jyy, its area is = d'z : 

dT 
which is also the area of the parallelogram (s), and which, 

d'z 
multiplied by -r- . dc, will become CDaDftDc, for the vo- 
lume of the parallelepipeds (C) and (J3) : and g being the 
density after the time t, the mass must be f CDaDftDc, which 
being equal to (f) DaDftDc, we shall have f^=(f) for the 
equation implying the continuity of the fluid. 

§ 83. Transformation of these equations: shoum to be 
integrable provided tJiat the density be any function of the 
pressure, and that the sum of the velocities parallel to three 
orthogonal coordinates, each being multiplied by the ele- 
ment of its direction, make an exact variation. This con- 
dition fulfilled at every instant if it is ai a single one. 
P. 94. 

366. Theorem. If u^ v^ and w be the 
velocities of a particle in the directions of x, 

y, and z, we have 8 V— ^=8x(^+ u^•^ t; J^^ 

u 2 
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dz) ^\dt dx dy + dz / ^ dt 

d*w d'w d'w \ {TJ\ 

dx dy dz / ^ 

For since -t-=m,--2=:«, and -7- = to, if we take the 
d^ d^ d^ 

flaxions of these equations, regarding u, v, and w as fanc- 

tions of the coordinates x, y, and z of the particle, and of 

the time t, we shall have 

ddjr d'w , d'ti , d'u . d'u 

d<«-d< dx dy ^'*dz ' 

ddy d'» , d'« , d'tj , d'» , 

dF«=d?-^"di + ''d^+"'d7'"'^ 

ddz d'w . d'w . d'v . d'tc? _« 
-r---=-r--+ M-r— + v—- +11;-—-. [For since 
d^« d^ dx dy dz "■ 

dM=: _-df + --dx + ,--.dv + -- dz, and darz=udf, dy=t;d/, 
d^ dx dy dz 

and dz=:ii;df, the truth of the equations is manifest; and 

by substituting these values in the equation {F) 863, we 

obtain the equation (H) of this proposition. ] 

367. Theorem. For the equation of con- 
tinuity we have also 0=^^+^+^^+^- 

If we suppose the coordinates, x, y, and z, to be infi- 
nitely near to a, b, and c, we may eonceive a, b, and c in 
the value of ff, to be equal to x, y, and z, and x, y, and f 
to become x+iia/, y+vM, and z+irAf : we shall then have 

^ . /d*u d'v d'tu\ - . d'jT , d'x . 

e^l+At It- +-—.+--—) ; [since -— becomes -- + 
\dx dy dz / da da 

d'u d'x^dii , . .di« dV , . , d'v jd'z 

. ...— +— * A<=i4-A^ — . -^::zl-f Al . — . and-— =: 

lla^'-d;r dx ^ dx'dft ^ d^' dc 
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l+Af.-^~, 80 that the first term of the value of C becomes 
equal to the product of these three quantities^ and the five 

other terms vanish, since --=0, —?=0, -if =0,-1^=0, 

do dc da dc 

Sz d'z ' 

-p =0, -- =0.] The equation (G) becomes therefore 
da do 

f Af (— + -p +-J-) +f — (P)— = and if p be considered 

as a function of x^ y, z, and t, we have 

(f)=f — Af -r? — tiAf —i — TAf --^ — todf --- ; so that the pre- 
d^ dx dy dz 

ceding equation becomes 

d^ do: dy dz 

It is easy to see that this equation is the fluxion of the 
equation (Gr) (S65) taken with regard to the time ^ [ : for it 
has been deduced from O by taking the difference of its 
terms with regard to the evanescent element of time A^]. 

368. Theorem. If w&r + vh/ + wfzzz )ip, p 
being any function of the pressure p, we shaU 

We F-/^=if + 4 OV(^)' + ('^*}. 
and, for homogeneous fluids, i^+ "^'^ 

dd> 

— ^= 
dz* "• 

When If Sr + vhf + wfz is an exact variation of x, y^ and s 
(313) and f is also a function of the pressure, the equation 
(H) is si^sceptible of integration, for it becomes SF— 
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<i> ^ d'«, d'«^ d'«. d'u - d't>- 

+^g. (314, and ^8 (^V =«8x^+ u^y ^^+«8z 

--r — ; and the variatioDS of the other parts of the 

expressions being transformed in a similar manner, the 
sum will obvionsly be equal to tbe corresponding terms 

of (jET) ]. The fluent of this equation is V-f^ = ^ 

+ * { C^YH^fH^y]- Itwouldbeneoessary 

to add an independent constant quantity, expressed in 
terms of t, to this fluent, but this quantity may be sup- 
posed to be included in f. The velocity of the particles, 
in the directions of the coordinates, is obtained from the 

,., d> d> , d> 

quantity p; smceu::z—f v=t-^. and wzz-^r^. 

QX ay az 

The equation (K\ expressing the continuity of the fluid, 

orO==-rf +---2-4--^'+ -^f—, becomes 0=-r-i+-r^ . -r^ 
d^ dor dy dz at ox dx 

^ d V d> ^ d V d> ^ /dd> . ddV . dd> X ,, 

with regard to homogeneous fluids, since df =0, we have 
dd> dd> dd> r_d'^ d't^ d'wn 
""da^ dy® dz* L dx Ay d«j' 

369. Theorem. If the quantity ti » + 
vdy + te^^a: is an exact variation of w^y^ and z^ at 
any one instant, it will always remain so. 

If, for example, this variation be at any c|pie initiBt 
eqnal to if: it will be at tbe next instant equal to df 4-Af 

/^^H-^^+-^ hi) which wiU stiU be an ezaet 
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variation if -rr &c+ -rrSy-f — ??•& is an exact variation 

' in the first instance : now we have from the equation (H) in 

this case _J* + -^»y+-^ & = 8F- ^j J (-jj>+ 

(dV \s / d'o \8 7 Sp 
d — / "*■ V H — / \ ^* the first member of the equation is 

consequently an exact variation of a function of a:, y^ and ;8; 

the function uSx-i-vSy+wiz is therefore an exact variation 
in the subsequent instant if it is in the preceding : it is 
therefore an exact variation at every instant. 

370. Theoeem. When the motion of the 
fluid is infinitely sqaall, we have V -/— =^-^* 

Neglecting the squares and products of u, v, and w, 
the partial velocities, the latter part of the equation (H) 
(366, 368) will vanish; and i^^ this case is^+vhf H- io3)e=: 
S^ must be an exact variation whenever p is a function of 

g : and when the fluid is homogeneous, the equation of con- 
tmuity remams 0=: -r-j- + -r-^- '^'a^* These two 

equations contain the whole theory of infinitely small un- 
dulations of homogeneous fluids. 



§ 34. Case of the rotation of a homogeneous 
mass, with a uniform velocity, round one of , the axes of 
the coordinates. P. 97. 

371* Theorem. In the case of a homo- 
geneous fluid, revolving round an axis with a 
uniform velocity, the equation of the pressure 
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becomes^- fV + T^ (yhf-tziz); aad the quan- 
tity u^x-^vSy+zv^z is not an exact variation. 

Supposing X to be the axis of motioD, and the angular 
velocity n, at a distance considered as unity, we siball 
have 1;= — nz, w:=.ny, and the equation (1J)(366) becomes 

p , iz ^ Ay ^ 

n.nz.82=8F4-w*(ySy4-^Sz): an equation of which both 

the members are exact Variations^ and which is therefore 
possible. The equation (JBl) (367), will become 0=:Af 

~ + u^t -i-i -f vAf -pi + w/Lt -rr-'y and it is pbvious that this 
d^ dx dy dz 

equation will be satisfied if the fluid is homogeneous. Both 
equations therefore being true, the supposed motion is 
possible, and a fluid may move uniformly round an axis, 
[without any internal change of the disposition of its par- 
ticles.] 

The centrifugal force, at the distance V(y^ +^*) from the 
axis of rotation, is expressed by tbe square of the velo- 
city »^(y^+z^), divided by the distance ; consequently the 
quantity ^^(ySy+zSz) is the product of the centrifugal 

force n^*s/(y^+z^) into the element of its direction «--^ — jr. 

it is evident, therefore, by comparing this equation with 
the general equation of the equilibrium of fluids in § 17 
(316) that the conditions of the motion are reduced to 
tbo^e of the equilibrium of ^ fluid actuated by the aame 
forces, and by the centrifugal force in addition to them: 
which is also sufficiently obvious from the natore of tb 
ease. 
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If the exterual surface of the mass is at liberty, we have 
here8p=0, and consequently 0=8 F+»^(^8y + 28je); con- 
sequently the result of all the forces that act on the external 
surface must be perpendicular to that surface; it must 
also be directed towards the interior of the fluid : and 
when these conditions are fulfilled, a homogeneous fluid 
mass may be in equilibrium, whatever may be the form of 
the solid which it covers. 

This case is one of those in which the variation k8x+ 
vi^y-hwdz is not exact; for this variation becomes equal to 
"^n^zSy—rySz): and zSy — yiz is not an integrable quan- 
tity. Consequently in the theory of the tides we cannot 
suppose the variation Sf to be exact, since it is not so in 
the very simple case of the sea having no other motion 
than its rotation in common with the earth. 

§ 35. Determination of the very small oscillations of a 
homogeneous fluid, covering a revolving spheroid, P. 98. 

372. Theorem. If r be the primitive dis- 
tance of a particle from the centre, b the angle 
formed by r with the axis Xj ^ the angle 
formed by the plane of x and r with that of x 
juad y ; and if, after the time *, r become r^- 
a5, $j o^aUj and «, nt + «+at;, q being very 
small, we shall have 

ar«8d.( j^ — 2» sm cos &. -j|^) ^ 

/ . ddv • du 2n sin *d d^ % 

igr«8w(8m «d 5jr+2» sm cos «^ +— ;^ — . jj-) + 
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ojr (-^ — 2nr sin«d "^)=^^{(^+ «*^sin +au) J 

It is obvious that the coordinate x will be^ at the end of 
the time t, (r+o^) cos(d-H^; and the projection of the 
radius, on the plane perpendicular to x, beings {r+ea) sin 
(fi-^-au) we shall have 

yzz(r+a8) sin (fi + au) cos (»f + w + av), 

jB=r(r+a5) sin (d+oti) sin (nt-^v+av); and substituting 
these values in the equation (F) (863), that is 8F ^ =: 

8x-~ -f 8y-j^+ 8«-j^; neglecting the square of a, 

[and calling x, x cos jtA; y, v cos {; and z, v sin i^], we have 

[^xziSa. cos f6 — iiA.x sin ft 

d^x=:d^x. cos /bc— d^/iA sin /tA, since dx d/b6=:0, and d/if^=0, 

these quantities being multiplied by a^ • 
&cd*x= 8x(d2A cos V— d2/4X sin cos /t*) — 8/M(d*XA sin cos /»— 

d^/AX* sin ^it*) 
hf^zif. cos I — S|. ysin | 

d«yz=d*y. cos | — ^2dyd|.sin I— d*|.vsin f — d?.y cos I 
Syd^=3V(d^y. cos ^1— 2dyd|. sin cos l-^^fysin cos|— d|^ 

vcos^D 
—SI (d«y.v sin cos I— 2dyd|.v sin«|-i.d«|.y« sin •!— d|« f • 

sin cos D 
S^=Sv. sin l+Sl.vcos I 

d'j2=d^. sin |+2dyd|. cos |+d<|.FC08 {— d| v sin ( 
d^dsz=:Sv(d^.sin^| + 2dyd;. sin oos ( -f d%9 sin eos {— d(!f 

sin^O 
4-SS (d^.Fsin cos i+2ifdi.fCOU^i+6*i.f^ gosS{«* 

d{*.i^ sin cos 
Sydty+82;d«;E.sSKdV-Hl|^r)4'Se(adyd;.v+ 
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d^fAZzadhi * 

Jir=:(J>'+a35i) sin $ + (r+««) cos 6 (B6+aSu) 

dvzzr cos d adu + ad5 . sin 6 

d^v=r cos dad'ii + ad^^.sin 

S|=S«+adt; 

d|=:nd<+«Sii 

d«|=ad2t; 
Hence 4r d*x=(3>'+a&).(ad*5. cos «d — ad<tf.r sin cos S) 
— (^d+aSu).{ad^s.rsin cos 6 — ad^ur^ sin «d); in which 
oSs and adu may ohviously be omitted : again, Syd*y + 

fed«z = I (8r + a&) sin d + (r +flw) cos d (8«+a8ti) } . { (r 
cos d od^ii+od^^. sin Sy-2andtdv.r sin ^ r— J ^y'}.n*d(^ 
+(hr+aiv)\ 2(^cos6adu+ads. sin0)nd^. r sin +ad^.r* 

sin h I =:(8r. sm 9+r cosd Sd) a< (r cosd d«u+d«5. sinfi) 

— 2iidfdt; .r sin >~j3'(v^.»«d««+dw.a(2r« sin cos fl dif.ffidt 

+ r sin^B ndt • ds + d^v. r* sin ^0); consequently Sxd'x + 

Syd«y+8zd«z=: 

8r.a(d^«. cos ^d-Hl^.r sin cos d+d^.r sin cos B 

+ d^s. sin ^^— 2d^— d^.m sin 6) 
+ 85.a( — d*«.r 8incosd+ d«u.r«sin«d +d«u,r*co8*J 
+d<». r sin oos 6 — 2dtdv.r*n sin cos 0) 

— i8(v«).»«d*« 
+S«.a(2dicd#. r<ii8incoiH2dfd<.rfi8ioV+dH;.r«8inV)> 
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and this, divided by dt*, becomes equivalent to] the ex- 
pression contained in the proposition. 

373. Corollary. At the surface of the 
sea, we have r*8d [-r^ — 2n sin cos ^ 5^) + ^^ 

/ . ddt? ^ . A dit . ^ . d«\ 

(siind jTj- + 2w sm COS _ + 2nsm«djT)= — 

g^'-¥SV': g being the force of gravity, a?y the 
elevation above the surface of equilibrium, 
and 08 P the part of g F which relates to the 
disturbing forces only. 

At the external surface of the fluid, we have Sp rz 0, 
and in the state of equilibrinm 

. 0=1^ n«8 |(r+cw) sin (d + aM)|» + (8F), (JF) being 

the value of S'F which belongs to this state: [since the cen- 
trifugal force, together with the force contained in V, must 
in this state balance each other; and the quantities s, u, 
and V being constant, the first member of the equation (£) 
must necessarily vanish.] If the fluid in question be the 
sea, the variation (^V) at its surface will be the force of 
graifity multiplied by the element of its direction: and 
calling this force g, and making on/ the elevation of a par- 
ticle of the sur&ce above the surface of equilibrium, which 
may in this case be considered as the true level of the sea; 
it will be evident that the variation (^F) will be increased, 
in the state of motion, by the quantity — agh/, because the 
force of gravity acts very nearly in the direction of y', and 
tends towards its origin [ : the t^ here intended b^g 
however very difierent firom the y of the former part of the 
proposition, which is an immoveable line, and the force 
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considered being referred to the particles situated at the 
surface of equilibrium, and not at the momentary surface, 
on which the gravitation of the particles below it can have 
no effett.] Then if we denote by aSV the part of 8F which 
relates to the new forces depending on the state of mo- 
tion, whether they arise from the changes produced by the 
motion, or from the attractions of the solid or the fluid, or 
of any foreign body, we shall have, at the surface [of equi- 
Ubrium], 8F=(8F)-a5r8y'+a8F. 

The variation ^n*^ \(r + as) sin (9-\-au) ^ is increased 

by the quantity an«8y. r sin «d, in virtue of the elevation of 
the particle of water above the level of the sea ; [since Sr 
becomes = aSy, and ^(r* sin «d.)=23y'.rsin «^,]: but this 
quantity may be neglected in comparison with — agS]/» be- 

cause even , the value of the centrifugal force, at 



the equator, where it is greatest, is only a very small irac- 

1 
tion, equal to — ~. Lastly, the variation of the radius r 

is so inconsiderable, for the difierent parts of the sarface, 
in comparison with its whole magnitude, that, for the pre- 
sent purpose, we may make ^rzzO; and dividing the equa* 
tion (Zi) thus modified, by the coefficient a, we obtain the 
equation of the proposition. 

374. Corollary 2. The equation of con- 
tinuity will become 0=r* [ f + ^f^(-^ "*" /^ ■*■ •• 

cota & ) 5 "*"^^'"^' ^e density, after the time /, 
being expressed by (p)+af'* 
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The initial dimensions of an elementary rectangular pa- 
rallelepiped being here Dr, rw sin 6, and rv9, calling the 
values of r, $, and v after the time t, r\ i and fJy and fol- 
lowing the steps of article 365, we shall find that the 
volume of the elementary figure will become equal to a 

At' 
rectangular parallelepiped, of which the height is — - m\ 

the breadth / sin 9 (- — dw-l— — Drl» from which Dr may 

dw dr / 

d/ dr' 

be exterminated by the equation -j — »*»+ -t — Dr=0; 

d'sr dr 

and lastly, the length /V-T-«dr+-^Dd+-—-D'ar), pro- 
vided that we make 

d/ d/ d/ - 

■^Dr+-j^Dfl+ ■^^'«-^, and 

Qw^ dw^ dw^ 

"5 — ^^"'" "dF^^"^ "d — ^^*=0? [''» * *"*^ ^» *"^^ '^^ 

«^ and i being here substituted for a, 5, c, j:, y and z\ : and 

^. ^_d/dfl;d^ dr' dfl; d^ ^ iU£ 

™*^*^ dr'dd' dw~ dT dw" dd "*■ dd • d« * dr 

d/ dy di/ d/ dfl;^ d«^ d/ dy d^ 
*" dd • dr 'diir + dw • dr'dd '""diir" dd * dr ' "^® 
volume of the element, after the time ^, will be C' i^ sin 
Dr Dd D'sr ; consequently, if we call the primitive density 
(f), and f the density corresponding to the time f, we shall 
have, since the masses must be equal, fC'/^ sin ^=(f)r'8m 
0, which is the equation of continuity ; and substituting for 
/,r+M; for ^,d -I- on, and for«^, nf+v+ov^ we shall have, 

if we neglect the quantities of the order o^, C'z: 1 +«' 

d* du . dt; r- XL i. J* •■ I 

-r- +^rTr+ ^ t- [m the same manner as C was found equal 
dr d^ d« ^ 
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to l+A* (^+~ + ~) in article 366]. Hence wc 
obtain the equation 

f being = (f)+«f',J(f)+«f'|(l+«^+^+«^j(^ + 
2ar8) sin (O-^au) = (f ) r* sin d, (g) r«(8in d+oii cos ^)^(g)f* 
sin d+afVsin d +(f) ^sind (a-i+ a-^+ « J^) +(f)2ar* 

36. Case of the motion of the^sea, supposing it to be* 
deranged from the state of equilibrium by the actum ^ 
very small forces. P. 101. 

375. Theorem- Retaining the notation 
of the preceding propositions, and supposing 
the sea of inconsiderable depth, we have, for 

the surface, r^^o- ("j^- 2n sin cos d-£) + r^lv. 
(sin "d -^ + 2/1 sin cos d -^)=-g?y'+8F'. (Af) 

Since the density of the sea is uniform, we haYe/=0, 

J .i cl(rr«) ^ /du , dv , iicos d\ ^ ^^ 

and consequently -\—^ 4- r* f-r^ +t- + — r— 7- jnO. Now 

dr Vdd d«r smfi / 

we may suppose the depth of the sea inconsiderable in com- 
parison with the radius r of the terrestrial spheroid; and 
calling this depth r» we may imagine 7 to be a very small 
function of d and v, determined by the law of the depth. 
If we consider the nature of the fluent of this equation 
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with regard to the variable quantity r, between the sur- 
face of the solid spheroid and that of the sea, it is obvi- 
ous that the value of 5 will be a function of B, v, and t, 
independent of r, together with a very small function of r, 
standing in the same relation to u and v, ^3 y does to r. 
Now at the surface of the solid covered by the sea, when 
the angles 9 and ^bf are changed into 6+au and nt'\-'v+aVp 
it is elasy to see that the distance of a particle of water con- 
tiguous to that surface, from the centre of gravity of the 
earth, can only vary by a quantity which is very small with 
respect to au and av, and which is of the same order as the 
products of these quantities into the eccentricity of the 
spheroid covered by the sea ; consequently tlie function, 
independent of r, that enters into the expression o(s, must 
therefore be of the same order, and very minute, so that 
we may in general neglect s as inconsiderable in compari- 
son with u and v. [Thus if the sea were 4 miles deep, y 
would be about -poVe" ^^ ^» ^^^ ^^^ ascent and descent of a 
particle even at the surface of the sea would in general be 
little more than -j-^L-g- of its horizontal motion, supposing 
the neighbouring particles, for a considerable extent in 
comparison with the radius, to be moving in the same di- 
rection.] We may therefore omit the quantity d* in the 
equation of article 373, and it affords the equation of this 
proposition. 

376. Theorem. The equation of conti- 

nuity become, y=^>-^>-2|Ji, (N) 

y being the elevation above the surface of 
equilibrium, and y the depth of the sea. 

The equation (L\ article 372, which is applicable to 
every partiole of the fluid, affords us, in the case of eqai- 
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librium,0=in«8f r +05) sin (d+ow) I « + (^r)—M;(W) 



f 
and (Sp) being the values of J'Fand ip which belong, in the 

state of equilibrium^ to the quantities r-^as, &-^au, and 
v+av, and which, in the state of motion, we may suppose 
to become 8F= (8F) + aSF', and ip={ip)+aSp'; and 
[since the variations and forces . in the three different di- 
rections afford independent equations,] we have 
w 

V f ^ — jTT — ^^^ sin^fi— : [the other parts of the 

dr 
equation remaining the same as in the case of equilibrium^ 
and therefore balancing each other]. Now it appears from 

dv 
the equation (JHf ) (375), that n r- is of the same order with 

y or with s, and consequently with — ; the value of the first 

r 

member of the present equation must therefore be of the 

same order ; and if we multiply this value by dr, and 

find the fluent for the whole depth of the sea, we shall hav*^ 

for F'— - a verv small function, of the order — , besides & 

function of &, 'b, and t independent of r, which we may call 
A ; consequently if in the equation (£) we only consider the 
two variable quantities d and ^ar, it will afford us the equa- 
tion (M), with this difference only, that the second member 
will become h^. But since a is independent of the depth 
of the particle, this equation becomes equally applicable to 
the surface and its neighbourhood, and the equations {M) 
and (L) must in this case coincide with each other : hence 

we have ^a=8F'— jrJy, and consequently l{V'—t\zziV 
— ^fSy; the 8F' in the second member of the equation re- 
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lating to tbe surface of the sea. It will appear^ in the 
theory of the tides, that this value is very nearly the same 
for all the particles situated in the same radius of the earth, 
from the bottom of the sea to the surface : we have there- 

fore, for all these particles, J^zzg^y, consequently p' must 

be equal to ^gy, with the addition of some function inde- 
pendent of 6, 'ST, and r, as a correction of the fluent : now 
at the surface of equilibrium of the sea, the quantity ap' 
must be equal to the pressure of the little column of water 
ay, which is elevated above this surface, and this pressure 
is expressed by a^gy : hence it follows, that throughout 
the interior of the fluid mass, from the surface of the sphe- 
roid covered by the sea, to the surface of the sea itself, 
p'zz^gy, or that, in other words, any point of the surface of 
the solid spheroid is more pressed than in the state of equi- 
librium, by all tbe weight of the little column of water, con- 
tained between the surface of the sea and the surface of 
equilibrium ; and that this excess of pressure becomes ne- 
gative at the parts in which the sea is depressed below this 
surface of equilibrium. [There seems, however, to be want- 
ing in this theory, the consideration of the time required for 
the transmission of pressure, as well as of the possibility of 
the divergence of pressure from a direction completely verti- 
cal. It cannot be supposed that every ripple, which curls the 
surface of the ocean, produces an instantaneous diversity 
of pressure at the depth of several miles ; nor is it very 
probable that each inch of the bottom of the sea at such a 
depth, is, after any interval of time, affected separately by 
the transitory inequalities of the surface exactly above it. 
With respect to the gradual transmission of pressure, it 
can scarcely be slower in a fluid than it would be in. the 
same substance if congealed into a solid mass : for the 
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effect must depend on the ultimate elasticity of the par-" 
tides themselves^ and not on the rigidity of the aggregate ; 
although Mr. Poisson seems disposed to considel* the 
primary transmission of the pressure as depending oti the 
9am6 condition^ as the propagation of a small wave of 
finite magnitude. With regard to the want of vertica- 
Uty of the pressure, depending perhaps on a want of per- 
fect fluidity^ it Seems to be difficult to make any allowance 
for it in a correct computation : but fortunately^ in the great 
problem of the tides, the depth being inconsiderable in 
comparison with the extent of a similar and synchronous 
state of the surface, neither of these sources of inaccuracy 
cftn have any material effect.] 

It may in general be observed, that having regard to 
the variations of B and tj only, {and neglecting the slight 
vertical motion] the equation (£) becomes equivalent td 
(Jf) for all the interior parts of the fluid. The valoes of 
u and V, relative to aU the pat ticte? of the 9eai sitnerled iA^ 
the same radios of the earth, are therefore determined by 
the same diflTerential equations : consequently, if we sup-^ 
posoi as it wilt be convenient to do in the theoty of the 
tides, that at the origin of the motion, the i^alnes of u^ 

-r-f v. and -7- were the same for all the particles situated 
d# d* *^ 

in the same radius, these particles will still remain in the 
radius, during the oscillations of the fluid : the values of r^ 
Uf and V may therefore be supposed very nearly the same 
throughout the small portion of the radius intervening be- 
tween the bottom and the surface of the sea: we may 

d Ctts) 
llierefore consider t^s as the fluent of ^- dr, and catt- 

dr 

iug the value of i^s at the bottom of the sea {j^s) we shall 

X 3 
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« ^ .1 ^ n . .. /x dYrra) . « /die dv 

have, for the fluent of the eqaation vz=— r — + r^ ( -rr +-p 

4- . . ) , taken with respect to r, = r*«— (r*«) + f^y 

sind / 

/ — + — + ), since y is the particalar value of fir, 

\dd d'ar sin fi / *^ 

between these limits. The quantity r^s — (r^s) is also very 

nearly equal to r* j s — (s) >+ 2r7 («),(«) being the value 

of s at the bottom of the sea, and considering the minute- 
ness of 7 and of s, the latter part of this expression may be 
neglected in comparison with the former, and we may call 

7^8 — (r*«) = r*j s — (s) >, Now the depth of the sea, 

corresponding to the angles O-Jrau, and nt-h'af'{-av, is y+a 

) 8 — (s) i : and if we consider the angles 6 and " nf +" 

*m as beginning at a fixed point and a fixed meridian on 
the surface of the earth, which will soon appear to be ad- 

missii3le, this depth will be y-\-au -^-^-av — , besides the 

dfi d'ar 

elevation ay of the particle abov^ the surface of equili- 
brium, [for since y is, by the supposition, a function of 6 
and 'ST, it is necessary to comprehend in the equation its 
variations dependent on those of these angles;] conse* 

dv Q*y I 
quently «—(«)= j^ + M :tt+ ^ j-« The equation of the con- 

tinuity of the fluid will therefore become v = t— -— " 

i(yv) yU COS d _ iu dy dv dy 

■ V ^ ■ ' r= — y — — M— — y — V — — 

dv sin d ^ dd dd dw d« 

ytt COS d , . /dtt , dv , tt cos 5\ dy 

sin d ^ \dd dw sm 5 / ^ d0 

dy 
+ V —1 , which amounts to the samel. 
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It may be observed that, in this equation, the angles 
6 and '* nt+^^is are reckoned from a fixed point, and a 
fixed meridian, on the earth, while in the equation (M) the 
same angles are referred to the axis x, and to a plane 
passing through that axis, and having a rotatory motion 
round it expressed by n : now this axis and this plane are 
not precisely fixed with regard to the surface of the earth, 
because the attraction and the pressure of the fluid, which 
covers it, must alter in a slight degree their position on the 
surface, as well as the rotatory motion of the spheroid. 
But it is easy to see that these alterations must be to the 
values of au and av, almost in the proportion of the ma^ 
of the sea to that of the solid spheroid: consequently in 
order to refer the angles B and " nt+'^ 'a to an invariable 
point and an invariable meridian on the surface of the 
spheroid, in the two equations {M) and (N), it must be 
sufficient to alter u and v by quantities of the order 

— and — , which we have neglected in this computation : 

T T 

it may therefore be assumed, in these equations, that at/ and 
av are the motions of the fluid in latitude and longitude. 
[It seems more nfatural to call the angle made by the plane 
in question with the first meridian 'sr or '27+ at; only, and to 
express by ni the rotatory motion of the earth only : and 
perhaps nt^ts may have been an error of the pen only for 
'ZD'-fai;.] 

It may also be remarked, that the centre of gravity of the 
spheroid being supposed immoveable, we must transfer to 
the particles of the fluid in a contrary direction, the efiect of 
the reaction of the sea on that spheroid : but since the place 
of the common centre of gravity of th^ solid spheroid and 
of the sea is not changed in consequence of thisreactioik, 
it is evident that the relation of this velocity to that with 



/\ 
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wbioh the particles are impressed, by the action of the 
spharoid, is of the same order with the relation of the mass 

of the fluid to that of the spheroid, or of the order - — , and 

r 

that it may therefore be neglected in the calculation of SF'. 

§ S7f. Of the earth* s atmosphere^ con^dered fir$t in 
the state of equilibrium. Of the oscillations which it un- 
dergoes in ihe state of motion, having regard only to the 
regular causes which agitate it ; and of the variations 
which these motions produce in the height of the baror 
meter* P. 105. 

377- Theorem, llie oscillations of the 
atmosphere may be determined by the equa- 

tions r»8fi. U^ — 2n sm cos d jj-j + r^S'sr . (— . sm « 

+ 2n sin cosd -^)=^^V—gBy'—gSyi andy'= 

J / iv^ dt/ . t/ cos flv ,, ^ .. , J 

~^f^ + dT^-Ji^)- the quantities u and 

nf being analogous to u and v in the case of a 
homogeneous fluid (372), SV being the por- 
tion of 8F which belongs to the state of 
^notion only, ay the elevation above the level 
of the g^a, y the vari^ttion of height corres- 
po^dmg to the temporary change of densitjyi 
and g the force of gravitation. 

Ill examining the motions of the atmosphere, we may 
omit th^ cqnsideration of the variation of heat, in different 
Jll^titqdeii m^ ^t different heights, as well aa all l^e urregiL- 
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lar causes of agitation, including in the computation those 
forces only which act regularly upon it as upon the sea. 
We may therefore consider the sea as covered by an elas- 
tic fluid of a uniform temperature : and we may suppose 
the den3ity of this fluid proportional to the pressure, as it 
is found to be by actual experience. This supposition 
impUes that the height of the atmosphere must be infinite, 
but it is easy to see that, at a very moderate height, the 
density is so small that it may be regarded as evanescent. 

If we now call the quantities s, ti, and v, for the parti* 
des of the atmosphere, ^, u\ and v\ the equation (X») (372) 
will become 

ar^ff9, ( -r-- 2n sm cos Q -—- ] 

\dt^ dt J 

-far^S'sr. ( 8m*d -T:r--|- 2» sm cosfl -T7--+ • Tr) 

\ dt^ di r dt' 

+ «Sr.(^^^ 2nrsin«d^)= i 7i«S J(r+(wOsin(d+attO} ' 

4.gF_^: which, in the 
f 
state of equilibrium, afiords us, when integrated, \ n* r^ 

sin^d H- V — J^zzCf a constant quantity. But since 

the pressure p is supposed to be proportional to the den- 
sity fi We may call |>=r/<jrf,- ff being the force of gravity in 
a determinate place, for instance at the equator, and / a 
constant quantity, which expresses the height of an atmos- 
phere supposed homogeneous, add of the same density ad 
at the surface of the sea ; a height which is very small in 
comparison with the radius of the earth, being Ie3s than 

-yl^ of this radius. Theflnenty^ or fig' J^ is there- 
foire /^ hlf : and the equation gf the eqailibrium of the ai- 
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mosphere becomes /ghlfz=C-|- F+^w*^ sia^ 0. Now at 
the surface of the sea, the value of V, expressing the 
force^ must be the same for a particle of air as for the par- 
ticle of water in contact with it, the same forces acting in 
both cases : but from the condition of the eqailibrium of 
the sea, we have V + -^n^ r* sin ^6 constant ; consequently 
/ghlf must be constant, and f, the density of the stratum 
of air, contiguous to the sea, must be every where the same 
in the state of equilibrium. [It is not intended by this 
constancy of the force, to imply that gravitation is equal 
throu&rhout the surface of the sea, but that the pressure on 
it must be every where equal.] 

If we make 12 eqiial to the part of the radius r compre- 
hended between the centre of the spheroid and the sur- 
face of the sea, and r' the part between that surface and a 
particle of air elevated above it, we may consider r^ as the 
vertical height of the particle above the surface^ which it 

will be with only an error of the order ( — r') : R; and 
quantities of this order may be neglected without iuaccu- 

racy. Then if V\ -: — , and — r-r— be the values of these 

dr dr^ 

quantities at the surface of the sea, we shall have, for the 

elevation/, F :=: P + t^^ + L^ . 2^!L, [by Taylors 

dr 2 dr^ 

theorem (247)] and the equation lghlp=: C+ F+i n^r^ sin*fl 

d P f^^ dSP 
wm become Ighlg = C + P + f^-^+ -^ . '^^ + i «^ 

IP sin «d + n« 12/ sin H : and for the value of P at the 
surface of the sea, we have F -{•^n^R^ sin^d=a constant 
quantity : the effect of gravitation at this surface being 

r^"^ ^1^ 12 sin H^ which we may call gf. The quantity 
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' being maltiplied by the very small square /*, we 

may find its value upon the suj^position that the earth is 
spherical, and we may also neglect the density of the at* 
mosphere in comparison with that of the earth. We may 
therefore take [, by anticipating the law of gravitation], — 

-T — =r z = -T^ ^ being the mass of the earth, conse- 
dr ^ jK% 

qaently _= _ _=-J, [since d_=-_3-.J, 
we have therefore tyhlf ::= C — /^^ — o~5^*' consequently 

n being a constant multiplier representing the density of the 
air at the surface of the sea, and hlenl. If we make A 
and K equal to the length of the pendulum vibrating se- 
conds, at the surface of the sea under the equator^ and in 
the latitude of the particle of the atmosphere in question, 

tre shall have —=-=- and consequently «=-77-(l +-=?)• 

g h ^ J Ih ^ R' 

Hence it appears that the strata of air of equal density are 
every whefe equally elevated above the sea, with the excep- 
tion of the quantity — ^— ; but in the exact calculation 

of the heights of mountains, by observations of the baro- 
meter, this quantity must not be neglected. 

We may now proceed to determine the oscillations of a 
stratum which is on a level, or of the same density, in the 
state of equilibrium. If we make af the elevation of a 
particle of air above the level of the surface to which it 
belongs in the state of equilibrium, it is obvious that in 
virtiu» of thia^elevatioo the value of SF will be augmented 
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by the differential variation —ogrS^, and that 8F= (8F) — 
agS(p'\-aSV'; (SF) being the value of 8F which belongs to 
the stratum in the state of equilibrium, and to the angles 
B'\-au and w/ + 'bt + av, and 8 F' being the part of 8 F belong- 
ing to the new forces, which act on the atmosphere in the 
state of motion. 

Let f be=(f) + af', (f) being the density of the level stra- 
tum in the state of equilibrium. If we make — = i/t we 

(f) ^ 

shall have — zz ^ ^ + ogr^y ; [since p = Ig^ zz Ig 

{(f) + ap'},and^=&Vay?^, or, substituting (f) 

for f in the denominator, their difference being inconsider- 
able in comparison with the whole quantity, zzlg -i^ + 

f 
agSi/. Now in the state of equilibrium 

0=|»«8jr-h««)sin (fi+«u)}«-|-(8F)— ^. Conse- 
^ ^ (?) 

quently the general equation of the motion of the atmos- 
phere will become, in relation to the level strata, with re- 
gard to which 8r is nearly evanescent^ 

r^gd. f-rr — ^2» sin cos d -r- V 
V dt^ dt / 

t ^^ / • o/»^^^ I o • ^ dii' , 2n sin* B ds\ „^, 

\ dr dt r d^ / 

_^8^— gSy + ^V Bba^O j| /— (4^) I , a (O being the- varia- 

tion of r corresponding, in the state of equilibrium., to the 
variations avf and ai/ of the angles B and «• [For ^F— 

^ becoming =(8r)-ajf8^+a8F-^, and (JF)-^ be- 
f f ( 

ing =: -4ii«8 |(r+a#) sin («+aii) j«— a^Sj^s: — arfr 



OF THE MOTIONS OF FLUIDS. 315 

sin^dJ(«') — cigh/, this part of. the second member of the 
equation derived from (L), combined with the former part, 
which is here ati^r sin^dJs', aiSbrds us the equation here laid 
down.] 

If we suppose that, all the particles of air, originally situ- 
ated on the same radius of the earth, remain constantly on the 
san^e radius during their motion, as has been shown to take 
place with respect to the sea, we may proceed to examine 
whether this supposition is consistent with the equations of 
motion and of continuity. For this purpose, it is necessary 
that the values of u' and v' [representing the motions in 
latitude and longitude,] should be the same for all these 
particles : now it will appear hereafter, when we consider 
the forces concerned, that these forces are very nearly the 
same for all the particles : the variations S^ and hj/ must 
therefore necessarily be the same for all the particles, and 

the quantities 2nrS'ZB- sin^fl, and n^r sin^ ^i< $' — (/) > must 

be so small as to be capable of being neglected in the pre* 

ceding equation. 

At the surface of the sea, we have ^=y, ay being the 
elevation of the surface of the sea above the surface of 
equilibrium. We may therefore inquire whether flie supf 
positions of ^z::y, and of y being constant for all the par* 
tides of air situated on the same radius, are consistent 
with the equation of continuity of the fluid, which, by article 

, J , /d(r««') . di^ , cli/ , u' cos 5\ r . / 

we have y=—/ (AT-^ + -ri + 7-+ — r-r-J, [smce y^i: 
^ V fHr dd du? sm d ' *- ^ 

TT A Now, r-^a^ is equal to tiie value of r at the surr 
(f ) • 
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face of equilibriam, corrcspondiDg to the angles Q -^ au 
and '57+ au, increased by the elevation of the particle of 
air above this surface ; the part of as\ which depends on 
the variation of the angles 6 and 'sr, being of the order 

, it maybe neglected in the preceding value ofy, and 

we may consequently suppose in this expression s'zzf; and 

if we then make ^=:v, we shall have -j- = 0, since the 

•^ ar 

value of (p is then the same, with regard to all the particles 

situated in the same radius: besides, y itself is obvi* 

ously of the same order as I, or as — . ; we shall therefore 

9 
have, for the value of j/, 

/— , /di/ du' ti' cos d\ . . , . 

y = — I \^-T-. +;t- + — : — r- j ' consequently, since u and 

v' are the same, for all particles originally situated in the 
same radius, y' must be the same for all these particles. It 
follows also, from these considerations, that the quantities 

2nrhr. sin-d — , and n^r sin^ 6^ j «'—(«') ( , may be ne- 
glected in the preceding equation of the motion of the 
atmosphere, which may then be fulfilled by supposing u' 
and v' the same for all the particles of air originally situated 
in the same radius ; and that the supposition of the con- 
tinuance of all these particles in the same radius, daring 
the oscillations of the fluid, is consistent with the equations 
both of motion and of continuity. In this case, the oscil- 
lations of the different level strata are the same, and may 
be determined by means of these equations; 

Vd* d</ V ' d<* . 
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sb COS S ^') = JF-^Sy'-ySy; and ^i: -I (^H- —■ 

Ml) /' 

Scholium 1. These oscillations of the atmospheremuBt 
prediiae analogous oscillations in the heights of the baro- 

. metefi' In order to determine these from those of the - 
Btmoiipbere, we may consider a barometer fixed at any 
:give^^ight above the surface of the sea. The height of 
IfaftPO^rcury is proportional to the pressure, to which the 
sarfoce .exposed to the air is subjected ; it may therefore be 

. represented by Igf : but this surface is successively exposed 
to the pressure of different level strata, vhich rise and fall 
like the surface of the sea : consequently the value of f at 
the surface of the mercury varies, first so far as it belongs 
to a level stratum which in the state of equilibrium was less 
elevated by a quantity ay, and secondly because, in the state 
. of motion, the density of a given stratum is increased by the 

li^'^yttnrtty Of' or ^^. In virtue of the first cause the va- 

'tJ> *'.■:' dp ^p)v ' 

' fS'W'*^^ '^ ? is— ay ~r~, or. ■ ' ■-; [since this vanation mast 

' v)M[\tQ (f) the whole density, as the elementary column ay to 
i^j^'ireight I] ; consequently the total variation of the density f, 

'tj^'lhV surface of the mercury, is «(f ) ^ ^ ■ Hence, if we 

■ ; '^^1 ilie height of the mercury k in the state of equilibrium, 
"^illtri^cillatioDs in the state of motion will be expressed by. 

*j ;t)^ quantity ^ '^ ; consequently these oscillations are 

^ ^^tt^l^:>t all heights above the sea, and proportional in 
':' tbeir'-vx,tent to the heights of the barometer. 
''; 'SciroLlliu 3. It now only remains, for the detennio*- 
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lion of the oscillations of the sea, and of the atmosphere, to 
investigate the forces which act on their respectire fluids, 
and to find the fluents of the preceding fluxional equations 
with regard to those forces ; which will be done in a subse^ 
quent part of this work. 

[Scholium 3. Instead of attempting to shorten and 
simplify the steps of this refined investigation, which will 
hereafter appear to be unnecessarily general, it will be 
sufficient to insert some collateral considerations on the 
simplest cases of the transmission of motion through 
fluids, adapted to a notation resembling that which is em* 
ployed by the author. 

378. Theorem. "395.'' When the sur- 
face of an incompressible fluid, contained in a 
nan'ow prismatic canali is elevated or de- 
pressed a little at any part above the general 
level ; if we suppose a point to move in the 
surface each way, with a velocity equal to that ; 
of a heavy body falling through half m the 
depth of the fluid, the surface of the fluid, at; 
the part first aflected, will always be in a right: '.. 
line between the two moveable points. . Ji* 

The particles constituting any colunm of the flaid, eX-*; ' 9? 
tending across the canal, are actuated by two fercetf,;. ;• 
derived from the hydrostatic presenres of the cokimim o». '} 
each side, these pressures being supposed to extend to thit '• 
bottom of the canal, with an intensity regalated only by the^ '' ;. 
height of the columns themselves ; and this mppoMeftt' 
would be either perfectly or very nearly lame, if tke partiolBV ' 
of the fluid were infinitely elaaiio, that is, absdotelyiiieom- 
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pressible ; and if the fluidity were at the same time so per-r 
feet, that no particle of the floid should be affected by any 
pressure not tending directly towards it« A distinguished 
mathematician of the present day appears indeed to have 
assumed, that the pressure is transmitted downwards with a 
velocity determined by the depth, and related to the velo- 
city of the horizontal transmission, if not identical with it: 
but it seems sufficiently obvious, that if the canal be sup- 
posed incompressible, the pressure must descend in it, as 
it confessedly would do in an organ pipe, with a velocity 
dependent only on the intimate elasticity of the medium, 
which in this proposition is supposed infinite. 

Now the difference of the forces on each side of the tl^in 
transverse section of the canal, constituting a partial pres- 
sure, is the immediate cause of the horizontal motion ; and 
the vertical motion is the effect of the modificatioa of the 
horizontal motion : and the difference of the pressures is 
e^ery where to the weight of the column or section, or of 
any of its parts, as the difference of the heights to the thick- 
ness of the column, or as the fluxion of the height^ to that 
of the horizontal length of the canal x. Hence, if the 
weight of any particle be called ^r, the horizontal force act- 

. ing on it will he-^ff. Such therefore is the force acting 

" horizontally on any elementary column : but the elon- 
gation or abbreviation of the column depends on the 
diflference of the velocities, with which its two transverse 
surfaces are made to advance, and this elevation or depres- 
sion of the upper surface is therefore to the whole height, 
as the variation of the fluxion of the lengtli, or thickness, 
produced by the operation of the force, is to the whole 
fluxion of the length ; that is, Sy is to y as Sdx to dx, or as 
h)x to Dx. But the force which produces the change 
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being d -^ gz=.-^ g^ making Ax constant, it may be »up- 

posed to be increased, with reference to the acceleration of 
th6 upper surface of the fluid, in the ratio of the synchronous 
variations Sdo; and Sy, or that of dx to y, and it will then be- 
come — . -r^ cnz-r-^flfv* which will be the measure of the 
dx dx ^ Ax^^^ 

acceleration of the surface, and the surface will ascend or 

descend precisely as if immediately subjected to the opera- 
tion of such a force. We may therefore inquire what 
must be the velocity of a body moving along the curved 
surface, or what must be the horizontal velocity of a similar 
surface moving along through the body, in order that the 
vertical motion should represent the effect of the force 

•j-^jfy. Now in the common expression of the magnitude 

of a force acting in the direction ofy, we 8ayy=— ^; 

must therefore make -r^=-r-^crv, or -r — = ov.and — 

d^2 da;2^^' d^^ ^^' d* 

= >/ {gy) ' consequently if x flow with the constant velocity 

dj? 
t?=--7T-=: 's/igy)* the second fluxion of y will always repre- 
sent the actual acceleration of the surface of the fluid, the 
part of the curve corresponding to the time t always repre- 
senting the actual position of the particle, as well as its mo- 
tion. But >/(yy) is the velocity acquired by a body in falling 
through i y, since in general v^=:2ffs, (232) and «= »y0igs), 
or = >/(2jrM). In this simple manner we attain a strict de- 
monstration, on the premised supposition respecting the 
nature of the fluid, that the> velocity of the surface will be 
represented by that of the surface of a wave adyancing with 



we 
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the horizontal velocity thus determined, or in other words^ 
that the wave will actually advance with that velocity. 

But in this form the solution is limited to the cas6 
of a wave already in progress. It may, howeVer, reaciily 
be extended to all possible cases. For since the actions of 
any two or inore forces are alwayii expressed by the addi- 
tion or subtraction of the results' produced; in any given 
time, by their single operations, it may easily be understood 
that any two or more minute impressions may be propa- 
gated in a similar manner through the canal, without im- 
peding each other ; the inclination of the surface, which is 
the original cause of the acting forc^, being the joint effect 
of thfe inclinations produced by the separate indpr^ssions, 
and producing i^ingly the same force, a:s wovid have resulted 
from the combination of the two separate inclinations ; and 
the elevation or depression becoming always the sum or 
difference of those which belong to the separate agita- 
tions. If then We suppose two similar impulses, waves, 
or series of waves, to meet each other in directions pre- 
cisely opposite, they will still pursue their course : and at 
the instant when they meet in such a manner as to destroy 
completely each other's horizontal and vertical motions, the 
elevation and depression of each series will coincide and 
be redoubted, and the fluid ml\ be quiescent, with an undu- 
lated surface : but in the next instant the two series will 
proceed uninterrupted, as before : consequently the fluid 
being supposed to be initially in the same state, its pro- 
gressive changes will be represented by the effects of the 
two series of waves meeting each other, and the place of 
each point will be determined by the middle between the 
two places which it would have held by the separate effecti 

Y 
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of the two series, that is, by the mean between the eleva- 
tion or depression of the two points supposed in the pro- 
position. 

Corollary 1. The points, in which the similar parts 
of the two opposite series of waves continue to meet, will 
always be free from horizontal motion ; hence it follows 
that a solid obstacle in a vertical direction might be inter- 
posed without altering the phenomenon : and consequently 
that any fixed obstacle meeting the waves would produce 
precisely the same effect on the subsequent state of either 
series, as is produced by the opposition of a similar series, 
and would reflect it in a form similar to that of the oppo- 
site series, which would have travelled over it, if it had 
originated from a primitive cause of motion on the other side 
of the obstacle. 

Scholium. It will appear, by considering the combi- 
nation of the horizontal with the vertical motion, that each 
particle of the surface will describe an oval figure, which it 
will be simplest to suppose an ellipsis ; the motion in the 
upper part of the orbit being direct with regard to the pro- 
gress of the wave, and in the lower part retrograde : and 
the orbit will be of the same form and magnitude for each 
particle of the surface, when the canal is supposed to be 
prismatic. 

379- Theorem. The divergence of a wave 
makes no sensible difference in the velocity of 
its propagation, and its height will vary as the 
square root of the distance from the centre. 

The immediate horizontal force is the same for a diverg- 
ing wave as for a prismatic canal, its measure being always 
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~- flr, as well for the parts lying without the sides of a sup- 
ox 

posed prismatic caoal, as for the parts contained within it, 
the inclination of the surface being the same without as 
within tkose limits, and the fluxion of the height being in 
the same proportion to that of the length x, notwithstand** 
jng that the pressure in one direction is derived, for the 
extreme parts, from the surface of the collateral portion 
of the imve : consequently the force, as referred to the sur- 
face of the fluid, will still be expressed by -j-2. gy. It will, 

however, be modified by the depression attending a pro- 
gressive motion, necessary for preserving the continuity of 
the fluid, which must obviously be such that — h/ may be to 

Sr, the progressive velocity, as y to or, and 3y = — Sx — : and 

the accelerative force -^ff> considered with regard to its 
effect at the surface, will be modified in the same propor- 
tion as the velocity, so that instead of -p^, it will become 

— _:Zj^iLz= A^fV' consequently the joint acceleration of 

the surface wiU be (^-^)gy. Now g =1., 

(194) which is the reciprocal of the diameter of the circle 

di/ dx 

of curvature, and— 7-- is the reciprocal of x rp-, the height 

xax ay 

of the intersection of the vertical line passing through the 

centre of divergence with the perpendicular to the surface 

of the wave, which will be very great in comparison with 

the diameter of curvature, when the distance from the centre 

Y 2 
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becomes considerable : and the second part of the expres- 
sion will become a small disturbing force, depending on the 
tangent of the inclination of the surface, which represents 
the fluent of the curvature, or of the accelerating force, and 
being therefore proportional to the velocity : so that like 
the resistance of a pendulum proportional to the velocity, it 
will not sensibly affect the whole period of the alternate 
motion, or the propagation of the wave depending on it 
We obtain the law of the diminution of the height of the 
waves in diverging, from the principle of the preservation 
of impetus (319), since the mass affected at once by the 
similar velocities increases directly as the distance from the 
centre x, when the depth is equable, consequently all the 
velocities concerned must decrease as the square root o(x, 
in order that the sum of the masses, multiplied by the 
squares of the velocities may remain constant. There will 
always be a continual but insensible reflection, which will 
preserve the centre of gravity immoveable, though it con- 
sumes no considerable part of the impetus ; except at the 
very origin of the wave, where there seems to be some- 
thing like a vibratory motion from this reflection, for a short 
space, at the beginning of the motion. 

Scholium. It is obvious that the surface of a wave so 
diminishing cannot be supposed to glide on unaltered, but 
the demonstration shows that the motion of each point of 
the surface is the same as that of a surface, affected by a 
series of equal waves, of the magnitude of the actual wave 
at the given point, which is the condition supposed in the 
comparison of the force with the curvature. 

380. "400/' Theorem, All minute im- 
pulses are conveyed dirough a homogeneous 
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elastic medium with a uniform velocity, equal 
to &at which a heavy body would acquire, by 
falling through half m, the height of the me- 
dium causing the pressure. 

tn this case we have to call the density y, instead of the 
height of an incompressible fluid in article 378, and to 
imagine the surface of the wave to be that of a curve repre- 
senting the density by its ordinate y, which is equal to the 
height of a uniform column of the medium capable of pro- 
ducing the pressure, or in other words, to the height of 

the modulus of elasticity of the medium: then -^^ ^r will be 

the direct accelerating force, and -r^ gy the acceleration of 

the ordinate of the curve of density, since here again the 

variation of density h/ is to y, as Sdx to dx : and the same 
concFusion is inferred, respecting the velocity with which 
the curve of densities must advance, in order that it may 
represent the instantaneous change at each point, and con- 
sequently for all the points in succession. 

381. '^ 397, Sch.'' Theorem. Every 
small change of form is propagated along an 
elastic chord, with a velocity equal to that 
which is due to half the length m, of a portion 
of the chord, of which the weight is equal to 
the force producing the tension, and is re- 
flected from the extremities in an opposite 
direction. 
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This proposition, though not belonging to the motions 
of fluids, is inserted here to complete the analogy between 
the height of a liquid, the modulus of elasticity of an elastic 
medium, and the modulus of tension of a vibrating chord. 
The force, impelling any small portion of the chord towards 
the quiescent position, or axis, is obviously expressed by the 
diagonal of the elementary parallelogram, formed by its 
extreme tangents, that is the line intercepted between the 
intersection of those tangents and a line equal and parallel 
to the second drawn from the extremity of the first, or in 
other words, by the second fluxion of the ordinate, when 
the tangent represents the first fluxion of the axis, the 
curve being always supposed infinitely near to the axis, 
and in general the force will be to the tension as the 
second diflcrence AAy to the first difierencc ax : but the 
tension is to the weight of the element /u: as M to ax, con- 
sequently the tension of ax is-«-^, and the accelerative 

^ AAV M AAV d^y It 1 /- 

force — i • — ff=.--^Mg::z-—^ Mg, which we may make=:/ 

d^V 
= — ^, and we shall have vzz /s/(5rM), as vzz s/{gj/) in ar- 

d/ 
tide 378 ; and the velocity will be that which is due to 
half the height M. 

The reflection at the extremities of the chord may 
be represented by delineating the initial figure, and re- 
peating it in an inverted position below the absciss: then 
taking, in the absciss, each way, a distance propor- 
tional to the time ; and the half sum of the correspond- 
ing ordinates will indicate the place of the point at the 
expiration of that time. The chord will thus represent a 
portion of the surface of a liquid agitated by a series of 
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waves : and on the other hand a wave reflected backwards 
and forwards within a prismatic canal of its own length, 
abruptly terminated at each end, wilt exhibit a vibration 
precisely resembling that of an elastic chord. It may 
be kiferred from the consideration of the motion of a chord 
so continued, that the point corresponding to the end of 
the primitive chord will always remain at rest ; whence it 
follows that the motion of the chord, terminated by such a 
fixed point, must be the same as if it were continued in the 
manner described, the reasoning being the same as in the 
case of the reflection of a wave. 
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382. Theorem. If there be a series of 
equal particles, arranged at equal intervals in 
a right line, each attracting or repelling its 
immediate neighbour, only with a constant 
force/; the force Filf, acting on any obstacle 
M at one end of the whole line u^ supposing 
the other to be fixed, will be equal to/. 

The general principle of virtual velocities is lmSS8=iO, 
(J, 305) or^ taking any one of the forces combined with each 
other as the result of the rest, and in an opposite direc- 
tion, MViuzz^mShi and in applying this principle, the 
variations may be taken in any manner capable of repre- 
senting their relations to each other, without confining 
them to such as are likely to occur in the natural pheno- 
mena to be considered; and the motive force FJf may 

always be found, if >ire can determine its equal — ^ . 

Now if the number of particles concerned be m, and their 

masses equal to unity, we shall have Ss= — , since we may 

tn 

suppose the particles to remain equally distributed 

throughout the line after the variation of their distances. 
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and S being =/, we have I.mSSszzf^u; consequeotly 
VM=:f. 

383. Theorem. If an attractive or re- 
pulsive force extend to a given distance c 
among a series of m particles situated at equal 
distances in a right line, the mutual forces of 
any two particles being/, and their masses 
each unity, the tension acting on an obstacle 

at the end of the line u will be ^^ f. 

The nnmber of particles in the line u being m, the num* 

ber acting at any one point will be 2m — ; and when the 

length u is varied, the variation of the distance of the re- 

motest of these particles will be Su — , while that of the 

u 

particles at a smaller distance will be proportionally smal- 
ler : and the mean variation of the distances of the par- 
ticles within the respective spheres of action will be half 
the extreme variation. For each particle, therefore^ the 

variation XmSSs will he ^ Su — 2c — / = — mfSu, and 

u u uu 

cc 
for the whole line, consisting of m patticks, mF •— /JW, 

which, divided by Su, gives VM= f. 

Corollary 1. Hence, if u be given, th^ tension wiU 
vary as the square of the number of particles or density m, 
and as the square of the extent of the sphere of aotion c, 
conjointly. 

Corollary 2. If there be two forces, a cohesive foroe 
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C, and a repulsive force R, holding each other in equiH- 
brium, but extending to the different distances c and r, 
they will balance each other, in this hypothetical case, if 
c^Czzr^R, that is, if the primitive forces of the single 
pairs of particles be inversely as the squares of the minute 
distances, to which they extend. 

Scholium. It is obvious that the length u is indiffe- 

rent to the force, since m must vary as u, and — must re- 

u 

main constant, when the density is given. 

384. Theorem. If a fluid, composed of 
cohesive and repulsive particles, holding each 
other in equilibrium, be contained between 
two parallel surfaces, of unlimited extent, the 

equal and opposite forces, acting on either of 

. 

the surfaces ikf, will be ^ d^ c"* Mf ; d being 

the density, and ^r the circumference of a circle 
divided by its diameter. 

The number of particles in the space Mu being dMu^ the 
number of those, which are within the limits of the sphere 
of action of each particle, will be rf^^rc*. Supposing now 
the distances of the particles to be varied by a slight 
change of the density ; it is evident that the variation of 
the density will be in the triplicate proportion of that of 
the distances, since if dzzx^, drf!=3x^ d^; and the varia- 
tion of the whole space Mu being MSu, that of the density 

Mzz — du — , and that of any linear distance c will be Sc 
u 

= — i Srf --y^i S^ — f which will be the variation of the 
a u 
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distance of the particles, at the sariace of the sphere of ac- 
tion, from its centre. Bat the mean distance of each elor 
mentary pyramid from its vertex, or of the whole sphere 
from the centre, is ^ of the height or the radius, since the 
products of the elements of the content into the distance 

added together and divided by the content, or -h-^- — 

oxrDX 

=^. The mean variation of distance for the whole fluid 

is therefore j^ c — ; and this variation, multiplied by the 

number of particles within the sphere of action, becomes 

— Tit^ — ; which being again multiplied by the number of 
o u 

centres Mud, and by the force/, and divided^by 8m, gives 

us F=Q ^^c* Mf> f^r tl'® whole force acting on the sur- 
o 

face M. 

Corollary. In this case if the two forces C and jR 
hold each other in equilibrium, we must have c^Czur^R^ 
and C must be to R, for each pair of particles, as r* to c*: 
each force still varying as the square of the density. 

Scholium 1. The determination of the attractive or 
repulsive force of a sphere thus constituted may be illus- 
trated and confirmed by a simpler mode of considering the 
joint action of the particles of each hemisphere, which is 
easily shown to be half as great as if they were collected 
into one line. For it is obvious that each particle in any 
spherical surface must have its action on the central point 
reduced in the proportion that the radius bears to its dis- 
tance from the plane dividing the hemispheres, conse- 
quently the whole force will be represented by the distance 
of the centre of gravity of the surface, multiplied into the 
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mass, or the namber of particles containecl in it. Now the 
centre of gravity of a spherical surface is situated in the 
middle of its absciss or verse sine, since the increments of 
the surface are proportional to those of the verse sine (183). 
Hence it follows, that the joint force of all the particles in 
each surface is half what it would be, if they were all 
situated in the given direction : and the proportion being 
the same for all the concentric surfaces, it must also remain 
the same for the whole hemisphere. If we had only to 
consider the attractions of a scries of particles, situated 
in a circular circumference, upon a central particle, it 
might be shown, in a similar manner, that they would be 
together equal to that of a number of particles represented 
by the chord, supposed to be placed at the middle of the 
arc. 

Scholium 2. If any of the elastic fluids, with which 
we are acquainted, be considered as thus constituted, we 
must suppose the fourth power of the distance r to vary 

inversely as the density c2, since the force V is found to 

r 9r 
vary simply as the density, and — =— dc^Mfis constant. 

It would have been more natural to expect, that if c were 
not constant, its cube c* would have varied inversely as 
the density, supposing the number of particles cooperating 
to be given. But in the Newtonian demonstration the 
elementary force /is also supposed to vary inversely as the 
distance, while the number of particles cooperating is in* 
variable. In this case the number of particles in the space 

Mu are as dMu, and the elementary forces as cfs , the va- 
riations of the distances, for a given value of Su, being as 

, so fiiat the products of these quantities remain con- 
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stant, and the effective force is as the number of particles 
concerned, or simply as d. 

385. Lemma. If the height of a cone be 
a, the radius of the base 6, and the oblique 
side c, the mean distance of the base from the 

vertex will be -g. ^ ~ ^ - 

For, if the fluxion of the radius of the base be dr, the 
product of the elementary ring 27rxAx, into its distance «/ 

(a2 + a:2), will be 27rxAx s/ (a^ + x-) ; and since d J (a^ + oc^)^ | 

/• 2ic 

=f x2ardx s/{a^-\-x^), we have^TTj: >/(a«+jr2)dr=-5- 

» o 

-5 . 25r 

(a^ + ar^)^^, which becomes initially — a', and when xr:J, 

29r 

— c^ and the difference, divided by srJ^, the area of the 
o 

base, that is, ^ — y^ — , or f -_ _, will be the mean dis- 
tance of the base from the vertex. 

Corollary. For a solid cone, the mean distance be- 
comes 1^ of that of the base, as in the case of the sphere : 

and the expression becomes, in this case, ' 



^ c^—a^' 



386. Theorem. The deficiency of the 
mutual actions of the superficial particles of a 
fluid, of limited extent, deducts from the tension 

■^ of the whole force of a striatum equal in 

thickness to the radius of the sphere of equal' 
action. 
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For the interior parts of the fluid, the actions of all the 
particles will be the same as in a fluid of unlimited extent, 

that is, ^ <^Mfy calling the density unity, since its finite 
o 

yariations do not enter into the present question. But for 
the particles within the distance c of the surface, the forces 
will be able to act on such a number of other particles only, 
as are contained in a segment of the sphere, of which the 
verse sine is c+or, the distance from the surface being a?, 
which are not only fewer than in the whole sphere, but are 
also at a smaller mean distance from the centre. 

Each of these segments may be divided into two por- 
tions ; that which is contained between the centre and the 
spherical circumference, and the cone, which lies between 
the centre and the plane surface : the variation of the mean 
distanqe of the former will be the same as for the whole 
sphere ; but for the cone, instead of the variation belonging 
to that of the corresponding portion of the sphere, which 
will be expressed by the product of its content into \ of 
the variation of the radius, we shall have the content of 
the cone into the variation of its mean distance, or 

- (c«-x«) X into i ^^ . - that .9. - (c»_x») x _. 

instead of 29rc(c — x) -7- into fc r^-, or -r (c* — c'x) ?r-, the 

3 o2£ 2 3m 

difference being -^(3c* — 4c'x+Jp*),t-» ^^^ ^^^ particle at 

the distance x from the surface ; and in order to find the 
total difference for the whole stratum, we must multiply this 

by the fluxion of x, and find the fluent, which will be -7 

o 

(3c*^-2c»x«+^)g^or.whenx=c,--.«c»- . =_c» _, 
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stratcn, of Ui« i^^t^ck&f^ss c, vosjd hare bees ^r- cV. sobsD- 

3 

totiog c for Jf is jutxie 3^5, aiKi Ui«^ {itLck-xtcj b to tiie 

whc'it lore* a* ^ lii -^j or k* 1 !£? 5 - 

C'i'iac-LLAiY. la !!>*■ c-c-bcs-sf fore* C &£d t^e repnishe 

/? be iL ec^Eiil.'br.nin :or iDr x^bc'lt LSid 'iC'L-K-cerw: 22 iiK-^in- 
par&bji rreau-r in liocknt** Uihn c <t r, ttt cifT-trcikce of 
iLt forc-e* Viii rer&rc i.o t!>e sur-trLtii] 5:rr£Xuin on each 

1 7 

sict OL^-, 'irJE bt-^ — ■ r C — r'JJ : Dov rt bi* l»c*D sboini 

o o 

thill i*C- = r-*i2, coiii^qTieDlJy c'C— r'B=c*C*r — r^, and 

tbf joiLi oeficieziCT in tbe cobesrre force vili be— r. -=- c^C 

o 3 

Corollary 2. Tbe deficicajcy beinx: posdtiTe vben 
c is greater ibaii r, h follov? that if tbe superficial cohesion 
prt^ail in a flnid so constitDted. it must be becacse r is 
great^rr than r and the defect is p-eaiest vith reirard to tbe 
repulsive force. In sDcb case* tbe flnid must be slicbtlT 
condensed in it? init-rjor part?", so a«> to prodnce a resist- 
ance equivalent to the exces> of cobesion of tbe surface. 

Corollary 3. These conclnsions are appbcable, with 
slight modifications only, to the case of a repulsion like 
that of elastic fluids, as assomed bT Xewton. For we 
have only to take r equal to tbe radius of the actual mean 
spbere of action for tbe fluid in any given state of com- 
pression, and tbe superficial deficiency of the force will be 
▼ery nearly as detenniDed by Ibis proposition, tbe diatanoe 
r becoming in fliis case somewhat smaller than the whole 
^ctwt cf the aphere of action. Tbe ntmoat poaaible cohe- 
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sive force would be obtained from tbe supposition that c 
is incomparably smaller than r, and this force would be 

interior part of the fluid of the thickness r; but in every 
case that c&a actually occur, the superficial force muM> 
probably be much less than this. 

Scholium. On the whole, we are fully justified in con- 
cluding that, since the phenomena of capillary action neces* 
aarily lead us to infer the existence of a superficial tension, 
aud since, without this supposition, we should be obliged 
to admit the possibility of a perpetual source of motion, 
from an unequal hydrostatic pressure, upon any floating 
body not liomogeneous ; the existeace of such a oohesive 
tension proves that the mean sphere of action of the re- 
pulsive force is more extended than that of the cohesive : 
a conclusion, which, though contrary to the tendency of 
some other modes of viewing the subject, shows the abso- 
lute insufficiency of all theories built upon the examination 
of one kind of corpuscular force alone. It must also be 
recollected that, as far as our experiments enable us to 
observe, the repulsive force of solids does actually extend 
further than the cohesive, though; with respect to its 
mean intensity, we have no direct method of ascertaining 
the comparative extent of the spheres of action of the two 
forces. 
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OF INTERPOLATION AND EXTERMINATION. 



387- Theorem. The fluxions of any 
quantity u may be found from its finite diffe- 
rences, taken at equal intervals with respect 
to another flowing quantity x^ by the theorem 

dV 
da:« 
dV 
dr» 
dV 
dx* 
dV 
Asfi 

^ h^zz A^u — f ATf^ + . . . 
^A^=A7w— iA«tt+... 

We obtain, for the value of m„, first ti +iiAtf+n . 
AH(+. . . (245), and secondly, putting the finite difference 
Of x=«A, u+Au'=Hk ^'+—.^+...(247). Thefint 



« 

A«=A'w— fA*M H-iA«M— V^^W H-ffA^t^— ... 
A*= A*w — AA^w + V A«t/ —iA^u + . . . 
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expression affords us, by expanding its terms, U;(=:u+— Au 

^^—n .o «'— 3ii«+2n ^, n*— 6ii'+lln*— 6ii , 
^ 1.2 ^ 1.2.3 ^ ^ 1.2.3.4 ^ 

. /Am A«w ^ 2A«ti 6A% v . /A«m 3A«ii 
UIZM+ I — — — + .— ^ — — ... \ n -T I — • — 

\1 1^ 2.3 2. .4 ; \\Si 1,2.3 

by equating the terms containing*the same powers of n (277)» 

, , dti» /Ai£ A*?x \ J dM* , . 

we have ti=u, »A -=- =: (-7- — ^^rrr-*- ) »* wid -7- A=Ati — 

dx ^ 1 1.2 / dx 

A^ti d^' 

— — Y ..., -= — =: . . . ; and the respective series may be con- 
tinued to any number of terms by the actual developement 
of the different products. 

Scholium 1. It may be observed that the coefScients 
of the different terms of the first series agree witli those of 
the developement of the quantity hi (1 + A), and that in fact 
the whole may be represented to the eye by the expression 

di£ 

-— A=i:hl (1 + A) 2/. It was also remarked by Laplace, that 

ax 

the powers of this equation will afford us, with equal accu- 
racy, the values of the higher fluxions ; thus ^-y A^= \ hi 

(1 + A) ?^te: but this mode of finding the coefficients is 

little more useful, in common cases, than the original com* 
putation of Euler. 

Scholium 2. This theorem may very often be of use 
in deriving formulae from the results of observation, but it 
is necessary that the observations should be extremely ac- 
curate, since very minute errors will affect the higher or- 
ders of differences in a material degree* 
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Corollary. The fluxions, thus obtained, will enable 
us not only to find any intermediate values, of the variable 
quantity u, but also the areas contained by these values as 
ordinates, the contents of the corresponding solids^ or any 
other derivative quantities. If it were required, for ex- 
ample, to determine the magnitude of an area contained 
between a curve and its absciss from four equidistant ordi- 
nates, affording us four successive differences, Au, A^u, 
A^u, and A%; we should have to deduce the four succes- 
sive fluxions from the four first terms of each series, which 
would afford us, by substituting the values derived from 
the expression A'*M=«»—nWrt_i -+-..., that is, Auzzu — u, 

H^u-^LU — 2u 4-w, A^u:=:u — 3w 4-3m — u, and ii*u=zu 

2 1 3 2 1 4 

— 4m 4- 6m — 4m -\-u, the equations -7— h = — ^u+iu 

3 2 1 ""^ 1 

d^M* 

—3m +Au — iM , -T^h^^^u—^^u ^-^u —'^u + 

2 3 4 QJ^ 12 S 

|13-/ d*M' 

Hm , t4 A'=— 4w+9m —12m +7tt — 4w , and -— - A* 
^^ 4 dx» ^ 1 2 s ^ 4 da;* 

= u — ^4m +6m — 4m +m • Then if we multiply each 

1 2 3 4 

of these expressions by dA, considering h as variable, 
and take the fluent for the whole length 4A, we shall have 

to multiply the respective coefficients by -^r-, -^, — — 

Z o 4 , 

5 



and ii^, or if 4A=/, by 2/, V'. 16/, and «f»7, and to 



divide them by 1, 2, 9, and 24, making the mnltiplien 2/, 
f/, f/, and ff^/; the whole being eqoal to 



+8ti -6m +fM — 1» 

2 3 4 



12 3 4 



IS 
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12 3 4 

12 3 4/ 

=^(-|iw+ifw +^«^ +if« +^«* V^'^'^'^^ 

^ 12 3 4/ 

the area beyond the rectangle lu, and adding this as the 
correction of the fluent, we have for the true area -^l(yu + 
32m ■fl2M +32m +7m ). This interpolation is very ac- 

12 3 4^ 

curate where the curve does not become extremely oblique 
to the absciss: but for a semicircle, or semiellipsis, it gives 
the area too small in the ratio of .7737 to .7854, and if 
great accuracy were required in a similar case, it would be 
proper to divide the curve into two parts, and to compute 
the area of each separately : or to add a little by estima- 
tion ; to take, for example, 8m instead of lu^ which would 
make the area of the semicircle .784. 

Scholium 3. If the ordinates are not equidistant, it 
will be easiest to represent them by an equation of the 
form y = a -f 6a: + cx^ 4- dx^ + . . . consisting of as many terms 
as we have values of y^ and finding each of the unknown 
quantities a, 6, c, . . . , by comparing these values with each 
other. This process is generally a little tedious, and it is 
not possible to shorten it materially by any artifice, though 
the results may be expressed in a form which is not wholly 
without symmetry. 

388. Theorem. If there be any number 
of linear equations, involving as many un- 
known quantities, in the form a x+b y+. . .= 

1 1 

A 5 a x+h y+. . .=A , . . . ; we shall have a:= 

12 2 £ 

aA —pA +yil — ... 

-—7 — aJf ^^ ; the coefficients «, /s, y, be- 
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ing obtained from the original coefficients, by 
exterminating all the unknown quantities, ex- 
cept x^ in succession. 

For example^ if there are two equations between x and 

h A —b A 

y, we have a=b and jSziJ , and a:i=-^ — 1 — ^-i — ^: if 

2 ha — 6 a 

^ « 1 1 2 

there are three, between x, y, and z, we have *= be — 

3 3 

b c , jS=& c — b c and 7=6 c —J c . It will readily 

32 1331 12^1 

appear in all cases, that at every step of the process of 
extermination, the quantities a and A are multiplied or 
divided by the same factors, so that when all the other 
quantities are exterminated, the factor of x, which remains, 
must contain all the as, with the same factors as belong to 
the ^s on the opposite side of the equation. Thus» for 
two equations, a x + b y'=-A ,and a x-^-b y^-A , multi- 

111 822 

plying the first by b and the second by b , and taking 

2 X 

their difference, we have a b x — a b xzzA b — A b : or 

18 81 12 21 

a a A A 

dividing by b and b respectively, — i x — -1 xzi--J — — i, 

is b b b b 

1 212 

which obviously leads to the same result. For three equa- 
tions 

a x-\-b y+c z=A ; 
111 1 

a x + b y-fc z:=:A ; 

2 3 2 2 

a X + b y + c znA ; we have first a b x+ .. -f-ft c zn 
3333 12 21 

A b , a b x + .. -f-6 c zizA b , whence (a b — a b \x 
1221 12 21 ^12 21^ 

-{•(be — b c \zzzA b — A b ; and in the same manner 
V21 12/ 12 21 
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(a b — a h \ X'\' (b c — b c ) z=. A b — A b ; and 
from these two results we obtain (a b — a b \ (b c — 
b c \ X — (a b — a b \ (b c — b c \ jc= (A b — A b \ 

13' ^13 3 1^ ^21 12^ ^12 % i) 

(b c — b c \ — /A b — A b \ (b c — b c ) : whence, by 

^31 l3/ Vl3 3 1^^21 12^ 

actual multiplication, we have ahbcy or Abbe, marked thus, 
(1,2,3,1-1 ,2,1 ,3 -2,1 ,3,1 + 2,1,1,3) - (1,3,2,1-1,3,1 ,2- 
3,1,2,1+3,1,1,2), or since abbczzabbc ,(—1,2,1,8 

I23i l32i 

—2,1,3,1+2,1,1,3)— (-1,3,1,2-3,1,2,1 +3,1,1,2) which is 
divisible by — b , and may therefore be reduced to (1,2,3 + 

2,3,1— 2,l,a-l,3,2 - 3,2,1+3,1,2)= I, (2,3— 3,2)-2, 
(1,3 — 3,1 )+3, (1,2 — 2,1). And in the case of 4 equations, 
the analogy leads us to the value azzb (c d — c d \ — b 

2^34 43^ 8 

(c d — c d \+5 (c d — c d \ : but in all such cases, a 

^«44 2^4^23 32/ 

numerical computation has the advantage in conciseness^ 
because the sums or differences of two numbers are as 
easily multiplied as Hie numbers themselves. 

The process may also be represented in a symmetrical 

manner by calling the second series of equations ci x 

1 

+ 6' y+tf 2;+ ...=-4' , a' x+ ...=-4' , thethirdseries 

11 1 £ 2 

a!^x + • • «=^" « . • , until at last x is left alone on one side : 
1 1 

a a c c a a 

18 ISIS 

and so forth. 

Scholium. We may take for an example the equation 
y=a + 6x + ca:^ + cir^ + «x*, to be determined from five va- 
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lues o{ y; Up u , u , u , and u , correspoDding to the 

' 1 2 3 4 

values of Xy 0^ 1, 2> 3, and 4; or a=:u; 

J + o + rf-feziM — a=u — u; 

2& + 4c+8rf+16c=i« — m; 

2 

36+9c+27rf-f 81«=M — m; and 

3 

4fe + 16c + 64rf+256«=tt — «: we may 

4 

here get the second series of equations most easily by multi- 
plying the first by the coefficients of e, whence 

166 + 16c + 16rf+16e=:16M — 16m; consequently 

14& + 12c + 8rf=16M — 15u— a ; 

1 2 

and in the same manner 

786+72c+64rf=:8lM —SOu —u ; and 

1 3 

2526+240c + 192rf=266M — 255i*— w . 

1 4 

Here the coefficients of c are obviously the most manage- 
able, and they afford us 6J — 6c2=15u — 10m— 6m -{-u , 

X S3 

and 286— 32rf=64w —45m— 20m +m ; then taking ^ of 

1 S 4 

the latter from the former, we have f&=3ti ^ f^ — 1^ +^ 

1 2 : 

— -j^ ; and &=4m — ffM— 3m 4-fM — ^w ; which agrees 

4 1 2 3 4 

with the result obtained, from the inversion of Taylor's the- 

dw' 
orem, for — A : and this method, though less elegant, has 

UJb 

the advantage of being more readily applioable to the case 
of ordinatcs not equidistant. 
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